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Preface

This book grew out of a series of lectures at the Technische Universitit Berlin held by
young mathematicians from France who followed an invitation for a short-term stay
during the academic years 2007-2009.

The lecture series was made possible by the financial support of the foundation
Stiftung Luftbriickendank, which was founded in 1959 by Willy Brandt, former Mayor
of Berlin and Chancellor of Germany, commemorating the Berlin Airlift 1948/49.

The book addresses students of mathematics in their last year, PhD students as well
as younger researchers working in the field of partial differential equations and their
numerical treatment. Most of the contributions only require some basic knowledge in
functional analysis, partial differential equations, and numerical analysis.

The topics of the contributions range from an investigation of the qualitative be-
haviour of solutions of particular partial differential equations to the study of the com-
plexity of numerical methods for the reliable and efficient solution of partial differen-
tial equations. A main focus is on nonlinear problems and theoretical studies reflecting
recent developments of topical interest.

Although the contributions deal with rather different topics, it indeed turns out that
the questions to be answered, the methods and the mathematical techniques are always
of the same or at least of similar type. It is, therefore, the editors’ hope that this book
not only provides an introduction into several distinct topics but also serves as a guide
to advanced techniques and main ideas in the analysis of (nonlinear) partial differential
equations and their discretisation methods.

The editors are pleased to include the contribution of Gregory A. Chechkin and
Andrey Yu. Goritsky (Moscow) on scalar hyperbolic conservation laws that arose from
Stanislav N. Kruzhkov’s lectures given at the Moscow University. This contribution
was translated and taught in Berlin by our colleague Boris Andreianov (Besancon)
who is one of Kruzhkov’s last students.

The editors wish to express their gratitude to Heinz-Gerd Reese (Berlin), Executive
Director of the Stiftung Luftbriickendank, to the authors for making the effort to write
up the lectures, and, last but not least, to Dr. Robert Plato (Berlin), Editorial Director at
the Walter de Gruyter’s publishing house, for his thorough and careful assistance, his
patience, and a very pleasant collaboration.

Berlin, May 2009 Etienne Emmrich
Petra Wittbold
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S. N. Kruzhkov's lectures
on first-order quasilinear PDEs

Gregory A. Chechkin and Andrey Yu. Goritsky

Abstract. The present contribution originates from short notes intended to accompany the lectures of
Professor Stanislav Nikdlevich Kruzhkov given for the students of the Moscow State Lomonosov
University during the years 1994-1997. Since then, they were enriched by many exercises which
should allow the reader to assimilate more easily the contents of the lectures and to appropriate the
fundamental techniques. This text is prepared for graduate students studying PDEs, but the exposi-
tion is elementary, and no previous knowledge of PDEs is required. Yet a command of basic analysis
and ODE tools is needed. The text can also be used as an exercise book.

The lectures provide an exposition of the nonlocal theory of quasilinear partial differential equa-
tions of first order, also called conservation laws. According to S. N. Kruzhkov’s “ideology”, much
attention is paid to the motivation (from both the mathematical viewpoint and the context of applica-
tions) of each step in the development of the theory. Also the historical development of the subject
is reflected in these notes.

We consider questions of local existence of smooth solutions to Cauchy problems for linear and
quasilinear equations. We expose a detailed theory of discontinuous weak solutions to quasilinear
equations with one spatial variable. We derive the Rankine—Hugoniot condition, motivate in various
ways admissibility conditions for generalized (weak) solutions and relate the admissibility issue to
the notions of entropy and of energy. We pay special attention to the resolution of the so-called
Riemann problem. The lectures contain many original problems and exercises; many aspects of the
theory are explained by means of examples. The text is completed by an afterword showing that the
theory of conservation laws is yet full of challenging questions and awaiting for new9deas.

Keywords. first-order quasilinear PDE, characteristics, generalized solution, shock wave, rarefac-
tion wave, admissibility condition, entropy, Riemann problem.

AMS classification.35F20, 35F25, 35L65.

ONote added by the translator (NF} The authors, the translator and the editors made an effort to produce
a readable English text while preserving the flavour of S. N. Kruzhkov's expression and his original way of
teaching. The reading of the lectures will surely require some effort (for instance, many comments and precisions
are given in parentheses). In some cases, we kept the original “russian” terminology (usually accompanied by
footnote remarks), either because it does not have an exact “western” counterpart, or because it was much used
in the founding works of the Soviet researchers, including S. N. Kruzhkov himself.

We hope that the reader will be recompensed for her or his effort by the vivacity of the exposition and by the
originality of the approach. Indeed, while at the mid-1990th, only few treaties on the subject of conservation
laws were available (see [20, 48, 49]), the situation changed completely in the last ten years. The textbooks and
monographs [11, 14, 22, 32, 33, 35, 47] are mainly concerned with conservation laws and systems. With respect
to the material covered, the present notes can be compared with the introductory chapters of [11, 22, 33] and with
the relevant chapters of the already classical PDE textbook [16]. Yet in the present lecture notes the exposition is
quite different, with a strong emphasis on examples and motivation of the theory.

This is a beginner's course on conservation laws; in a sense, it stops just where the modern theory begins,
before advanced analysis techniques enter the stage. For further reading, we refer to any of the above textbooks.
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Introduction

The study of first-order partial differential equations is almost as ancient as the notion
of the partial derivative. PDEs of first order appear in many mechanical and geometri-
cal problems, due to the physical meaning of the notion of derivative (the velocity of
motion) and to its geometrical meaning (the tangent of the angle). Local theory of such
equations was born in the 18th century.

In many problems of this type one of the variables is the time variable, and processes
can last for a sufficiently long time. During this period, some singularities of classical
solutions can appear. Among these singularities, we consider only weak discontinuities
(which are jumps of derivatives of the solution) and strong discontinuities (which are
jumps of the solutions themselves). We do not deal with the “blow up”-type singulari-
ties.

It is clear that after the singularities have appeared, in order to give a meaning
to the equation under consideration one has to define weak derivatives and weak so-
lutions. These notions were introduced into mathematical language only in the 20th
century. The first mathematical realization of this “ideology” was the classical paper
of E. Hopf [23] (1950). In this paper, a nonlocal theory for the Cauchy problem was
constructed for the equation

ut + (u2/2)$ =0 (0.2)

with initial datum
u’tzo = ug(x), (0.2)

whereug(z) is an arbitrary bounded measurable function. The equation
ur + (f(u)), =0 (0.3)

is a natural generalization of equation (0.1). Important results for the nonlocal theory
of this equation were obtained (in the chronological order of the papers) by O. AA. Ole
nik [36, 37], A. N. Tikhonov, A. A. Samarski[50], P. D. Lax [31], O. A. Lady-
zhenskaya [29], I. M. Gel'fand [18].The most complete theory of the Cauchy prob-
lem (0.3), (0.2) in the space of bounded measurable functions was achieved in the
papers by S. N. Kruzhkov [25, 26] (see also [27]).

1 Derivation of the equations

The Hopf equation. Consider a one-dimensional medium consisting of particles
moving without interaction in the absence of external forces. Denote(by:) the
velocity of the particle located at the pointat the time instant. If z = (t) is the

INT — Throughout the lectures, no attempt is made to give a complete account on the works on the subject
of first-order quasilinear equations; the above references were those that most influenced S. N. Kruzhkov's work.
2NT — Also should be mentioned the contribution by A. 1. Vol'pert [52], who constructed a complete well-
posedness theory in the smaller cl@sg of all functions of bounded variation. As shown in [52], this class is a

convenient generalization of the class of piecewise smooth functions widely used in the present lectures.
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trajectory of a fixed particle, then the velocity of this particlei$) = u(t, ¢(t)), and
the acceleratior (1) is equal to zero for all. Hence,

e d Ou Ou. Ou OJu
=m = Eu(t,g@(t)) =5 + %= 5 + p
The obtained equation
uy + uug = 0, (1.1
which describes the velocity field of non-interacting particles, is called the Hopf
equation.

The continuity (or mass conservation) equation. This equation, usually presented

in a course on the mechanics of solids, describes the movement of a fluid (a liquid or a
gas) inR" if there are no sinks nor sources. Denote the velocity vector of the fluid by
v(z,t) = (v1,...,v,) and its density by(z,t). Let us fix a domaif/ C R". At the
momentz, the mass of the fluid contained in this domain is equal to

My (t) = /V pla,t) dz;

this mass is changing with the ra#d/y /dt. On the other hand, in the absence of
sources and sinks insidé, the change of masl/y is only due to movements of the
fluid through the boundar§V’ of the domain, i.e., the rate of change of the masg¢)

is equal to the flux of the fluid throughl’:

% = _/av (v(z,t),v) - p(x,t)dS,.

Here (v, v) is the scalar product of the velocity vectoand the outward unit normal

vectory to the boundaryV at the pointr € 9V; dS.. is an element of area ai/.
Hence, we have

%/Vp(“) dr = —/av (v(z,1),v) - p(z,t) dS,. (1.2)

Under the assumption thatandv are sufficiently smooth, we rewrite the right-hand
side of the formula (1.2) with the help of the divergence theorem (the Gauss—Green
formula), i.e., using the fact that the integral of the divergence over a domain is equal
to the flux through the boundary of this domain:

0 g — iv(pv) dz
/‘/Ed:cf /lev(p ) dz. (1.3)

Here div is the divergence operator with respect to the spatial variables. Let us remind
that the divergence of the vector fieldz) = (a1, ..., a,) € R™ is the scalar

diva = (a1)e, + -+ (an)w, -
Since the domaiV C R”™ is arbitrary, using (1.3) we get the so-called continuity
equation, well known in hydrodynamics:
dp

N + div(pv) = 0. (1.4)
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Equation of fluid infiltration through sand.  For the sake of simplicity, we introduce
several natural assumptions. Suppose that the fluid moves under the sole action of the
gravity, i.e., the direction of the movement is vertical and there is no dependence on
horizontal coordinates. Neither sources nor sinks are present. The speed of infiltration
v is a function of the density = u(t, z), i.e.,v = v(u).

It is experimentally verified that the dependende) has a form as in Figure 1.
On the segmenD, ug] one can assume that the dependence is almost parabolic, i.e.,
v(u) = Cu?.

v(u)

0 U, u

Figure 1. Experimental dependenee= v(u).

In the one-dimensional case under consideration, the equation (1.4) will be rewrit-
ten as follows :

ue(t, ) + [u(t,z) - v (u(t,z))], =0, (1.5)

or
ur + plu)u, =0, where p(u) =v(u) + v (u)u.

Keeping in mind the experimental dependence of the speed of infiltration on the den-
sity, we assume that(v) = »2/3, and finally we get

ug + ulu, = 0.

The traffic equation. This equation can also be derived from the one-dimensional
(in z) continuity equation (1.4). In traffic problems(t, z) represents the density of
cars on the road (at pointat timet); and the dependence of the velocityf cars on
the densityu is linear:

v(u) = C — ku, C,k = const> 0.
In this case, equation (1.5) reads as follows:

ut + (Cu — kuz)m =0.
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2 The local classical theory

First order PDEs can be solved locally by means of methods of the theory of ordinary
differential equations, using the so-calledaracteristic system From the physical
point of view this fact can be considered as an expression of the duality of the wave
theory and the particle theory of media. The field satisfies a PDE of first order; and the
behaviour of the particles constituting the field is described by a system of ODEs. The
connection between the first-order PDE and the corresponding system of ODEs allows
to study the behaviour of particles instead of studying the evolution of waves.

It should be noted that the majority of questions in this chapter are considered in
the textbooks on ODEs (for instance, [3, Chapter 2]). Different exercises on linear and
quasilinear equations of first order can be found in [17, §20].

Below we remind basic notions of the aforementioned local theory for linear and
quasilinear equations.

2.1 Linear equations

Letv = v(x) be a smooth vector field in a domahc R™.

Definition 2.1. The equation

0 9]
Ly[u] = vl(a:)a—;l +- vn(az)% =0. (2.1)

is said to be dinear homogeneouBDE of first-order.

A continuously differentiable function = u(z) is calledclassicalsolution of this
equation ify satisfies the equation at any point of its domain

Recall that in the ODE theory, the operafoy = vig~ + -+ + vz a is called the
derivation operator along the vector field Geometrlca]lly, equatlon (2 1) means that
the gradienu = (£«,..., 2+) of the unknown function: = u(x) is orthogonal to
the vector fieldv in all pomts of the domaiif.

A smooth functionu = u(z) is a solution of the equation (2.1) if and onlyzifis
constant along the phase curves of the figlde., it is the first integral of the system
of equations

1 = vn(z1,...,Tn),
C.Cz = Uz(wl,...,xn), (2 2)
Ty = vnp(x1,...,20).

The system (2.2), which can be written in vector form= v(z), is calledthe charac-
teristic system of the linear equati@@.1). A solution of the characteristic system is
calleda characteristic the vector fieldy = v(z) over then-dimensional space af is
calledthe characteristic vector field of the linear equation

Definition 2.2. A linear inhomogeneoufirst-order PDE is the equation

Lylu] = f(x), (2.3)

wheref = f(z) is a given function.
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Equation (2.3) expresses the fact that if we move along the characteristic(t)
(i.e., along the solution = z(t) of the system (2.2)), thea(z(t)) is changing with
the given speed (z(¢)). Thus, in the case of an inhomogeneous linear equation, the
characteristic system (2.2) should be supplemented with the additional equation on

uw= f(x1,...,2). (2.4)

2.2 The Cauchy problem

Definition 2.3. The Cauchy problenfor a first-order partial differential equation is the
problem of finding the solution = w(z) of this equation satisfying the initial condition

u|7 = ug(x), (2.5)

wherey C R", dimy = n — 1, is a fixed smooth hypersurface in thespace, and
uo = up(z) is a given smooth function defined en

In order to solve the Cauchy problem (2.1), (2.5) for a linear homogeneous equa-
tion, itis sufficient to continue the functiar(z) from the surface along the character-
isticsz(t) by a constant. In the case of the problem (2.3), (2.5) for the inhomogeneous
equation, the initial data should be extrapolated according to the law (2.4).

Note two important features of the Cauchy problem, specified above.

\+/
\§_//

Xo

V(Xo)

Y

Figure 2. Example of a characteristic point.

Remark 2.4.The Cauchy problem is set locally (i.e., in a neighbourhood of a pgint
on~). Otherwise, as it can be seen in Figure 2, characteristics passing through a given
pointz may crossgy twice (or even several times), carrying different values & this

point. Thus the solution to the problem (2.1), (2.5) exists only for specially selected
initial dataw.

Moreover, it can happen that the set of all the characteristics which have common
points with the initial surface do not cover the whole domain where we want to solve
the Cauchy problem. In this case, we have no uniqueness of a solution to the Cauchy
problem.
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Remark 2.5.1f in the pointzg € ~ the vectorv(zg) is parallel to the surface (such

points zg are calledcharacteristic pointssee Figure 2), then, even choosing a very
small neighbourhood of this point, we cannot guarantee that we shall not have the same
difficulties as we mentioned in Remark 2.4. Hence, the existence and the uniqueness
of a solution to a Cauchy problem can be guaranteed only in a neighbourhood of a
non-characteristic point on

Linear first-order PDEs can be impossible to solve in a neighbourhood of a charac-
teristic point even in the case when each characteristic has exactly one point of inter-
section with the initial surface.

Example 2.6.Consider the following Cauchy problem:

ou

% — O, u|y=$3 =
The characteristic vector field is the constant figld0), the characteristics are the
straight linesy = C; each of them has only one intersection point with the curve

v = {(z,y) | y = 23}. If we extend the initial function(z) = 22 (which is equal to

y%/3 on~) so that it is constant along the characteristics, we get-inglependent “so-
lution” u(x, y) = %/ which is not a classical solution because it is not a continuously
differentiable function on the ling = 0.

The possible objection that, nevertheless, the function constructed above has a par-
tial derivative with respect to (and hence satisfies the equation in the classical sense)
is easy to remove. It is sufficient to change the variables in problem (2.6) according to
the formulax = 2’ + ¢/, y = 2’ — y’. After this rotation and rescaling on the axes, we
obtain the following Cauchy problem:

ou  Ou 2

%‘Fa—ylzo, 11‘7:(x’+y') 5
the curvey being defined by the equatiorf — ' = (2’ + y')%. The transformed
“solution” u(z',y') = (2’ — y')*’* has no partial derivatives irf nor iny’ on the line
' —y =0.

(2.6)

2.3 Quasilinear equations

Definition 2.7. The equation
ou ou
Lv(m,u) [’U,} = ’Ul(xau)a_xl +- Un(xa ’U’)a—xn - f(fE, U’) (27)

is called aguasilinearfirst-order PDE. If in the equation (2.7) all the coefficientsire
independent of:, i.e.,v; = v;(z), then the PDE is callesemilinear

As for the linear equation, we write down the system (2.2), (2.4):
r1 = v(z1,..., 20, u),

(2.8)

T = vn(x1,. ., T0,u),

v = f(z1,...,%n,u).
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This system is called theharacteristic system of the quasilinear equati@a7); solu-
tions (z,u) = (z(t),u(t)) € R**! to the system (2.8) are calletharacteristicsof this
equation; acharacteristic vector field of a quasilinear equati¢®7) is a smooth vec-
tor field with component$vy (z, u), . .., v, (2, uv), f(z,u)) in the (n + 1)-dimensional
space with coordinatgs:s, . . ., T, u).

Remark 2.8.1f a linear equation is considered as being quasilinear, and also in the
case of a semilinear equation, the projectfop ..., v,) on thez-space of the vector
(v1,...,vn, f) in the point(zog, up) does not depend omy, since the coefficients;

do not depend om. Hence in these cases the projections onstfspace of the cha-
racteristics that lie at “different heights” coincide (here we mean that the vertical axis
represents the variablg.

If the smooth hypersurfack/ ¢ R"*! is the graph of a functiom = u(z), then
the normal vector to this surface in the coordingtes:) has the form'V,u, —1) =
(Ou/dz1,...,0u/dx,, —1). Therefore, geometrically, the equation (2.7) expresses the
orthogonality of the characteristic vectof(x, u), f(x, «)) and the normal vector tdf.
Thus, we have the following theorem.

Theorem 2.9.A smooth functions = u(z) is a solution to the equatiof®.7) if and
only if the graphM = {(z,u(x))}, which is a hypersurface in the spaké*1, is tan-
gent, in all its points, to the characteristic vector fiéld, . . ., v,,, f).

Corollary 2.10. The graph of any solution = u(x) to the equatior(2.7) is spanned
by characteristics.

Indeed, by definition, the characteristiest), u(t)) are tangent to the characteristic
vector field(see(2.8)); therefore any characteristics having a point in common with
the graph ofu lies entirely on this graph. (Here and in the sequel, we always assume
that the characteristic system complies with the assumptions of the standard existence
and uniqueness theorems of the theory of ODES.)

For the case of a quasilinear equation, the Cauchy problem (2.7), (2.5) can be solved
geometrically as follows. Let

M= {(z,uo(x)) | x € v} c R*™, dml =n -1,

be the graph of the initial functiomy = uo(x). Issuing a characteristic from each point
of ', we obtain some surface of codimension one. Below we show that, whenever
the point(zo, uo(xo)) is non-characteristic, at least locally (in some neighbourhood of
the point(zo, ug(zo)) € I') the hypersurfacé/ represents the graph of the unknown
solutionu = u(z).

Definition 2.11.A point (zo,ug) € T is calleda characteristic point, if the vector
v(xo, up) IS tangent toy at this point.

Remark 2.12.In the case of a quasilinear equation, one does not ask whether a point
xo € v C R™ is a characteristic point. Indeed, the characteristic vector field also
depends on. In this case, one should ask whether a pit uo(zo)) € I € R**1is

a characteristic point.
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If (zo,uo(zo)) € I is a non-characteristic point, then the hyperpldntngent to
M at this point projects isomorphically onto thespace. Indeed, the hyperplafiés
spanned by the directions tangentt¢their projections span the hyperplanéiif tan-
gent toy) and by the characteristic vectQr(xo, uo(zo)), f (zo, uo(zo))) (its projection
is the vectow (o, ug(zo)) transversal tey). Consequently, locally in a neighbourhood
of the point(zo, uo(xo)) € I, the hypersurfacé/ constructed above represents the
graph of a smooth function = u(x), which is the desired solution.

3 Classical (smooth) solutions of the Cauchy problem and
formation of singularities

3.1 Quasilinear equations with one space variable

In the sequel, we will always consider the following equation in the unknown func-
tion v = u(t,x) depending on two variables fas the meaning of time, ande R?
represents the one-dimensional space coordinate):

e+ (f(w)), = w + f'(u)uy = 0. (3.1)

Heref € C?is a given function, which will be called tHix function The initial data
is prescribed at time= 0:

u’t:O = u(0,z) = uo(z). (3.2)

In this section, we investigate the possibility to construct solutions of the problem
(3.1)—(3.2) within the class of smooth functions defined in the strip

My ={(t,z) | —oo <z <400, 0<t<T}.

Let us apply the results of the general theory, as exposed above, to this concrete case.
We see that the equation (3.1) is quasilinear; for this case, the characteristic sys-
tem (2.8) takes the form

i =1,
z = f'(u), (3.3)
w = 0.

The first equation in system (3.3) together with the initial conditi@) = 0 (we
take this condition because of (3.2)) means exactly the following: the independent
variable in system (3.3) (the differentiation with respect to this variable is denoted by
a dot (")) coincides with the time variableof the equation (3.1). Thus it is natural
to exclude the first equation from the characteristic system (3.3) associated with the
Cauchy problem (3.1)—(3.2).

In the case considered, the initial curyec R?  is the straight line = 0, i.e.,
v ={(t,z) | t = 0}, and the curv& € R} , is the set of points

t,x,u

M={(t,z,u)|t=0, x =y, u=1uo(y)},
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parameterized by the space variapld et us stress that in this case, all the point§ of
are non-characteristic, since the vedtot:) = (1, f'(u)) is transversal tg = {t = 0}.

Thus in our case, we can rewrite the characteristic system (3.3) (with the initial data
corresponding to (3.2)) in the form

= f'(u), 2(0) =y,
{ u = 0, w(0) = wo(y). (34)

Solutions of this system (i.e., the characteristics of equation (3.1)) are the straight lines

u=ug(y), ==y+ f(uoy))t (3.5)

in the three-dimensional space of poi(tsz, ).

As was pointed out in Section 2.3, the graph of the solutioa w(t, z) of prob-
lem (3.1)—(3.2) is the union of the characteristics issued from the points of the initial
curvel; thus, the graph of consists of the straight lines (3.5). Therefore, the solution
of problem (3.1)—(3.2) at different time instarits> O (i.e., the sections of the graph
of the solutionu = u(t, ) of this problem by different hyperplanes= const) can be
constructed as follows. The graph of the initial function= u(z) should be trans-
formed by displacing each poifit, «) of this graph horizontally (i.e., in the direction
of the z-axis) with the speed’(u). If f’(u) = 0 then the pointz, «) does not move.

If f'(u) > 0, then the point moves to the right; and, the gregtér) is, the quicker it
moves. Similarly, in the casg (u) < 0, the point(z, v) moves to the left (see Fig. 3).

u u -

\

[N
TN x
Figure 3. Evolution from initial graph.

Remark 3.1.Assume that the graph of the initial functiep = uo(z) delimits a finite

area (this is the case, for instance, whgihas finite support). Then the aforementioned

transformation of the graph leaves the area invariant. Indeed, all the points of the graph

of ug lying on the same horizonal line move with the same speed; consequently, the

lengths of the horizontal segments joining the points of the graph remain unchanged.
The fact that the area under the graph remains constant can also be obtained by

a direct calculation. Lef(t) = ffjj u(t, z) dz be the area in question, i.e., the area
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delimited by the graph af = u(¢, z) of problem (3.1)—(3.2) (here> 0 is fixed). Then

r=-+00

G50 = [ wttarar=— [ (), de=-F t.2)

= f(0) - f(0) =0,

which means tha$(¢) = const.

While the graph of the solution evolves as described above, at a certain moment
T > 0 it may happen that the transformed curve ceases to represent the graph of a
smooth function: (7, =) of variablex.

Consider, for instance, the Hopf equation, i.e., the equation (3.1)fMith= u?/2.

This equation describes the evolution of the velocity field of a medium consisting of
non-interacting particles (see Section 1). Each particle moves in absence of forces and
thus conserves its initial speed.

Consider two particles located, at the initial instart O, at pointse; andx, with
x1 < xp. If the initial velocity distributionug = ug(z) is a monotone non-decreasing
function, then the initial velocity,(z1) of the first particle (which is its velocity for all
subsequent instants of time) is less than or equal to the velaglity) of the second
particle: ug(z1) < uo(z2). Since also the initial locations of the two particles obey the
inequalityx; < x», at any time instant > 0 the two particles will never occupy the
same space location; i.e., no particle collision happens in this case.

On the contrary, if the initial velocity distributiony = ug(z) is not a monotone
non-decreasing function, then the quicker particles will overtake the slower ones (or,
possibly, particles can move towards each other), and at some ifistaif collisions
should occur. Starting from this time instantour model does not reflect the physical
reality any more, because the particles “passing through each other” should interact
(collide) in one way or another. Mathematically, such interaction is usually accounted
for by adding a term of the formu,., onto the right-hand side of equation (3.1), where
¢ > 0 has the meaning of a viscosity coefficient. We will encounter this model in
Section 5.2.

Exercise 3.1For the Hopf equation, represent approximatively the velocity distribu-
tion v = u(t, x) at different time instants > 0, if the initial velocity distribution is
given by the function

(i) uo(x) = arctan,

(i) uo(xz) = — arctan,
(iii) wo(z) = sinz,

(iv) uo(x) = —sinz,
(V) wo(x) = °,

(Vi) ug(x) = —2>.
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For the initial data prescribed above, find the maximal time ins@&nt O such that a
smooth solution of the Cauchy problem (for the Hopf equation)

wy + ity = 0, u’tzo = ug(x),
exists in the striply = {(t,z) |0< t < T, z € R}.
Exercise 3.2 Represent approximatively the sections of the graph of the solution of the
Cauchy problem
Ut + (f(u))x = 07 u’t:O - ’U/()(CE),
at different time instants > 0O for

(i) f(u)=cosu, wuo(z)=ux,
(i) f(u)=cosu, wp(z)=sinz,
(i) f(u) =u%/3, wo(x)=sinz.

3.2 Reduction of the Cauchy problem to an implicit functional equation

One can solve the Cauchy problem for the quasilinear equation (3.1) directly, making
no reference to the local theory of first-order quasilinear PDEs exposed above. This is
the goal of the present section.

Assume that we already have a smooth solutioa w(t, z) of the problem (3.1)—
(3.2) under consideration.

Proposition 3.2.The functionu = u(t, x) is constant along the integral curves of the
ordinary differential equation

dx ,
o = ult2). (3.6)

Proof. Differentiate the function. = w(¢,z) in the direction of the integral curves
(t,z(t)) of equation (3.6):

du_du Ou dv
dt ot Oz dt
As u remains constant along these integral curves, it follows that the solutions of
(3.6) are the linear functions= f’(u)t+C1. (The straight lines— f’(u)t = Cy, lying
in the hyperplanes = C5, are exactly the characteristics of the quasilinear equation
(3.1).)
Consequently, the valug(to, zo) of the solutionu = u(t, z) at the point(tp, zo) is
conserved along the whole line

xr — fl (u(to, xo)) t=C =29 — f/ (u(to, xo)) - 1o. (37)

Extending this line until it intersects theaxis at some point0, yo), we take the value
uo(yo) at this point. Since the poin®, yo) lies on the straight line (3.7), we have

yo = z0 — [ (u(to, z0)) - to. Thus,

u(to, x0) = uo(yo) = uo (o — f' (u(to, o)) - to) -

=up +ug - f(u) =u + (f(u)), =0. m
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As the point(to, o) is arbitrary, we obtain the following identity for the solutianof
the Cauchy problem (3.1)—(3.2):

u=ug(z— f(u)t). (3.8)

Thus, the problem of finding the domain into which the solutios= u(t,z) of
(3.1)—(3.2) can be extended amounts to finding the domain where equation (3.8) with
the unknownu has one and only one solution.

Remark 3.3.Formula (3.8) can also be obtained while solving practically the Cauchy
problem for the quasilinear equation, according to [17, §20]. The characteristic system

dt dx du

1 fu) O
associated with the equation (3.1) possesses two first integrals:
L(t,z,u) = u, L(t,z,u) =2 — f'(u)t. (3.9
On the initial curvel = {(0,y,uo(y))} € R, ,, these two first integrals take the
values
I = uo(y), Ll =v.

Consequently/; andI, are linked ol by the relation
I = up(12). (3.10)

The first integrals remain constant on the characteristics (i.e., on the integral curves
of the characteristic system). Thus, relation (3.10) remains valid on all characteristics
issued from the surfade It remains to notice that, upon substituting (3.9) into (3.10),
we get exactly the equation (3.8).

On the other hand, the Cauchy problem (3.1)—(3.2) can be solved by extending the
solutionu = u(t, =) from the initial point(0, ) by the constant value (the valug(y)
of the solution at this initial point) along the line

x— f"(uo(y)) -t =C=y— f'(uo(y)) - 0=y, (3.11)

that is, by setting.(¢,z) = uo(y) for all = and¢ which satisfy (3.11). Expressing the
variabley in equation (3.11) through and¢, we get a functiony = y(t, x); conse-
quently,

u(t,xz) = uo (y(t,x)). (3.12)

In this case, extending the solution is reduced to the problem of finding the domain in
which equation (3.11), withy for the unknown, can be solved in a unique way.
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3.3 Condition for existence of a smooth solution in a strip

Let us find the maximal value among all time instaits- O for which equation (3.8)
determines a smooth solutian= w(t, z) in the stripM. In fact, we have to determine
the greatest possible value Bfsuch that the equation

O(t,z,u) = u—ug(z — f'(u)t) =0, (3.13)

with unknownw, has a unique solution for all fixedin the interval[0,7) and all
z € R. Fort = 0, the function® = ®(0, z, u) is monotone increasing im. Thus, by
the implicit function theorem the time instéfitin question is restricted by the relation

&, (u,z,t) = L+ ug(e — f(u)t) - f'(u)-t >0 (3.14)

for all points(t, z, u) such thatP(¢, z,u) = 0 andt € [0, 7).

If |f”(u)] < L on the range of the functiomy = uo(z), and if, in addition,|up| <
K, then (3.14) is certainly satisfied whenever K I - t > 0. Therefore, there exists a
smooth solution of problem (3.1)—(3.2) in the strip

1
O<t< —.
<t< 7
Problem 3.1.Show that if the functions; and f” keep constant signs.e., the func-
tion ug is monotone, and the functiohis either convex or concayend if the two
signs coincide, then a smooth solutier= «(t, z) exists in the whole half-space> 0.

Starting from inequality (3.14), we can also obtain the exact value of the maximal
time instantl” which delimits the time interval of existence of a smooth solution. To do
this, denotey = = — f/(u)t and notice that. = ug(y) because of (3.13). Then (3.14)
is rewritten as

1+ ug(y) - f"(uo(y)) -t > 0.

Hence, 1 1
D S ) P wo)] it ) (3.15)

yeR yER

if only the above infimum is negative. Otherwise, if jat [ug(y) f”(uo(y))] = 0, then
T = +o0o (see Problem 3.1).

Problem 3.2.Check that a functiom. = u(t, z), which is smooth in a strifpl; and
which satisfie$3.8), is a solution of the Cauchy problefd.1)—(3.2)

Problem 3.3.Show that the function = u(t, x) given by(3.12), wherey = y(¢, x) is
a smooth function il such that(3.11) holds, is a solution to the Cauchy problem
(3.1)—(3.2)

Problem 3.4.Show that the formula&3.8) and (3.12) define the same solution of the
Cauchy problen{3.1)—(3.2)
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Problem 3.5.Slow that, wheneveinf,cr [ug(y) f” (uo(y))] = —oo, there is no strip
MNr = {(t,z) |0<t< T,z € R}, T > 0, such that a smooth solution to problem
(3.1)—(3.2)exists.

Exercise 3.3Find the maximal valug > 0 for which there exists a smooth solution
to the Cauchy problem

ur + f(u)u, =0, u‘tzo = uo(z), (3.16)

in the stripfr = {(¢t,2) |0< t < T,z € R}, for
() f(u)=u?/2, wup(z)= arctane,

o(z) = — arctanz,

o(x) =

=cosu, up(x)=

) f(u)=1u%/3, wuo(z) = sinz.

S
|
g
N
~
N
2

=

S

~
—~ ~ —~
\_/\_/5\_/

Il

o

%

=

N

Exercise 3.4Which of the Cauchy problems of the fo(#16), with the data pre-
scribed below, admit a smooth solutien= «(¢, z) in the whole half-space> 0, and,
in contrast, which of them do not possess a smooth solution in anysttifi’ > O:

() fu)=u?/2. wuo(x) = 2%,
(i) f(u)=u?/2. wox) =~
(iif) f(U): uo(w) =

(iv) f(u) )

= uo(z) = —

3.4 Formation of singularities
To fix the ideas, consider the following Cauchy problem for the Hopf equation (1.1),
i.e., for the equation of the form (3.1) with(u) = u?/2:

up + uug = 0, u‘tzo = ugp(x), (3.17)

the initial datumug being the smooth function given by

2 for < -3,
P1(x) for —3<z< -1,
uo(z) = —x for —1<z<1,
() for 1<z <3,
-2 for z >3

(see Fig. 4a). Here the functiogig andi), connect, in a smooth way, the two constant
values taken by as|z| > 3 with the linear function representing as|z| < 1. While
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Figure 4. Formation of a strong discontinuity.

doing this, we can choosg; and; in such away that1 < ¢/(z) < 0,i = 1,2, as
1< |z <8,

As we haveluj| < 1 andf” = 1, the results of the previous section imply the
existence of a unique smooth solution= u (¢, z) to problem (3.17) in the strip &
t < 1. As was shown in Section 3.2, in order to construct this solution one has to issue
the straight line (see (3.11))

z—uo(y) t=vy, (3.18)
starting at every poinft, z) = (0,y) of the linet = 0, and one has to assigiit, z) =
up(y) at all the pointg¢, z) of this line.

Fory < —3 (fory > 3, respectively) the equation (3.18) determines (see Fig. 4b)
the family of parallel straight lines = 2t + y (or x = —2t + y, respectively). Conse-
quently,

u(t,x) =2 for 0<t
u(t,z) =—-2 for 0<t

2t 3,
32t

, X

NN

<1
<1l =z

Further, for|y| < 1 the corresponding straight lines are giveniby yt = y, i.e., by
x =y(1—t); onthese linesy = —y = —z/(1 — t). This means that

u(t,x) =—z/(1—t) for 0<t<1, |z|<1l-t
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OnthesetO<t <1,1—¢ < |z| <3— 2t we cannot write down an explicit formula
for v = wu(t,x) without defining explicitly the functions);. Nevertheless, we can
guarantee that the straight lines of the form (3.18), corresponding to different values
of y from the sef—3, —1) U (1, 3), do not intersect inside the strip0¢ < 1 because
|| < 1 on this set.

Fort = 1, through each point, =) = (1, z) with 2z # 0 there passes one and only
one straight line (3.18), corresponding to some valuéth |y| > 1 (see Fig. 4b). Such
a line carries the value = uo(y) for the solution at the pointl, z). Moreover, if
x — —0, then the corresponding valueptends to—1; and ifx — +0, theny — 1.
Consequently, at the time instant= 1, we obtain a function: — (1, z) which is
smooth forz < 0 and forz > 0, according to the implicit function theorem. As has
been pointed out,

zlﬂcou(l’ v) = ylﬂclu()(y) =FL
As to the point(1, 0), different characteristics bring different valuesuoto this point.
More precisely, all the lines of the form (3.18) witfj < 1 (i.e., the lines: = y(1-1t))
pass through this point; each line carries the corresponding ualde-y, so that all
the values contained within the segménl, 1] are brought to the poirtL, 0).

The graph of the function = u(1, z) is depicted in Fig. 4c.

To summarize, starting from a smooth functig®, =) = uo(x) at the initial instant
of timet = 0, at timet = 1 we obtain the function — «(1, z) which turns out to be
discontinuous at the point = 0. This kind of discontinuity, where(to, zo + 0) #
u(to, 7o — 0), is called a strong one. Consequently, we can say that the solution of
problem (3.17) forms atrong discontinuityat the timeto = 1 at the pointco = 0.

For the general problem (3.1)—(3.2), whenevey,daflug(y) f” (uo(y))] is negative
and it is attained on a non-trivial segmént , 3. ], strong discontinuity occurs at the
time instant?” given by (3.15). In this situation, like in the example just analyzed, all
the straight lines (3.11) correspondingit@ [y_,y.] intersect at some poitt’, zo);
they bring different values af to this point.

Problem 3.6.Show that if

uo(y) S (uo(y)) =1 Wy € [y-,y4], where = inf [ug(y)/"(uo(y))], I<0,
then the family of straight line3.11) corresponding ta, € [y_,y.] crosses at one
point.

Instead of a strong discontinuity, a so-caliweéak discontinuitymay occur in a
solutionu = u(¢,z) at the time instanf’. This term simply means that the function
x — u(T, z) is continuous inz, but fails to be differentiable im.

Problem 3.7.Let the infimum/ = inf,cr [ug(y) f” (uo(y))] be a negative minimum,
attained at a single poingo. LetT be given by(3.15). Show that in this situation, the
solutionu = (¢, z), which is smooth for < T', has a weak discontinuity at the point
(T, yo + f'(uo(yo0))T"); in addition, for eacht > T some of the lines given {3.11)
Cross.
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4 Generalized solutions of quasilinear equations

As has been shown in the previous section, whatever the smoothness of the initial data
is, classical solutions of first-order quasilinear PDEs can develop singularities as time
grows. Furthermore, in applications one often encounters problems with discontinuous
initial data. The nature of the equations we consider (here, the role of the characteristics
is important, because they “carry” the information from the initial datum) is such that
we cannot expect that the initial singularities smooth out automatically for 0.
Therefore, it is necessary to extend the notion of a classical solution by considering so-
called generalized solutions, i.e., solutions lying in classes of functions which contain
functions with discontinuities.

4.1 The notion of generalized solution

There exists a general approach leading to a notion of generalized solution; it has
its origin in the theory of distributions. In this approach, the pointwise differential
equation is replaced by an appropriate family of integral identities. When restricted
to classical (i.e., sufficiently smooth) solutions, these identities are equivalent to the
original differential equation. However the integral identities make sense for a much
wider class of functions. A function satisfying such integral identities is often called a
generalized solutiof.
The approach we will now develop exploits the Green—Gauss formula.

Theorem 4.1(The Green—Gauss (Ostrogradsiauss) formula).etQ be a bounded
domain ofR™ with smooth boundar§Q andw € C1(Q). Then

ow
q Oz;

dx:/ w CO(v, ;) dS,.
oQ

Here coqv, z;) is thei-th component of the outward unit normal vecto(this is the
cosine of the angle formed by the direction of the outward normal vecto©tand
the direction of the-th coordinate axi®)z; ); and dS,, is the infinitesimal area element
onoQ.

Let us apply Theorem.4 to the functionw = wv, u,v € C*(Q). Passing one of
the terms from the left-hand to the right-hand side, we get the following corollary.

Corollary 4.2 (Integration-by-parts formulafor anyu, v € C*(Q),

ou / ov
v dx = uv Coq v, x;) dS, — | wu dx. 4.1
Q 8331 o0 i ) Q 8331 ( )

The first term in the right-hand side 04.1) is analogous to the non-integral term
which appears in the well-known one-dimensional integration-by-parts formula.

SNT — In the literature, these solutions are most usually called “weak” solutions. In the present lectures,
the authors have kept the terminology and the approach of S. N. Kruzhkov, designed in order to facilitate the
assimilation of the idea of a weak (generalized) solution, and to stress, throughout all the lectures, the distinction
and the connections between the classical solutions and the generalized ones.
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Assume that a function = u(t, z) € C1(Q) is a classical solution of the equation
ur + (f ()2 =0, (4.2)

f € CYR), in some domairQ c R?, e.g., in the striQ = My == {~0 < z <
+o0o, 0 < t < T}. This means that substitutingt, =) into equation (4.2), we obtain a
correct identity for all pointst, z) € Q. Let us multiply this equation by a compactly
supported infinitely differentiable functiop = ¢(¢,x). Saying thaty is compactly
supported means that= 0 outside of some bounded domairsuch that, in addition,
G C Q. (The space of all compactly supported infinitely differentiable functionQon
is denoted byC5°(Q).) Since the functions = u(t,z), f = f(u(t,z)), ¢ = ¢(t,x)
are smooth, we can use the integration-by-parts formula (4.1):

0= [ fue+ ()] drde = [ g atde + [ (1) di
:/ (ucogr,t) + f(u)coqv,z)) e dS —/ (uwor + f(u)ps) didx
oG €
= —/Q(ugot + f(u)py) dtdz.

Here we took advantage of the fact tht, ) = O for (¢,2) € Q \ G, which is the
case, in particular, foft, z) € 0G.

Consequently, we have obtained the following assertioa:=fu (¢, z) is @ smooth
solution of equation (4.2) in the domatp, then

/Q (upr + f(u)py) dtde =0 Vo € C5°(Q). (4.3)

The relation (4.3) is taken for the definition of a generalized solution (sometimes called
a solution in the sense of integral identity or distributional solution) of the equation
(4.2). A generalized solution of the equation we consider need not to be smooth. But
any classical solution = u(¢, z) of equation (4.2) is also its generalized solution.

The converse fact is also easy to establish: if a funciienu (¢, z) is a generalized
solution of equation (4.2) which turns out to be smooth (uebglongs taC1(Q) and
it satisfies (4.3)), then it is also a classical solution of this equation (i.e, substituting
it into equation (4.2) yields a correct equality). Indeed, the calculations above remain
true when carried out in the reversed order. Moreover, the fact that the continuous
function [u; + (f(u)),] satisfies

/Q e + (f(w))a] ¢ didz =0 Yip € C°(Q)

implies thatu, (¢, z) + [f(u(t,z))], = 0 forall (t,z) € Q.

Problem 4.1.Justify the latter assertion rigorously.
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4.2 The Rankine—Hugoniot condition

Consider a smooth function = u(¢,z) in a domainQ c R?_, and associate to this
function the vector field’ = (u, f(u)) defined on the same domain. The function
is a classical solution of the equation (4.2) if and only if di# O; in turn, the latter
condition means that the flux of the vector fielthrough the boundary of any domain

G C Q equals zero:
/ (v,v) dS =0 VG C Q. (4.4)
oG

Herev is the outward unit normal vector @G, and(7, v) denotes the scalar product
of the vectorg/ andv. The identity (4.4) is called conservation law

Now assume we have a piecewise smooth functien u(¢, z) that satisfies equa-
tion (4.2) in a neighbourhood of each of its smoothness points. In this case, the conser-
vation law (4.4) need not hold in general (the fluxdahay be non-zero, if the domain
G contains a curve across whieh= u(t, z) is discontinuous). We now show that,
nevertheless, for any piecewise smooth generalized solution of equation (4.2) (solution
in the sense of the integral identity (4.3)), this important physical law does hold. In a
sense, the essential feature of the differential equation (4.2) is to express the law (4.4);
and this feature is “inherited” by the generalized formulation (4.3).

The proof amounts to the fact that, on every discontinuity curve, a generalized
solution satisfies the so-called Rankine—Hugoniot condition. For a piecewise smooth
functionu = w(t, z) that satisfies equation (4.2) in a neighbourhood of each point of
smoothness, this condition is necessary and sufficient fobe a generalized solution
in the sense of the integral identity (4.3). The present section is devoted to the deduction
of the aforementioned Rankine—Hugoniot condition.

Letu = u(t, z) be a piecewise smooth generalized solution of equation (4.2) in the
domainQ c R?, i.e., a solution in the sense of the integral identity (4.3). To be specific,
let us assume th& is divided into two part€2_ andQ., separated by some curi’e
(see Fig. 5); we further assume that in each of these two parts, the functian(t, =)
is smooth, i.e. € C1H(Q_)NCY(Q,), and that there exist one-sided limits andu ;.
of the functionu as one approachésfrom the side ofQ_ and from the side o2,
respectively.

Consequently, at each poifib, o) € " of the discontinuity curv€, one can define

u_(to,z0) = lim  w(t,z) and wuy(to,z0) = Iim  wu(t, x).
(t,2)— (tg,g) (t,2)— (tg, )
(t,z)eQ_ (t,z)eQy

Such discontinuities are called discontinuities of the first kind, or strong discontinuities,
or jumps.

Notice thatu = u(¢,z) is a generalized solution of (4.2) in each of the two sub-
domainsQ_ andQ,, in view of the fact thatC3°(Q+) C C§°(Q). Moreover, this
function is smooth iQ_ and Q.. Therefore, according to what has already been
proved, in each of the two subdomains, the functios= u(¢, ) is a classical solu-
tion of equation (4.2). Let us derive the conditions satisfied:by u(t, z) along the
discontinuity curve".
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t

Figure 5. Strong discontinuity (jump).

Proposition 4.3. Assume that the curfecontained within the domaif is represented
by the graph of a smooth functian= z(¢). Then the piecewise smooth generalized
solutionu = u(t, z) of equation(4.2) satisfies the following condition dn calledthe
Rankine—Hugoniot condition:

de _ [f(w)] _ flug) = fluo) ’ (4.5)

dt — [u] Uy — U_

where[u] = u, — u_ is the jump of the function on the discontinuity curvé, and
[F(w)] = f(us) — f(u-) is the jump off = f(u).

Taking into account the relatiog: /dt = — coqv, t)/ coqv, z), wherecoq v, t) and
cogv, x) are the components of the unit normal veciao the curve = {(¢,z(t))}
(the vector is oriented to point frof_ to Q. ; notice thatcoqv, ) # 0), the equal-
ity (4.5) can be rewritten in the equivalent form

[u] cog(v, 1) + [f (u)] cog{v, x) = O, (4.6)
Definition 4.4. A shock wavés a discontinuous generalized solution of equafi4g).
Thus we can say that the Rankine—Hugoniot condition (4.5) relates the suded

propagation of a shock wave with the flux functign= f(u) and the limit states.,
andu_ of the shock-wave solution = u(t, z).

Proof of Proposition 4.3 Let us prove the formula (4.6). By the definition of a general-
ized solution, for any “test” functiop € C3°(Q) such thatp(t,z) = 0 for (¢, z) ¢ G,
G c Q, we have

0= /Q (upr + f(u)py) didz

= / (upr + f(u)ps) dtdr + / (upr + f(u)py) dide.
Q_NG Q.NG
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The functionsu = u(t,z), f = f(u(t,x)), andy = ¢(t,z) are smooth in the do-
mainsQ_NG andQ, NG. Since these domains are bounded, while integrating on these
domains we can transfer derivatives according to the multi-dimensional integration-by-
parts formula (4.1). Notice that the boundaries of these domains congisamd of
parts ofdG. The integrals ovedG are equal to zero due to the fact tht, =) = O for
(t,z) € OG. Thus, we have

0= —/ (urp + (f(u))zp) dtdz + / (u_cogr,t)+ f(u_)coqv,z)) ¢ dS
Q_naG r

nG

~ [ (wp+ (F()ae) dtdo [ (s cOS-,1) + f(us) cOS-v.2))  dS
QNG

G

== [ Gt G dido— [ (u+ (F(w).) o deds

_ Q.
- / ((us —u-)cosim &) + ((us) — f(u-)) cosv, ) ) dS.
i

Here we used the fact thatis the outward unit normal vector to the partof the
boundary of the domaif2_ N G; thus—v is the outward unit normal vector to the part
I" of the boundary of2, N G. As was already mentioned, = (¢, z) is a classical
solution in both domain®_ andQ., i.e., equation (4.2) holds fdt,z) € Q_ U Q..
Therefore, we have

[ (@leos0) + [f(w)cosm ) ds =0 WpeCE(@).  (@7)
-

Consequently, the equality (4.6) is satisfied at all points) € I where the dis-
continuity curvel is smooth (i.e., at the pointg,z) € I where the normal vector
v = (cogr,t),coqv, z)) depends continuously on the pointlof mi

The converse of the statement of the above theorem also holds true.eBrdeis
a functionu = u(t, z) be a classical solution of equation (4.2) in each of the domains
Q_ and Q.. Assume that the function has a discontinuity of the first kind on the
curvel separatind2_ from Q. and that the Rankine—Hugoniot condition holds on the
discontinuity curvd™. Thenu is a generalized solution of equation (4.2) in the domain
Q=Q_UrlruQ,. Indeed, starting from (4.7) and using the fact that

u + (f(u), =0  for (t,z2) e Q_UQ.,

we can reverse all the calculations of the above proof. This eventually leads to the
integral identity (4.3), which is the definition of a generalized solution.

Problem 4.2.Justify rigorously the above statement.

Theorem 4.5.Assume that = u(t, z) is a piecewise smooth functibdefined in a do-
mainQ with a finite number of componerts, Q,, ..., Q,, whereu is smooth, and, ac-

4NT — Throughout the lectures, the term “piecewise smooth” refers exactly to the situation described in
the assumption formulated in the present paragraph. This framework is sufficient to illustrate the key ideas
of generalized solutions. In general, there may exist discontinuous generalized solutions with a much more
complicated structure, but they are far beyond our scope.
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cordingly, with a finite number of curves of discontinuity of the firstKind », ..., x,

so that we have .
o~ ({o)u(Ur)
i=1 i=1

(see Fig.6 which corresponds to the case of a strip dom@ip- M ).

The functionu = u(t,z) is a generalized solution of equatiqd.2) in the do-
mainQ in the sense of the integral identi$.3) if and only if« is a classical solution
of this equation in a neighbourhood of each smoothness poin{icé., on each of the
setsQ,, : = 1,...,m) and, moreover, the Rankine—Hugoniot condit{drb) is satis-
fied on each discontinuity curve, : = 1, ..., k except for the finite number of points
where some of the curvés intersect one another.

For the proof, it is sufficient to consider the restriction of the functioto each
discontinuity curvel; and the two smoothness componefis, Q,, adjacent td;
then we can exploit the assertions already shown in Proposition 4.3 and in Problem 4.2.

X HT

’\KQS/
> L

Figure 6. Piecewise smooth solution.

Proposition 4.6.Letu = u(t, z) be a piecewise smooth generalized solution of equa-
tion (4.2) in the domainQ in the sense of the integral identif.3). Then the vector
fieldv = (u, f(u)) satisfies the conservation lai.4).

Proof. Assume thaf; are the components of smoothnessof et G be an arbitrary
subdomain of the domai@. For alli, the flux of the vector field = (u, f(u)) through
0(Q; N G) is equal to zero, becauseis a classical solution of equation (4.2) in the
subdomainQ, and thus also in the subdom&i N G. Therefore, we can represent
zero as the sum of these fluxes over all bounddtig3; N G). Thanks to the Rankine—
Hugoniot condition (4.6), on each discontinuity culivethe total flux (i.e., the sum
of the fluxes from the two sides 6f;) of the vector fields across the curvé; N G is
equal to zero. Consequently, the sum of the fluxes across all the bourigléfies G)

is equal to the flux of the vector fieldthroughoG. This proves (4.4). O

As has been mentioned in Remark 3.1, the area delimited by the graph séiaalla
solutionu = (¢, z) of the problem (3.1)—(3.2) remains constant as a function of time
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t > 0, whenever this area is finite. It turns out that also the generalized solutions obey
this property. Thus the process of formation of a shock wave (a process that can be
visualized as an “overturning” of the graph) occurs in such a way that the part which is
“cut off” has area equal to the area of the “extra” part (see Fig. 7); this equality of the
two areas is a direct consequence of the Rankine—Hugoniot condition.

u t=0 u t>T u

X X [ X

Figure 7. Area-preserving “overturning” of the graph.

Proposition 4.7.Assume that = u(¢, z) is a piecewise smooth function with compact
support inz, such that: = z(t) is the unique discontinuity curve ofand such that
is a generalized solution of equatigd.2). Denote

+o0
S(t) = / u(t, z) dz.
Then the functiort = S(t) is independent of, i.e., S(¢) = const.

Proof. Indeed, we can write

z(t) +o0

S(t) = / u(t,z) de + / u(t, z) dz,
—00 z(t)

wherez = x(t) is the curve of discontinuity of the generalized solutios (¢, ). As

previously, we denote by, = lim,_ ) ou(t,z) the one-sided limits (limits along

thez-axis) of the solution: on the discontinuity curve. Then

z(t)

u(t, z(t) — 0)-d:(t)+/ u(t,z) dz

— 00

as
dt

+oo

—at, @ (t) +0) - (1) + /(t) we(t, ) do

(stutt.a) do— [~ (stutt.a))), do

xT (t) x

z(t)

— (u-—ua)il0) - [

= (u— —us) - z(¢)
— f(u(t, z(t) = 0)) + f(u(t, —00)) — f(u(t, +00)) + f(u(t,z(t) + 0))
= (fus) = flu-)) = (uy —u_) - 2(0). (4.8)

In these calculations, in addition to the equation (4.2) itself, we took advantage of the
fact thatu has compact support iy so thatf (u(t, —o0)) = f(u(t, +o0)) = f(0).
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Now if u, = u_, then from (4.8) we clearly have

ds

= = 0.
In the caseu. # u_, we have the same conclusion thanks to the Rankine—Hugoniot
condition (4.5). ]

Problem 4.3.Prove the analogous result for the case where a piecewise smooth gener-
alized(in the sense of the integral identit#.3)) solutionu = w(t, z) of equation(4.2)
has a finite number of discontinuity curves= z;(t),j =1,...,N.

Remark 4.8.If a functionu = u(t,z) has a weak discontinuity on the curi/ei.e,
u IS continuous acrosis and only its derivatives, , u, are discontinuous oR, then
the Rankine—Hugoniot condition (4.6) is trivially satisfied (indefedl,= 0 and, con-
sequently, alsdf(u)] = 0). Therefore, a continuous function = u(t,z), which
is piecewise smooth in a domafd and is a classical solution of equati¢h?2) in a
neighbourhood of each smoothness point, is also a generalized soluti@)ah the
whole domairQ (it is clear that the functiom = w(t, z) is not a classical solution in
Q, since it is not differentiable at the points z) € ' C Q).

Remark 4.9.Formally, passing to the limitin (4.5) as. — u, we infer that

dx

E = fl(u(tvx))v (49)

on a weak discontinuity curve = {(¢,z) | = = z(t)} of u = (¢, z); this means that
a weak discontinuity propagates along a characteristic.

Let us provide a rigorous justification of this fact.
Letl = {(¢,2) | = = z(¢)} be a weak discontinuity curve separating two classical
solutionsu = u(¢, ) andv = v(t, z) of equation (4.2). Then

u(t,z(t)) = v(t,x(t)). (4.10)
Differentiating (4.10) with respect t we obtain
dx dx
u(t, (1)) + ug(t, 2(t)) - i v (t,z(t)) + vg (¢, 2(¢)) - I

Here and in the sequely,, v., u;, v, denote the corresponding limits of the deriva-
tives as the poinft, 2-) tends to the weak discontinuity curiie (The existence of these
limits follows from the definition of a weak discontinuity.) Expressingttaerivatives
from the equation (4.2), we have

wat2(8)) - S~ (0 = w1, 2(0)) - 5 — (1, 2(0)

Hence, taking into account (4.10), we obtain
(et 2(8)) = valt2(1))) <‘é_f - f’(u(t,x(t))) ~o0.

Since the curve: = z(t) is a weak discontinuity curve, the relation(¢, ) # v, (t, x)
holds on this curve; thus (4.9) follows.
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Exercise 4.11Is it true that the following functionss = u(¢,z) are generalized so-
lutions (in the sense of the integral identif$.3)) of equation(4.2) in the striplMr
(remind thatlly = {—oc0 < 2z < 400, 0< ¢t < T7}), for

0 -z wn={] o
O stz wn-{ ) s
i) flu)=u?/2, u(t,x)—{(z) gij
I B (i
I T

-1 forz >0;

-1 forz <t,
1 forx >t

Vi)  flu) = u(t,x)_{ 1 forz <0,
Vi) fw) = w,;v)_{

1 forz<t
_ .3 _ )
(viii) f(u) = s, u(t,z) = { 1 fors o

Exercise 4.2 Construct some non-trivial generalized solutions in the ditipfor the
equations

@) ut — (u%), =0,

(i) w -2 u, =0,
(i) et sinu-u, =0,
(iv) ur — (€")z =0,
V) ut + (") =0,
Vi) wtusfu=0

(by non-trivial, we mean a generalized solution that cannot be identified with a classi-
cal solution upon modifying its values on a set of Lebesgue measure zero).
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4.3 Example of non-uniqueness of a generalized solution

It turns out that extending the notion of solution of equation (4.2) by replacing this
equation with the integral identit{4.3) (let us stress again that this identity expresses

in a generalized way the conservation |&4) for the vector fieldd = (u, f(u)))

may result in non-uniqueness of a generalized solution to a Cauchy problem. In order
to observe this loss of uniqueness of a solution, let us consider equation (4.2) with the
flux function f (u) = »? and with the zero initial datum:

uy + 2uu, = 0, reR, 0<t<T, (4.11)
u‘tzo =0. (4.12)
The functionu(¢, ) = 0 is a classical solution, and thus it is also a generalized solution

of the above problem. Nonetheless, we can construct non-zero generalized solutions
of the problem considered. Assign (see Fig. 8)

0 forxz < —dt,
-5 for —d6t <z <O,

t,x) = whered > 0. 4.13
us(t, ) +6 for0 <z < +6t, ( )
0 forxz > +6t,
X
x=8t £y fw=u?
0
3 52 Z
: .
_6 3
5 0 5 u
0 <=5t

Figure 8. One-parameter family of “wrong” solutions.

Formula (4.13) defines the functiafy = u;(¢, «) with four components of smooth-
ness; on each of these; is a classical solution of equation (4.11) (it is clear that, in
general, any constant satisfies equation (4.2) whatever be the flux furictiofi(u)).

Let us check the Rankine—Hugoniot condition on each of the three lines of discontinu-
ity of the first kind (which are: = 0 andx = +6t):

asr = 0, we haveu_ = —¢,u, = 4, and

de _ o = (=0)° _ flus) — f(uo).
dt d—(=9) uy —u_
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asx = —ot,we haveu_ = 0,u, = —4, and

dz (=0)° =0 fluy) — flu),

dt " (=) -0 up—u_

asx = 0t, we haveu_ =6, v, =0, and

dx 5o 0?—0%  fluy)— fluo)
a7 0-6  ur-—u_

Notice that, in the case of piecewise constant solutions, the Rankine—Hugoniot con-
dition has a simple geometrical interpretation. Let us draw the graph of the flux func-
tion f = f(u) respective to the axds, f), oriented parallel to the ax€s, =). Next,
mark the point§u_, f(u_)) and(u, f(u4)) on the graph (see Fig. 9). Then the seg-
ment connecting the two points must be parallel to the discontinuityliaer(t) = kt.
Indeed, the slope of this segment is equal#-=L“= while the slope of the dis-
continuity line equalsl? = k; the equality between the two slopes is exactly what the
Rankine—Hugoniot condition (4.5) expresses.

f
(u., f(u.)) x=kt

u+
u_
u+
u. y I VA T
NV —

(u,, f(u,))

Figure 9. Geometrical interpretation of the Rankine—Hugoniot condition.

This geometrical point of view facilitates the graphical representation of the gener-
alized solutions.s (¢, z) of equation (4.11), as constructed above. Marking the points
(0,0), (£, %) and joining them by segments in the way Fig. 8 shows, we obtain the
slopes of the discontinuity lines .

Exercise 4.3 Construct a generalized solution of the probléi11)—(4.12)which is
piecewise constant and has three discontinuity lif@ssin the solutionus = u;(¢, z)),
different from any of the solutior{d.13). For the solution constructed, verify analyti-
cally the Rankine—Hugoniot relation on all the discontinuity lines.

Let us point out that it is not possible to construct a piecewise constant generalized
solution of problem (4.11)—(4.12) with exactly two discontinuity lines. Indeed, such a
solution would have two distinct jumps: a jump from the state 0 (on the left from the
discontinuity line) to some constant stétéon the right), and the jump from(now on
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the left) to O (now on the right). According to the Rankine—Hugoniot conditicgseh
jumps can only occur along straight lines of the forre %Lﬂrc, C € R. Since

the solution also obeys the zero initial datum, the constashould be the same for

the two jumps. Thus both jumps cancel each other, because they occur along one and
the same line; thus our piecewise constant solution is in fact equal to zero.

Exercise 4.4 Construct piecewise constant generalized solutiongdfl)—(4.12)with
more than three discontinuity lines.

Exercise 4.51s it possible to construct a solution as in the previous exercise but with
an even number of discontinuity lines, each of these lines being a ray originating from
the point(0, 0) of the(¢, z)-plane?

In order to construct a non-zero generalized solution of the Cauchy problem
us + (f(u)), =0, u’t:O =0, (4.14)

with an arbitrarily chosen flux functiofi = f(u), it is sufficient to pick two numbers
aandg, o < 0 < 3, in such a way that the point®, f(0)), («, f(«)) and (5, f(5))

are not aligned. Then we join these points pairwise by straight line segments, as it was
described above for the cageu) = u? (see Fig. 8), and obtain the slopes of the discon-
tinuity rays in the planét, z) for the solution to be constructed. Sinee< 0 < 3, the

slope of the segment joinin@y, f(«)) with (3, f(3)) is always the intermediate one
among the three slopes. Thus the construction produces a piecewise constant solution
with the zero initial datum and the two intermediate states.

Exercise 4.6Justify carefully that the above construction leads to a piecewise con-
stant generalized solution of problef#.14) Show that if, .90 < a < g, then the
analogous construction yields a non-trivial generalized solution with the initial datum
up(z) = o

The above construction breaks down in the case where such non-aligned points on
the graph off = f(u) cannot be found. This corresponds exactly to the case of an
affine flux function, i.e.,f(u) = au+b, a,b € R. In the latter case, our quasilinear
problem is in fact linear:

uy + auy, = 0, w|i—0 = uo(z). (4.15)

In the case whereg is smooth (this applies, in particular, ig = 0), the unique
classical solution of this problem is easily constructed by the method of Section 2; the
solution takes the form(t, z) = ug(z — at).

Problem 4.4.Show that for any piecewise smooth solution of equaiiof au, = 0,

a = const the curves of discontinuity are the characteristics of the equation, i.e., the
linesz = at + C. Then, prove the uniqueness of a piecewise smooth solution of the
Cauchy problent4.15)with a piecewise smooth initial datum. Precisely, show that

this solution is given by the equalityt, ) = uo(z — at).
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It can be shown that this solution is unique not only within the class of classical
sdutions, but also within the class of generalized ones; but this is beyond the scope
of these notes. In particular, the zero solution is the unique generalized solution of
problem (4.14) in the case of a linear flux functipr= f(u).

Exercise 4.7 Construct non-trivial generalized solutions of the probléfril4) with
f(u) = u®, then withf (u) = sinu. Is it possible to construct such solutions with more
than three discontinuity lines?

It should be understood that, from the physical point of view, all the non-trivial gen-
eralized solutions to the problem (4.11)—(4.12) or to the problem (4.14) are “wrong”;
notwithstanding the fact that these functions satisfy the PDE in the sense of the integral
identity (4.3) and comply with the conservation &d4), the only “physically correct”
solution of the above problems should be, unquestionably, the solutiom) = O.
Consequently, we should also devise a mathematical condition which would select,
among all the generalized solutions, the unique “correct” solution. This condition,
called the entropy increase condition, will now be formulated.

5 The notion of generalized entropy solution

As exposed in the previous sections, in the study of the Cauchy problem for the equa-
tion
ug + (f(u)), =0 (5.1)

with the initial data
u’tzo = ug(x), (5.2)

we encounter the following situation:

1) There exist some bounded smooth (infinitely differentiable) initial datsuch
that the unique classical solutien= wu(t, ) remains a smooth function up to some
critical instant of timer’, but the limit

w(T,z) = t—IECan—ou(t’ x)
is only a piecewise smooth function with discontinuities of the first kind. The equa-
tion (5.1) is one of the so-called “hyperbolic” equations, and the smooth solutions of
these equations are determined by the “information” propagated from the initial man-
ifold along the characteristics. Thus it happens that this “information” itself leads to
the appearance of discontinuities of the first kind. In this case, it is natural to expect
that the solution remains discontinuous as well on some time intgryal+ §]. This
means that, in order to construct a nonlocal theory of the Cauchy problem (5.1)—(5.2),
discontinuous solutions must be introduced into our consideration.

2) One natural approach for introducing such generalized solutions relies on the
ideas of the theory of distributions (this approach was discussed in Section 4.1). Even
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in a class as wide as the class of all locally bounded measurable functibins one
could consider generalized solutioms= u(¢, z) in the sense of the integral identity

/ﬂ [upe + f(u)ps] dzdt =0, (5.3)

which should hold for all “test” functiong € Cg°(M); the initial datum (5.2) should

be taken, say, “in thé |oc Sense” (see (5.31) in Section 5.5 for the exact definition).
Nonetheless, as we have demonstrated in the previous section, so defined gen-

eralized solutions of the Cauchy problem may fail to be unique (even for the case

uo(x) = 0). Itis clear that the non-uniqueness stems from the fact that the “wrong” so-

lutionsus, § # 0, have discontinuities. One could guess that not all the discontinuities

are admissible; but how can we find the appropriate restrictions on the discontinuities?

5.1 Admissibility condition on discontinuities: the case of a convex flux
function

Let us make the additional assumption
" =0, feC*R),  wuoec C?R).

Problem 5.1.With the help 0f3.8) or of (3.12), using ProblenB.2 or Problem3.3,
show that in this case, € C?(M1) where[0, T) is the maximal interval of existence of
a classical solution.

Now let us exploit the following consideration, which is purely mathematical: we
try to reveal such properties of the smooth (fer T') solutions that do not weaken (or
which are conserved) while time approaches the critical valdel'. Such properties
will therefore characterize the naturally arising singularities of a solutioenote
p = u.(t, z) and differentiate the equation (5.1):nWe have

0=pi+ f'(u) - po+ f"(uw) - p* = pi + f'(w)ps -

Along any characteristics = x(t), 2 = f' (u(t, z(t)) (recall that the characteristics fill
the whole domairily of existence of a smooth solution), the latter inequality reads as

dx dp(t,z(t))

0> — Py = ————=,
Pet P dt

tha is, the functiorp does not increase along the characteristies z(t). Thus,

p(t; (1)) < p(0,2(0)) = us(0,2(0)) < SUpug(x) = Ko.

z€R

Consequently, at any poift, =) € M there holds

p(t,z) = ux(t,z) < Ko. (5.4)
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As the derivative., (T, z) is not defined for some values of we pass to the following
equivalent form of the inequality (5.4):

u(t, ) — u(t, z1)
T2 — I

< Ky Vaq, xo. (5.5)

A similar inequality was introduced in the works of O. A. Gl (see [37]); the
inequality played the role of the admissibility condition in the theory of generalized
solutions. From (5.5) it follows thak(t, z2) — u(t, 1) < Ko(zz — x1) for z1 < ay;
thus at the limit ase, — 2* + 0, 21 — 2* — 0, wherez* is a discontinuity point
of u(T, z), we have

uy = u(t,z* +0) <wu(t,z* —0) =u_. (5.6)

(Rigorously speaking, passing to the limit implies < w_, butu, # u_ since we
assumed that* is a discontinuity point.)

Let us require (5.6) to be satisfied at every point of discontinuity of a generalized
solutionu = u(t, ) (the solution is assumed to be piecewise smooth). It is natural to
interpret this condition as admissibility conditioron strong discontinuities (jumps)
within the class of piecewise smooth solutions.

Remark 5.1.In the example of non-uniqueness exposed above (see Section 4.3) for
the Cauchy problem (4.11)—(4.12), where we h#{éu) = 2 > 0, the solutionsus,

6 > 0, of the form (4.13) fail to verify the admissibility condition (5.6) on the discon-
tinuity line x = 0. The unique admissible solution of this problem will be the function
u(t, z) = 0, which is the classical solution of the problem considered.

If f”(u) < 0, then substituting = —v into equation (5.1) we obtain the equation
v + (f(v))s = 0, wheref(v) = — f(—v); notice thatf” (v) = — f”(—v) > 0. For the
solutionv = v(t, ) of the above equation, we should have< v_, according to the
admissibility condition (5.6). We conclude that in the cg4éu) < 0, the admissibility
condition is the inequality,, = —v; > —v_ = u_, converse to the inequality (5.6).

To summarize, for the case of a convex or a concave flux fungtien f(u), we
have deduced the following condition for admissibility of discontinuities. «Letre-
spectivelyu,., be the one-sided limit of a generalized solutios= u(¢, z) as the dis-
continuity curve is approached from the left, respectively from the right, along the
x-axis. Then

- in the case of a convex functigh = f(u) (for instance,f(u) = u?/2,¢e",...),
generalized solutions of equation (5.1) may have jumps fianto «.. only when
U_ > Uy,

- in the case of a concave functigh= f(u) (f(u) = —u?Inw,...), jumps from
u_ to uy are only possible when_ < u,.

Let us provide a “physical” explanation of the admissibility condition obtained for
the case where the monotonicity ffis strict. At any point of an admissible discon-
tinuity curvex = z(t), consider the slope#'(u,) and f'(u_) of the characteristics
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x = f'(ug)t + C which impinge at this point from the two sides of the discontinu-
ity. Consider also the slope = 4 = MZ(“J of the discontinuity curve (more

Uy —U_
exactly, the slope of its tangent line); notice thais equal to the valug’(u) at some
point« which lies strictly between, andu_. These three slopes satisfy the so-called

Lax admissibility condition

flug) = flu)

Uy — U—

Fluy) <w= = f(@) < f'(u"). (5.7)
Indeed, iff is strictly convex, therf’ is a monotone increasing function, and the admis-
sibility condition for this case of a convex flux functighensures that . < @ < u_.
Similarly, if f is strictly concave, then the admissibility condition yields> @ > u_,

so that we get (5.7) again, singéis a monotone decreasing function in this case.

Condition (5.7) is a particular case of the admissibility condition which is funda-
mental for the theory of systems of conservation laws. It was first formulated by the
American mathematician P. D. Lax (see [30]).

Therefore, we observe that, agrows, the characteristics approach the discontinu-
ity curve from both sides (see Fig. 10a); none of the two characteristics can move away
from it (the case where the characteristics move away from the discontinuity curve as
t grows is depicted in Fig. 10b). This means that those discontinuities are admissible
which are due to the fact that characteristics of a smooth solution (smooth from each
side of the discontinuity curve) tend to have intersectionsgaews (the intersections
eventually occur on the discontinuity curve). On the contrary, the situation when the
discontinuity curve is “enforced”, with some of the characteristics originating out of
the discontinuity curve as time grows, is not admissible.

a) t b !

Figure 10. Lax condition: admissible and non-admissible discontinuity curves.

Example 5.2.Let us illustrate the above statement with the example of the Hopf equa-
tion (1.1), i.e., the equation (5.1) witf(u) = w?/2. This equation describes the
displacement of freely moving particles (see Section 1). Assume that the particles
situated, at the initial instant of time, in a neighbourhoodtetb (i.e., particles with

the z-coordinate larger than some sufficiently large value), move with a velogity
assume that the particles initially located in a neighbourhoodf have a velocity

u_; and letu, < u_. The latter constraint means that, as time passes, collisions are
inevitable, and eventually, a shock wave will form. The velocity of propagation of this
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shock wave created by particle collisions will be equal to

~ flug) = fluz) u? /2 —u? 2 _ Uy tu

Uy — U Uy — U 2

When the initial velocity profile is a monotone non-increasing function, it can be
justified that for sufficiently large, we obtain a generalized solution of the Hopf equa-
tion of the following form:

u(t,z) = u_ forz <wt+C, (5.8)
Uy forz > wt+ C.

This solution can be interpreted as follows. The particles with velocitieand
u4 collide when the quicker one (with the velocity ) overtakes the slower one (of
velocity u.); this collision is not elastic, and the two particles agglomerate into one
single particle. After the collision, the particles continue to move with the velocity
(uy + u_)/2, creating a shock wave. The velocity of propagation of this wave is
calculated with the help of the law of momentum conservation: this velocity is the
arithmetic mean of the particles’ velocities before the collision. Let us point out that
such collisions induce a loss of the kinetic energy of the particles (we will further
discuss this question later).

If, on the contrary, the speeds of the particles neas and near—oo were related
by the inequalityu. > u_ and if the initial velocity distribution were a smooth mono-
tone non-decreasing function, then no collision of particles would ever occur: at any
time instantt > 0, the velocity distribution(t, -) would be a smooth non-decreasing
function as at the time = 0, and no shock wave might form (see Section 3.1). There-
fore, in the case.; > u_, the functionu given by (5.8), although it does satisfy the
integral identity (5.3), is not a physically correct solution of the Hopf equation.

5.2 The vanishing viscosity method

In order to generalize the admissibility condition of the previous section to the case of
a flux functionf = f(u) which is neither convex nor concave, we make the following
observation and reformulate this condition in the terms of the respective location of the
graph and the chords of convex or concave functions. We see that the jump between
u_ andu, is admissible in the sense of the previous sectian if> «, (respectively,
u_ < uy) and the graph of the flux functiofis situated under the chord (respectively,
above the chord) joining the points_, f(u_)) and(us, f(uy)) (see Fig. 11).

It turns out that the above reformulation of the admissibility rule for convex/concave
flux functions remains appropriate for the case of an arbitrary flux fungtion

For a rather rigorous justification of this statement, let us use “physical” (more
exactly, “fluid dynamics”) considerations based on the concepts of an ideal gas and
a viscous gas. It = z(¢) is the trajectory of a particle of an ideal gas in a tube
aligned with thex-axis, and if the function. = (¢, z) represents the velocity of the
particle that occupies the space locatiomat the time instant, then (see Section 1)
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f(u)

f(u)

u. u, u u, u_u

Figure 11. Visualization of admissible jumps, I.

z(t) = u(t,z(t), @(t) = 44 = 0; this calculation previously led us to the Hopf
equation (1.1). But, ideal gases “do not exist”; they only exist theoretically, as limits
when the viscosity of a real gas is neglected because of its smallness.

If ¢ > 0 is the viscosity coefficient of a real gas, then (under certain assumptions)
the force of viscous friction which acts on the particle) at timet and relative to the
mass unit can be taken to be,. (¢, z(t)). Thenz = ‘3—;‘ = cu.,, and instead of the
Hopf equation we obtain the so-called Burgers equation

Up + Uy = EUgy - (5.9)

It is natural to admit that — this is what actually takes place — all admissible gen-
eralized solutions of the Hopf equation can be obtained as the limit of some solutions
u® = uf(t,z) of the equation (5.9) as the viscosity coefficietiends to 0. The proce-
dure of introducing the termu,, into a first-order equation and the subsequent study
of the limits of the solutions*® ass — +0 is called thé'vanishing viscosity” method

Before we continue with the application of the vanishing viscosity method to a
justification of the general admissibility condition formulated above, let us point out an
important method of “linearization” (in a sense) of the Burgers equation (5.9). Observe
that we haveu; = (eu, — u?/2),; thus we can introduce a potentid = U (¢, z),
determined from the equality

dU = udz + (cu, — u2/2) dt.
In this case
U, = u, U; = cuy — uZ/Z =eUpy — (UI)Z/Z,
i.e., the functiorlV satisfies the equation

U, + %(UI)Z = U,y . (5.10)

In (5.10), let us make the substitutioh= —2cIn z. Then

2
Up=-22 U, =-22 U,y =-2222 4 25@.
z z z z

SNT — In the western literature, it is customary to call this equation, “the Burgers equation with viscosity”;
accordingly, the term “Burgers equation” then designs what is called the Hopf equation in our lectures.
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Equation (5.10) then rewrites as

2 2
—2:2t 262@ = —2e2%m 4 92 (ZIZ) ,
z z z z
sothat we are reduced to a linear equation for the functiea z(¢, z), which is the
classical heat equation:
2t = EZpy - (5.11)

Remark 5.3.The linearization method pointed out hereabove was first used by the
Russian mechanicist V. A. Florin in 1948 in his investigation of a physical applica-
tion. Later on, in the 1950th, this method was rediscovered by the American scholars
E. Hopf and S. Cole; nowadays the transformation is often named after them (it would
be more correct to speak about the Florin—Hopf-Cole transformation).

It follows from the above substitution that a solution of equation (5.9) has the form
u="U, = P ,
z

wherez = z(t,z) is a solution of the heat equation (5.11).

As is well known from the theory of second-order linear PDEs, solutions of the
Cauchy problem for the heat equation (5.11), even with initial data that are only piece-
wise continuous, become infinitely differentiable for- 0. Hence, solutions of the
Burgers equation (5.9) are also infinitely differentiable functions, and, consequently,
they cannot include shock waves.

Now assume that the so-called “simple wave”, given by

u_ foroz < wt,
uy  forx > wt,

—U—

Mt@—u_+g%r—ﬂ+§m@—wm—{ (5.12)
wherew = const, is a generalized solution of equation (5.1) in the sense of the integral
identity (5.3). For this to hold, it is necessary and sufficient that the Rankine—Hugoniot
condition p
dt Uy — U_
holds on the discontinuity ling(t) = wt.

For this case, the idea of the vanishing viscosity method can be applied as follows.
Let us consider a solution = u(t,z) of the form (5.12) as admissible, if it can be
obtained as a pointwise limit (far # wt) of solutionsu® = u¢(¢, z) of the equation

up + (f(0%)), = eug, (5.14)

ass — +0. (The approach developed below has been suggested by I. M. Gel'fand [18]).
Taking into account the special structure of the solutiog u(t, ), let us seek a
solution of (5.14) under the form

w =

u(t,x) = v(§), fzx_”? (5.15)

e




The Kruzhkov lectures 37

Substituting this ansatz into equation (5.14), we infer that the funetionv(¢) sais-
fies the equation
—wv' 4 (f(v) =", (5.16)

On the other hand, it is clear that the functioh= v (I‘T“t) converges pointwise
(for = # wt) to a functionu = w(t, z) of the form (5.12) as — +0 if and only if the
functionv = v(¢) satisfies the boundary conditions

v(—00) =u_, v(400) = ust . (5.17)

Remark 5.4.0ne cannot hope for uniqueness of such a functienv(¢). Indeed, if
v is a solution of the problem (5.16)—(5.17), then the functiors ¢(¢ — &) are also
solutions of this problem, for alj, € R.

Integrating (5.16), we obtain
v'=—wv+ f(v)+C =Fv)+C, C = const (5.18)

The ODE (5.18) is autonomous, of first-order, and its right-hand Bideg + C'is
smooth; thus (5.18) admits a solution which tends to constant statéss — —oc)
andu, (as¢ — +o0) if and only if the following conditions are satisfied:

(i) w— andu are stationary points of this equation, i.e., the right-hand side of equa-
tion (5.18) is zero at these points:

Fluu)+C=F(uy)+C =0,
so thatC = —F(u—) = —F(u4). Upon rewriting the equality’(u_) = F(u4)

under the formf(u_) — wu_ = f(uy) — wu, We see that it coincides with the
Rankine—Hugoniot condition (5.13).

(ii) There is no stationary point in the open interval betweenand ., ; moreover,
the right-hand sidé’(v) — F(u_) = F(v) — F(uy) of (5.18) restricted to this
interval should be

a) positive ifu_ < u, (then the solution increases):
Fv)=F(u-)>0 Yve (u_,uy) ifu_ <ug; (5.19)
b) negative ifu_ > uy (v = v(£) decreases):

F(v)—F(us) <0 Y€ (ugp,u_) ifup <u_. (5.20)

When the above conditions are satisfied, the solutions of equation (5.16) with the
desired boundary behaviour are given by the formula

v dw - Uy Fu_
/UO Flo)—Fu) _~ % w="73
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Our point is that the relations (5.19)—(5.20) express analytically the aithilitycon-
dition.

Now let us interpret this condition geometrically. Substitutiigy) = f(v) — wv
into (5.19) and (5.20), we have

F) = flus) >wlv—u_) Yoe (u_,uy) if u_ <uy,
f) = flug) <wlv—uy) Y€ (up,u) if uy <u_,

which, in view of the Rankine—Hugoniot condition (5.13), amounts to

flu) = fluo) fluy) = flu-)

>w="—"—"""2 Vue€ (u_,uq) if u_<uy, (519)
u—u_ Up — U_
Fw) = f(us) <w= flu) = f(u-) Vu € (ugp,u_) if wuy<u_. (520)
u—uy Ug — U
f f(u) f .
f(u,) fw)yr——=Ch 0 x=ot
fuy M - |
i) 3 t
u. u, u, u_u

Figure 12. Visualization of admissible jumps, II.

Let us represent the graph of a flux functién= f(u) (see Fig. 12). Condition
(5.19) means that the chor@h with the endpointu_, f(u_)), (uy, f(us+)) has a
smaller slope (the slope is measured as the inclination of the chord with respect to
the positive direction of thei-axis) than the slope of the segment joining the point
(u_, f(u—)) with the point(u, f(u)), whereu runs over the intervalu_, v )). Con-
sequently, the pointu, f(«)) and thus the whole graph ¢f = f(u) on the interval
(u—,u4) lies above the chor@h. In the same way, condition &0') signifies that the
graph off = f(u) for u € (u,u_) is situated below the choi@h.

Remark 5.5.Upon varying the values_, v, and also the functiorf = f(u), one

can construct different convergent sequences of admissible generalized solutions of
the form (5.15). It is natural to consider as admissible also the pointwise limits of
the admissible solutions. Therefore, it is clear that any situation where the graph of
[ = f(u) touches the chor@h should also be considered as admissible.

In conclusion, we obtain that a solutianof the equation (5.1) may have a jump
from u_ to uy (a jump in the direction of increasing) when the followingjump
admissibility condition holds:



The Kruzhkov lectures 39

« in the caseu_ < wu., the graph of the functiorf = f(u) on the segment
[u_,u] is situatedabovethe chord (in the non-strict sense) with the endpoints

(u_, f(u—)) and(u, f(uy));

« in the caseu_ > wu., the graph of the functiorf = f(u) on the segment
[us, u_] is situatedoelow the chord (in the non-strict sense) with the endpoints

(u— fu-)) and(us, f(u)).

Figure 13. Visualization of admissible jumps, III.

Let us give another analytical expression of the condition obtained. Consider a
curve on which the solution has a jump fram to «... In coordinategu, f) we draw
the graph of the functioff = f(u) on the interval between_ andu.. and the chord
joining the endpoints of this graph. As in Fig. 8 and Fig. 9 (see Section 4.3), we mean
that the axegu, f) are aligned with the axe@, z). Now on the same graph, let us
situate the unit normal vecter= (cogv, t),cogv, x)) to the discontinuity curve (see
Fig. 13). Introduce the pointd = (u_, f(u_)), B = (uy, f(uy)), and let the point
C = (u, f(u)) run along the graph. The vectoris orthogonal to the vectol B (this
is an expression of the Rankine—Hugoniot condition (5.13)) and is oriented “upwards”,
i.e., cogv,x) > 0 (this is because we have chosen the normal which forms an acute
angle with the positive direction of the-axis). The condition stating that the graph
of the functionf = f(u) on the interval between_ andu. is located over the chord

(“over”, in the non-strict sense) means exactly that the angle between the vaciors

(or, equivalently,ﬁf) andv does not exceed/2, that is, the scalar produ(:ﬁ, V)
of these vectors is nonnegative. Thus for the ease u., we have

(u—wu_)cogv,t)+ (f(u) — f(u_))coqrv,z) 20  Vue€ (u_,uy). (5.21)

Similarly, the condition stating that the graph is located under the chord (“under”, in
the non-strict sense) means that the angle between the same vectors as before is greater

than or equal tar/2, that is, the scalar produ(‘B_(:’, v) of these vectors is non-positive.
Thus for the case_ > u., we have

(u—wus)coqv,t) + (f(u) — f(us))coqr,z) <0 Vu € (ug,u_). (5.22)
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Remark 5.6.The admissibility conditions deduced with the vanishing viscosity ap-
proach agree perfectly with the conditions obtained in the previous section for the case
of a convex/concave flux functiof = f(u). Indeed the convexity (respectively, the
concavity) of a function means, by definition, that the chord joining two arbitrary points
of the graph of the function lies above (respectively, lies below) the graph itself.

In the sequel of these lectures, unless an additional precision is giversdhytean
of equation (5.1) we will tacitly mean a piecewise smooth function that satisfies the
integral identity (5.3) and, in addition, the admissibility condition formulated in the
present section.

Exercise 5.1 Examine the question of admissibility of each of the jufjup®ps satis-
fying the Rankine—Hugoniot conditid’.13)) present in the solutions = u(¢, z) to
the corresponding equations of the fo(fl):

(i) for the generalized solutions= u(t, z) given in Exercisé.1;
(i) for the generalized solutions= (¢, z) constructed in Exercisé.2;
(iii) for the generalized solutions= w(¢, 2:) constructed in Exercisé.7.

5.3 The notion of entropy and irreversibility of processes

The jump admissibility conditions obtained in the previous sections are often called
entropy-increase type conditiohsVhere does this name come from? The reason is,
the equations we study model nonlinear physical phenomena (called “processes” in
the sequel) which are time-irreversible, and the function which characterizes this irre-
versibility is called “entropy”.

The Hopf equation (1.1) is, certainly, the simplest model for the displacement of
a gas in a tube; in more correct (more precise) models, also the pressure of the gas
is present, moreover, the density of the gas enters the equations when the gas is com-
pressible. The entropy functighis expressed with the help of the two latter quantities
characterizing the gas, namely the pressure and the density. In the field of fluid dynam-
ics, already in the 19th century it has been known that the entropy function does not
decrease in time across the front of a shock wave

Sy =8(t+0,2) >5_=5(t—0,z), (t,z) eT. (5.23)

Therefore, all the inequalities that express irreversibility of processes in nature are
called “inequalities of the entropy increase type”. For the simplest gas dynamics equa-
tion, which is the Hopf equation, the role of entropy is played by the kinetic energy of
the particle located at the pointat the time instant:

S(t,x) = %uz(t, ).

8NT — In the literature on conservation laws, one often speaks of “entropy dissipation conditions”. This term
refers to the inequalities such as (5.28), (5.30) or (5.42) below. Each of these inequalities states the decrease (the
dissipatior) and not the increase of another quantity related to various functions called “entropies”.
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Let us show that inequality (5.23) for this “entropy” functichdoes hold across an
admissible shock wave.

For the case of the Hopf equation (i.e., fbfu) = u?/2), the Rankine—Hugoniot
condition (5.13) has the form

u— fuy dx
5 == (5.24)

Since the flux functionf(u) = u?/2 is convex, the jump admissibility condition re-
duces to the inequality

u_ —uyg > 0. (5.25)

If dz/dt > 0O, then (according to Fig. 14) we hage = »2/2 andS; = u2 /2.
Multiplying inequality (5.25) by the expressidn_ + u.)/2 (this expression is posi-
tive thanks to (5.24)), we have? — u2)/2 > 0, thusS_ < S.

Figure 14. Increase of5 for the Hopf equation.

Similarly, if da/dt < 0, then (see Fig. 14)
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54 Energy estimates

Let us provide another characterization of irreversibility for equation (5.1), a charac-
terization which has a clear physical meaning. Consider the full kinetic energy of the
particle system under consideration:

B(t) = / - %uz(t,a:) de. (5.26)

— 00

For smooth (and, say, compactly supported) initial data, there exists a classical
solutionw of problem (5.1)—(5.2) on some time interyal 7'), ' > 0; moreover, for
all fixed ¢, this solution has compact supportiinIn the present section, we will only
consider those solutionsof equation (5.1) for which the kinetic energy (5.26) is finite
(this holds, e.g., in the above situation where- (¢, z) is of compact support in the
variablex).
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Proposition 5.7.For classical solutions of equatiofb.1) there holds
E(t) = const,
i.e., the kinetic energ§hb.26) is afirst integralof the equatior(5.1).

Proof. Since we have assumed thdt, +-00) = 0, we have

dE oo e
T wwde=— [ u(fw)ds

=400 +oo u(t,+00)
=—uf(u) + / f(u)uy do = / f(u) du=0. i
T=—00 —o0 u(t,—o0)

Now consider the corresponding equation with viscosity:
ug + (f(u)), = eug, (5.27)

Proposition 5.8.Letu® # 0 be a solution of equatio(b.27) such that, in addition®,
us, andwu:,, decay to zero as — +oo at a sufficiently high rate, and uniformly in
Then the full kinetic energ¥ = E(t) of this solution is a decreasing function of time.

Proof. As in the proof of the previous proposition, we find

dE e
g :/ uu; dz
_JSOOO +o0 2 (528)
— [ v - G do= 2 [ @) de<o
Notice that we have the equality sign in (5.28) only in the case of a funetidhat is
constant inz. Since we assume that this function decays to zern asco, we have
dE/dt < O unlessu® = 0. O

Recall (see Section 5.2) that admissible generalized entropy solutiohgequa-
tion (5.1) were obtained as limits of solutions of equations (5.27); on the latter
solutions, the kinetic energy is dissipated. Therefore, it can be expected that also on
the limiting solutions, the kinetic energy does not increase with time.

Proposition 5.9.Assume that = u(¢, z) is a piecewise smooth admissible generalized
entropy solution of equatiofb.1) with one curve of jump discontinuity= z(¢). Then
the speed of decrease of the kinetic enefgy: F(t) of this solution is equal, at any
instant of timet = ¢o, to the areaS(¢) delimited by the graph of the flux function
f = f(u) on the segmeniu_,«.] (or on the segmeni.,,«_]) and by the chord
joining the endpoint$u_, f(u—)) and (u+, f(u)) of this graph(see Fig.15):

dE

—= (to) = =S (to). (5.29)
As previously, by.; = u4 (tg) we denote the one-sided limits (as— z(to)) of the
functionz — u(tp, z) as the point approaches the discontinuity positidr).
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f f=f(u)
f(u.)

f(u.)

Figure 15. Area that determines the energy decrease rate.

Proof. To be specific, consider the case where< u, and, consequently, the graph
of the functionf = f(u) on the segmeri:_, «. ] lies above the corresponding chord.

Then -
S:/ f(u) du — M@H_u_).

Onthe other hand,
dEd [T°1, d (=¥, feel
e %/_OO U (t,z) do = pr </_OO U (t,z) da:—l—/r(t) U (t,z) dzx

1 ) z(t) 1 ) +oo
= Euz_ - z(t) —|—/ wug(t,x) de — Eui - z(t) —|—/ wu(t, z) dx

— 00

u? — 2 . =(t) o
=B - [ ag), e [ aw), a

—00 z(t)
uz_ — 2 . z=x(t) x(t)
= 5 () — uf(u) B +/ f(w)u, dz
T=+00 +oo
—uf(u) f(u)u, d.
w=a(t) z(t)

Thanks to the Rankine—Hugoniot condition (5.13) and taking into account the fact
thatu(t, +00) = 0, we have

2 2 _ " °
Cif u_zu*-f (qu_;ftsqt‘) u_f(u / Jw) dutuflu) + | 1) d

- (ug 4+ u_ )(f(mr — flu- / flu

=usf(up) —u_f(u

_ (u+ —u—)(f(zu / F(u) du= —
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Remark 5.10.If the solution contains several shock waves (i.e., several jump disconti-
nuities), theron each of the discontinuity curvéee energy is lost (dissipated) accord-
ing to the inequality (5.29). (The proof of this fact is left to the reader.)

Conclusion. We see that, according to Proposition 5.7, we h&{g = const= E£(0)
on smooth solutions = (¢, z) of the equation (5.1), up to the critical instant of time
T (the instant when singularities arise in the solutions), i.e., up to thefinteere is
no dissipation of the kinetic energy; the kinetic energy stays constgio on.

However, when shock waves appear, according to (5.29), we have

dE
dt <0,

sothat the kinetic energy dissipates (on a shock wave, a part of it is transformed into
heat). Consequently, the evolution of admissible generalized solutions with shock
waves is related to the decrease of the kinetic energy; this is what makes the physi-
cal processes modelled by equation (5.1) irreversible.

The readers who sometimes spend vacations at the sea are probably acquainted
with this phenomenon. Near the shore, if the sea is calm and the waves are temperate,
the sea temperature near the surface is almost the same as the air temperature above.
When the wind becomes stronger, waves become foamy, turbulent structures occur;
these “broken waves” can be seen as shock waves on the sea surface. In this case, after
some time, one can observe that the temperature of the surface layer of the sea has
become higher than the air temperature. This heating phenomenon is conditioned by
the heat production that occurs on the shock waves.

From the purely mathematical point of view, this situation stems from the fact that
equation (5.1) does not change under the simultaneous charigatof—¢ and ofz
into —x (similarly, any of the shift transformations along the axes, namely  — xq
or t — t — T, does not change the equation); in this case, it is said that the equation
remains invariant under the corresponding transformation. Consequently, along with
anysmooth ast < T', solutionu = u(t,z) of equation (5.1), the transformed function
u(t,xz) = u(T — t,—x) will also be asmoothsolution of the same equation.

The same property holds for generalized solutions (in the sense of integral equal-
ity (5.3); the admissibility condition is not required), because the identity (5.3) is in-
variant under the same transformations.

If, on the contraryu = u(t, ) is anadmissible discontinuous generalizealution
of equation (5.1), then the corresponding functiowill not be an admissible gen-
eralized (“entropy”) solution of the equation considered. This is because the entropy
increase condition is not invariant under the transformation which includes the time
reversal (the entropy increase condition is then replaced by the converse entropy de-
crease condition). Therefore, the simultaneous changemd 7' — ¢ and of z into
—z is not allowed in the presence of discontinuous solutions. Hence, an admissible
discontinuous generalized solution= u(t, x) is transformed into the non-admissible
(“wrong”) discontinuous generalized solutioft, z) = u(T — t, —x).
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5.5 Kruzhkov's definition of a generalized solution

In the preceding sections we discussed the requirements which one should impose on
jumps (i.e., discontinuities of the first kind occurring along smooth curves) of general-
ized solutions (in the sense of the integral identity (5.3)) of equation (5.1). However,
this kind of restrictions is only meaningful for piecewise smooth functions; in this case
the notion of a jump, i.e., a discontinuity curve with one-sided limits of a solution on
this curve, is meaningful. In contrast, while defining a generalized solutien: (¢, z)
of this equation in the sense of the integral identity (5.3), we only need that the integrals
in (5.3) make sense. Clearly, the latter assumption is by far less restrictive compared
with the assumption of piecewise smoothness of the funetienu(¢, z). Therefore,
a natural question arises, namely, how could one define an admissible generalized so-
lution to the Cauchy problem (5.1)—(5.2), so that the new notion includes both the
integral identity and a condition of the entropy increase type (we need some gener-
alization of the entropy increase conditions stated above as we want to extend them
to solutions which may not be piecewise smooth). The answer to this question was
given by S. N. Kruzhkov (see [25, 26]), and the answer applies not only to the prob-
lem we consider in these lectures but also to a wider class of equations and systems.
In the same works of S. N. Kruzhkov, the existence and uniqueness of an admissible
generalized solution, in the sense of the new definition, was proved.

Let us now give the aforementioned definition. One of the widest spaces of func-
tions in which generalized solutions of our problem can be searched is the space of
bounded measurable functions= u(¢, z) defined in the striplr = [0,7) x R,.

Definition 5.11.A bounded measurable function= u(¢,z) : My — R is called a
generalized entropy solutidifin the sense of Kruzhkov) of the problem (5.1)—(5.2) if

(i) for any constant € R and any nonnegative test function= ¢ (¢, z) € Cg°(Mr)
there holds the inequality

/ llu— Koy +sign(u — &) (f(u) — F(k))pa] dedt >0, (5.30)
Mr
(i) there holdsu(t,-) — ug ast — +0 in the topology ofL1 joc(R), i.€.,
b
Vv [a,b] C R, tlil’ﬂo / |u(t, ) — uo(z)| dz = 0. (5.31)

Proposition 5.12.If a functionu = u(t,z) is a generalized entropy solution in the
sense of Definitiod.11 of problem(5.1)—(5.2) then it is also a generalized solution of
equation(5.1) in the sense of the integral identit$.3).

Proof. Note that the function taking everywhere a constant valigea classical solu-
tion and, therefore, it is also a generalized solution of equation (5.1). It follows that for

"NT — The western literature refers to “Kruzhkov entropy solutions” or merely to “entropy solutions”.
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any test functiorp € Cg° (M), there holds

/ s + F(k)a] dadt = O. (5.32)
MNr

This identity can also be checked by a direct calculation.
Choose a valugé > ess-sup, ,\cn,u(t, =) in (5.30) . We have

| =+ (509 = fw))es] deae > 0

for any functiony € Cg°(Mr), ¢(t,z) > 0. Taking into account (5.32), we conclude
that

_ /ﬂ [ups + f(u)p,] drdt > 0. (5.33)

Then takingk < ess-inf;, ,ycn, u(t, =), we obtain in the same way

/ [upr + f(u)ps] dxdt > 0. (5.34)
Mr

Comparing the inequalities (5.33) and (5.34), we arrive at the equality
/ [upr + f(u)ps] dodt =0 Vo(t,z) € Cg°(MNr), w(t,z) = 0.
Mr

This is the integral identity we were aiming at, except that we need it for an arbitrary
(not necessarily nonnegative) functigre Cg°(M). Therefore, in order to conclude
the proof, it remains to notice that any functipne Cg°(Mr) can be represented as
the differencer = ¢; — ¢ of two nonnegativeest functionsp; andyp;. Itis sufficient
to take a nonnegative functiam € Cg°(Mr) with o1 = sup,,, ¢ on the support op.
Since the relation (5.3) holds for bafhh andy», it also holds true forp. O

Proposition 5.13.Let © = u(t, =) be a piecewise smooth function that is a generalized
entropy solution of equatiofb.1) in the sense of Definitioh 11. Then on each discon-
tinuity curvel (given by the equation = z(¢)) the adequate admissibility condition,
(5.21) or (5.22), holds.

Proof. Fix a point(to, z0) € I', zo0 = z(to), on the discontinuity curv€. As usual,
denote byu (o, o) the one-sided limits ofi(tg, #) onT" asz approachesy,. To be
specific, assume that_(to, z0) < wuy(to,x0). Let us fix an arbitrary numbet <
(u_, uy) and choose a small neighbourhaod- M+ of the point(to, zo) such that

u(t,z) <k for (t,z) e O ={(t,z) €O |z < z(t)}, (5.35)
u(t,z) >k for (t,z) e OL ={(t,x) € O]z > z(t)}. (5.36)

This is always possible since we consider a piecewise smooth solution. Moreover,
without loss of generality, we can assume thas smooth in each of the subdomains
O, andO_.
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From (5.30) it follows that for any test function € C§°(O), ¢(t,z) > O, there
holds

/O llu— Klr + sign(u — k) (F(u) — (k) @s] dudt > O. (5.37)

Let us split the latter integral over the domairinto the sum of integrals ovey_ and
O . Taking into account (5.35)—(5.36), we obtain

- / =By + (70 = (1) 2] o
T /O [~ k)pr + (f(u) = F(R)) o] dwdt > 0.

Now let us transfer theandx derivatives according to the integration-by-parts formula
(4.1). In addition to the integrals over the domaihs andO., also integrals over their
boundaries will arise, that is, we will get integrals oy and overl N O. As ¢ is
compactly supported i@, the integral ovebO is zero. Consequently, we obtain

Herev is the normal vector to the curdepointing fromO_ to Oy (i.e., the outward
normal vector to the boundary 6f_ and, at the same time, the interior normal vector
for O4). According to Proposition 5.12, the functien= u(¢, z) is a generalized (in the
sense of the integral identity (5.3)) solution of equation (5.1). Sinsesmooth inO.,

it is also a classical solution of the equation in each of the subdondainand O...
Consequently, we have in both.- andO,. the pointwise identity:; + (f(u)), = O.
Thus for any nonnegative test functipne C5°(0O), there holds

/rmo ((2k — u— —uy) coqw,t) + (2f (k) — f(u-) — f(us)) coqv, z))¢ dS > 0.

This means that for alt € (u_,u, ), we have
(2k —u_ —ug)coqu,t)+ (2f (k) — f(u_) — f(uy))cogv, z) > 0. (5.38)

As already mentioned, = u(t, z) is a generalized solution of equation (5.1). This
means, in particular, that the Rankine—Hugoniot condition (5.13) is satisfied along the
discontinuity curvd™ (here we take this condition in the equivalent form (4.6)):

(uy —u_)cogv,t)+ (f(ug) — f(u_))cogv,z) = 0. (5.39)
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Taking into account (5.39), we can rewrite inequality (5.38) under tha for
2[(k —u) cos(v, ) + (f(k) — f(u_)) cogv, z)]
— [(us — u_) cos(w,t) + (f(u) — f(u_)) cosw, )]
=2[(k—u-)coqu,t) + (f(k) — f(u-))coqr,z)] =0

forall k € (u—,uy). Thisis exactly the jump admissibility condition (5.21).

As to the caser; < u_, transforming the term sign — k) and the term with the
absolute value in equality (5.37) in the same vein as before, we obtain the minus signs
in front of the same expressions. Accordingly, in place of the relation (5.38), we get

(2k —u_ —uy)coqv,t)+ (2f (k) — f(u_) — f(uy))cogv,z) <0
forall & € (u4,u—). With the help of (5.39), we obtain the inequality

(k) = f(uy)) cogv, z)]
(uy —u_)cogv,t) + (f(uy) — f(u-)) cogv, z)]
[(k —wy)codv,t) + (f(k) = f(uy)) codv,x)] <O,

which holds for allk € (u,u_). This statement coincides with (5.22). i

2[(k — uy)cogv, t) + (f
+ [(
2

Finally, let us show that inequality (5.30) can be derived from the vanishigg
cosity approach. Indeed, let= u(¢,z) be a limit in the topology 0OfL1 oc(M+), as
e — +0, of classical solutiong® = w¢(t, z) to the Cauchy problem consisting of the
equation
ur + f(u)uy = eugy (5.40)

and the initial datumu(0, z) = ug(x).
Take any convex functio? = E(u) € C?(R) and multiply equation (5.40) by
E’(u). The equalities

u(t, x u(t,z)
Bl = 2D e = 2 ([T @ B ).

_ EN(’UJ)’UJZ

imply
E; + ( /k FOE(€) ds)z =c(E(u)),, —eE"(uu? <e(E(uw),,  (5.41)
sinceE”(u) > 0 ande > 0. Now let us multiply inequality (5.41) by a test function

v = p(t,z) = 0 from Definition 5.11 and integrate it ovElry. Using the integration-
by-parts formula, we transfer all the derivatives to the test fungtion

_/I'IT [@tE +<P:u/ f'(E)E'(€) df} dz dt <€/|_|T Puz B (u) dz di
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Passing to the limit as — +0, we get
| et v [ rop©d| wao (5.42)
I'IT k

Let {E,,} be a sequence af?-functions approximating the functiom — |u — k|
uniformly onR. Substitute = E,,(u) in the inequality (5.42) and pass to the limit
asm — oo. We can choosé,, in such a way that/, is bounded and”/, (¢) —
sign¢ — k) for all € € R, ¢ # k. Thus, we have

/ " PO (€ de — / " p()signe — k) de
k k u
= sign(u — k) / £1(€) de = signiu— k) (f(u) — £(K)).

In this way, we deduce (5.30) from (5.42).
Problem 5.2.Justify in detail the last passage to the limit in the above proof.

Remark 5.14.In the case of a convex flux functioh = f(u), we can replace the
integral inequality (5.30) in the definition of a generalized entropy solution by, first,
the integral identity (5.3), and, second, the additional admissibility requirement that the
inequality (5.42) holds for one fixed strictly convex functiéh= E(u). Uniqueness

of the so defined solution is shown in [39].

In the context of the inequality (5.42), a convex function= E(u) is called an “en-
tropy” of the equation (5.1); indeed, inequality (5.42) is another variant of the “entropy
increase-type conditions” in the sense of Section 5.3.

Remark 5.15.The definition of a generalized entropy solution on the basis of the in-
equality (5.30) extends to the multi-dimensional analogue of the problem (5.1)—(5.2).
In this case, we have € R,

FiR=RY (f(W)e=Vaf(ult,2), 9= Vap,

and (f(u) — f(k)) . is the scalar product of the vectof (u) — f(k)) with the gra-

dient of ¢ with respect to the space variable This way to define the notion of a
solutionu = u(t,z), and also the family of entropieés — k|, k£ € R, is often named

after S. N. Kruzhkov (Kruzhkov's solutions, the Kruzhkov entropies). These notions
were introduced in the works [25, 26]. Also the techniques of existence and uniqueness
proofs, techniques deeply rooted in the physical context of the problem, were set up in
these papers.
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6 The Riemann problem (evolution of a primitive jump)

In this section, we consider the so-called Riemann problem for equation (4.2), which is
the problem of evolution from a simplest piecewise constant initial datum. That is, we
will construct admissible generalized solutions= w(t, z) of the following problem
inastripMy = {—c0 <2z < 400,0<t <T}:

Uu_ for z <O,

6.1
Uy for z > 0, (6.1

ur+ (f(w)e =0, ul,_g=uo(z) = {

whereu_ andu. are two arbitrary constant states. The solutions we want to construct
will be piecewise smooth ifll. This means that, first, they will satisfy the equation
in the classical pointwise sense on all smoothness components of the solution; and
second, they will satisfy both the Rankine—Hugoniot condition (4.5) and the entropy
increase condition on each curve of jump discontinuity. These solutions will converge
to the functionug ast — 40 at all points, except for the poimt= 0.

The proof of the uniqueness of an admissible generalized solution (in the sense of
the integral identity and entropy increase condition) of the problem (6.1) can be found
in [27, Lectures 4—6]; its existence is demonstrated below with an explicit construction.

First of all, let us notice that the equation we consider is invariant under the change
x — kx, t — kt; moreover, the initial datum also remains unchanged under the action
of homothetiest — kx, &k > 0. Furthermore, the entropy increase condition is also
invariant under the above transformations. Admitting the uniqueness of an admissible
generalized solution of the above problem, we conclude that any change of variables
xr — kx, t — kt with & > 0 transforms the unique solutien= u(¢, z) of the problem
into itself, i.e.,

u(kt, kxr) = u(t,x) Vk>DO0.

This exactly means that the functien= (¢, ) remains constant on each ray= ¢t,
t > 0, issued from the origi(0, 0), so thatu(¢, z) depends only on the variatde= z/t:

u(t,z) = u(z/t), t>0. (6.2)

Solutions that only depend aryt are calledself-similar. In particular, jump dis-
continuity curves of self-similar solutions can only be straight rays emanating from the
origin (0, 0).

Exercise 6.1 Find all the self-similar solutions of the equations from Exerdigesuch
that the solutions are smooth in the whole half-plane0.

6.1 The Hopf equation
To start with, consider the Riemann problem (6.1) in the ¢gdse = u?/2:

U_ for z <0,
us + uug = 0, u‘tzo = ug(x) = { ) for x> 0 (6.3)
+ .
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First of all, we describe all the smooth self-similar solutions of the Hopf equatio
Substituting (6.2) into the equation (6.3), we find

T /T 1 /z\ ,/z 1,/ x x
F R = () ) D)=
12 t t\t t t t t t
i.e., eitheru’ = 0, so that we have = C whereC is a constant, ot = z/t. Conse-
quently, the set of all smooth self-similar solutions of the Hopf equation reduces to the
constant solutions and to the functioy.

Now our task is to juxtapose pieces of the above smooth self-similar solutions in a
correct way (i.e., respecting the Rankine—Hugoniot and the entropy increase condition
on the discontinuity rays), with the goal to comply with the initial datugr= uo(z).

First, let us see which rays can separate two smoothness components of such a
solution: two adjacent components may correspond either to two different constant
states, or to a constant state and to the restriction of the funefibon some cone
with the vertex(0, 0).

It follows from the Rankine—Hugoniot condition (4.5) that two constant functions
u(t, z) = ug andu(t, z) = up, u; = const, can only be juxtaposed along the ray

f(UZ)_f(Ul)t:}u%_u%t:U2+U1
Up — Uq 2 up —ug 2

r = t,

and because of the entropy increase condition, the jump is admissible onlywhen
jumps from a greater to a smaller value (we mean that the direction of the jump is such
thatz grows). Consequently, if we specify, e.g., that> 1, then we should have

u(t,x) = up f0rz<#t, and wu(t,x) =ug forx>u2u1t.

As to the juxtaposition of a constam(t, z) = uz = const and the functioa(t, z) =
x/t, we have the following. If the two functions juxtapose along axay &t, then the
limit of the functionz:/t on this ray equalg, and (4.5) yields

gfd_xff(u@—f(g) 7}11%_52711,3—1—5
Codt uz — & C2uz—§¢& 2 7

sothat¢ = ug. The latter means that the function obtained by the juxtaposition turns
out to be continuous on the border ray= ¢t = ugt, t > 0. Consequently, here the
discontinuity is a weak, not a strong one.

Now we can solve completely the Riemann problem for the Hopf equation. Here,
two substantially different situations should be considered:

() Whenwu_ > u,, we can construct ahock wavesolution, where the two con-
stantsu_ andu. are joined across the ray= “25*4¢, according to the Rankine—
Hugoniot condition (see Fig. 16):

u7+u+t
)

{ U— fOI’ xr < >
u(t,x) = (6.4)

Uy for o > ="t
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1.2
f flwyzqu* X
142 u_+u,
2U- u, = 7 t
u+
1,2 u_
72U+ u I Pt S
u, u_ 0 t
u_

Figure 16. Shock-wave solution to the Riemann problem.

As has already been mentioned, the jump discontinuity in the desired solution is
compatible with the admissibility condition of increase of entropy.

(i) If u— < wuy, we cannot take the shock wave solution analogous to the previous
case, because the jump discontinuity would not satisfy the entropy increase con-
dition. Here the function:/t is helpful; it can be combined continuously with the
constant states_ andu.. (see Fig. 17):

U_ for z <wu_t,
u(t,z) =< x/t for u_t <z < wuyt, (6.5)
Ug for z > u.t.

The so defined solution is indeed continuous in the whole half-plan®. The
cone determined by the inequalitiest < = < u.t, t > 0, in which the smooth-
ing of the initially discontinuous function takes place, is calledrdggon of rar-
efactionof the solution, and the solution (6.5) itself is calleckstered rarefaction
wave

xh  X=u,t
f f(u)= 4 u? u,
%ui u, X/t
2 ]
%u' u 0 X t
. Ju . 7t
- -
x=u_t

Figure 17. Rarefaction-wave solution to the Riemann problem.

Let us give a comment of geometrical nature to the solutions obtained. Drawing
the graph of the functiorf(u) = u?/2 relative to the axeu, f), parallel to the axes
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(t,x), let us mark the point$u_,u2 /2) and (u4,u2 /2) on the graph. Then, as it
has already been mentioned, the discontinuity ray in solution (6.4) is parallel to the
segment joining these two points (see Fig. 16). Also observe the following fact (in the
sequel, we will see that this is by no means incidental): the lines of weak discontinuity
of the solutionu = w(t, z) given by (6.5), namely the two rays= u_t andx = u.t,

are parallel to the tangent directions to the graph of the fungtian = »?/2 at the
points(u_, f(u_)) and(uy, f(us+)), respectively.

Remark 6.1.Whenu_ > u,, formula (6.5) is meaningless: no function in the upper
half-planet > 0 is determined by this formula.

Problem 6.1.Show that the solution constructed above, given@®) or by (6.5),
according to the sign afu_ — u..), is the unique admissible generalized solution of the
Riemann problen(6.3) within the class of all self-similar piecewise-smooth functions.

6.2 The case of a convex flux function

In the case wher¢ = f(u) is a smooth strictly convex function, the solution of the
Riemann problem (6.1) is almost the same as for the case of the Hopf equation (i.e.,
as for the cas¢(u) = u?/2). The only difference is that the non-constant smooth
self-similar solutionu(¢, ) = z /¢ of the Hopf equation is replaced by the appropriate
smooth function) = (x/t). Let us find this function). As above, we substitute (6.2)
into (6.1) and obtain

X

—t—zu’ + %f’(u)u’ = %u’ (x/t) (f' (u(x/t)) —x/t) = 0.

Therefore, besides the constants obtained from the equatienO, there exists one
more functionu(¢) = ¥ (&) (here€ = z/t) defined as the solution of the equation

f) =¢

That is, ) is the function inverse tg’: we havey = (f’)_l. The inverse function
does exist sincg is strictly convex, so that’ is a strictly monotone function. The
solutionu(t, ) = ¢ (z/t), which is discontinuous &0, 0) and continuous fot > 0, is
acentered rarefaction wave
Remark 6.2.In the previous section, for the particular case of the Hopf equation, we
had f(u) = u, so that(¢) = (f/) " (¢) = &.
In the case of a general strictly convex flux functipbn= f(u), we construct the
solution of the Riemann problem (6.1) similar to the case of the Hopf equation, namely:
(i) Whenwu_ > wu,, then we can use the shock wave again, juxtaposing the two
constant states_ andu separated by the ray = L=/lu=) 4 > 0, the slope
of the ray being found from the Rankine—Hugoniot condition:

(t.2) u_ for z < %t, 6.6)
u(t,r) = T .
Uy for » > Lfw)=Flu)y

Up—U_
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(Compare with (6.4) and Fig. 16.) The jump in the solution obtained is admissible
according to the entropy increase condition.

(i) Whenu_ < uy, then the function given by (6.6) is a generalized solution but it
does not satisfy the entropy increase condition. Then, similar to the construction
of (6.5), we combine the constant states andu. with the non-trivial smooth
solutiony = v (z/t). The rayse = ¢_t andz = £, ¢, where the transition occurs,
are determined by the requirement of continuity of the solution= + (£+), i.e.,

&+ = f'(uy), sothat

u_ for o < f/(u_)t,
u(t,z) =< ¥ (z/t) for f/(u_)t <z < f'(ug)t, (6.7)
Uy for = > f/(uy)t.

The function given by (6.7) is well-defined in the upper half-plane 0; indeed,
the flux functionf = f(u) is strictly convex, thug” is an increasing function, so that
f(uz) < f'(uy) whenever_— < uy.

The rarefaction wave) = «(z/t), being continuous fot > 0, takes all the in-
termediate values between andu.. As ¢ is defined as the inverse function of
f, the conditiony (x/t) = 4 is equivalent to the equality = f’(a)¢ valid for all
@ € [u—,u+]. This means that the rarefaction wawe= « (z/t) takes a given inter-
mediate value, ©n the rayz = f’(a)t, ¢ > 0. We can see that this ray is parallel to
the direction tangent to the gragh= f(u) at the point(z, f(a)) of the graph. Thus
in particular, we have justified the statement already noted in the previous section: the
rays of weak discontinuity of the solutian= w(¢, z) given by formula (6.7) (i.e., the
raysz = f’(u4)t) are aligned with the directions tangent to the grgiph f(u) at the
endpoints(u., f(u+)) (see Fig. 17). (As always, we assume that the dxeg) are
aligned with the axeét, x).)

Remark 6.3.Note that the convexity of = f(u) is only needed on the segment
[u—,ut] (O [us,u_], if up <wu_).

Concerning the case of a strictly concave and smooth (on the segment batween
andu. ) flux function f = f(u), the unique self-similar admissible generalized solution
to the Riemann problem is constructed by exchanging, in a sense, the two situations
described above. Namely: for the case < ., we obtain the shock wave (6.6); if
u_ > uy, then the solution is given by (6.7) (in this cages a decreasing function,
consequently, here we hay&u_) < f'(uy)). The careful derivation of the formulas
is left to the reader:

Problem 6.2.Solve the Riemann problef@.1) in the case of a general smooth strictly
concave flux functiotf = f(u); represent the piecewise smooth solution graphically
(as in Fig. 16 and 17); check the validity of the Rankine—Hugoniot condition, and of
the entropy increase inequality on the jumps.

Exercise 6.2 Solve the following Riemann problems:
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(i) ur — (u?), =0,

u_ = -1 for z <0, and | = 1 for z <0,
=0 ] 1 forz>0 =01 —1 for z>0;

(i) w4+ u?-uy =0,

u‘ ) 0 fora<0, and u‘ ) 2 fora<O,
=01 2 foraz>0 =01 0 foraz>0;

0 forxz<0,
x  for z >0,

o = n  for 2 <0, and u| = m  for x <0,
=01 0 forz>0 =0 1 27 for x> O;

(iii) we+cosu-u, =0, uf,_,= {

(iv) us+e¥-u, =0,
0 for z<0, 1 forz<O,
“‘t 0~

— and
u‘tzo 1 forz>0 0 for z>0;

(V) us + (Inw), =0,

u‘ ) e for z <0, and u‘ )1 fora<0,
=01 1 foraz>0 =01 ¢ for z>0.

6.3 The case of a flux function with inflexion point

In order to treat the Riemann problem in the case wifere f(u) is neither convex
nor concave, let us first give two definitions.

Definition 6.4. The concave hullof a functionf = f(u) on a segmenta, 3] is the
function . .
flu) = inf f(u), wue€la,pl,
fep
where £ is the family of all concave functiong = f(u) defined ona, 4] such that
fu) = f(u)forallu € [, 5].

Definition 6.5. The convex hulbof a functionf(«) on a segment, 3] is the function

f(u) = supf(u), welap]
fer

where I is the family of all convex functiong = f(u) defined ona, 5] such that

f(u) < f(u)forall u e [o, A].

Remark 6.6.1f f is a concave (respectively, convex) functionjans], then the func-

tion itself is its concave (respectively, convex) hufi: = f (respectively,f = f);
furthermore, the graph of its convex (respectively, concave) hull is the straight line
segment joining the endpoints, f(«)) and(3, f(3)) of the graph.
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Exercise 6.3. Construct the concave and the convex hulls for the funcfior) = v>
on the segmerjt-1, 1] as well as for the functiorf(u) = sinu on the segmen0, 3x].

To solve the Riemann problem (6.1) for a given smooth flux funcfiea f(u) in
the case._ < u., we first construct the convex hull gfon the segmeri._, u.]. In
the case:_ > u., we construct the concave hull ¢fon the segmerjti, u_].

The graph of any of the hulls consists of some parts of the graph where the
graph has the right convexity/concavity direction, and of straight line segments con-
necting these pieces of the graphfdisee the above exercise). Each of the straight line
segments will correspond to a jump ray (thus, to a shock wave) in the solution of the
Riemann problem; each of such rays will separate two components of smoothness of
the solution. Each of these components can either be a constantstaie:(. ), or a
smooth self-similar solution of the form(t, =) = ¢ (x/t) (i.e., a centered rarefaction
wave). Herey = (&) is the function (locally) inverse tg’, so thatt = f/(u) (see
Section 6.2). Notice that on each segment of strict convexity/concavify-ef f (u)
the functionf’ is indeed invertible.

Example 6.7.Let us construct the solution (i.e., the self-similar admissible generalized
solution) of the following Riemann problem:

1 for x <0,

-1 for z > 0. (6.8)

ur+ (%) =0, ul,_= {

First, because of - = 1 > —1 = u., we construct the concave hull of the flux

function f(u) = «® on the segmerit-1, 1]. To perform the construction, we draw the

tangent line to the graph at the right endpdihtl) of this graph. The tangency point,
denoted by(4, 4%) can be determined from the condition

1-43
1-4a

i.e., 1+ 4+ @? = 3a?%, whenceu” = —1/2. Notice that the piece of the graph of
f(u) = u® between the left endpoir{t-1, —1) of the graph and the tangency point
(-1/2,(—1/2)3) is concave. Thus we see thahe graph of the concave hyflof the
function f(u) = «* on the segment-1, 1] consists of: first, the piece of the “cubic
parabola’f = f(u) = u® on the segmenit-1, —1/2]; and second, the straight line
segment that joins the poinfs-1/2,—1/8) and(1,1) (see Fig. 18). Therefore, the
solution of the Riemann problem under consideration has one and only one-ray,

t > 0, on which the solution has a jump. This ray is parallel to the straight line segment
in the graph off = f(u) (as usual, for the sake of convenient graphical representation,
the axedt, x) are aligned with the axds, f)); expressing analytically the slope of the
strong discontinuity ray, we have

~1+1/8 3

1412 4

8NT— This conclusion requires some thinking; it is based on several easy-to-justify properties of the concave
hull. In particular, one always hag(a) = f(a) = f(a), f(8) = f(B8) = f(B), with the notation of the
definitions. The reader who analyzed the examples of Exercise 6.3 has already performed this construction.

= f(2) =302, a#1,

£
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This ray separates the constant state= 1 (taken from the side < %t) and a piece
of rarefactiony (z/t). Herey = ¢(¢) is the function inverse t¢ = f’(u) = 3u? on
the segmenit—1, —1/2], so that we have

u=y()=—VE/3,  3/4<E<3,

The limit of the solutionu = (¢, z) from the sidex > 3¢ onthe jump rayz = 3t
equalsy(3) = —3 (this stems from the fact that (—3) = 3(—3)% = 3).

As for the case of a convex flux function (see Section 6.2), the juxtaposition of
the rarefaction wave' = +)(x/t) and the constant state. = —1 occurs continuously,
that is, these two smoothness components are separated by the weak discontinuity ray
x = 3t, t > 0. Once more, this ray is aligned with the tangent direction at the point
(us, f(us)) = (ug,ud) = (—1,-1) of the graph of the flux functiorfi(u) = u>.

f f(u)=u3 X=3t
1 X X=3/41
-1 l
“V3t
us-l -1/2 u
0 u=1 1
t
1
-1

Figure 18. Sdution for Example 6.7.
Thus we obtain the following solution of problem (6.8):

1 for z < 3t,
u(t,z) =9 —/% for %t <z <3t
-1 for = > 3t.

Exercise 6.4 Construct the solution of the Riemann problem

-2 for x <0,

> _
ug +u - uy =0, u|t=0{ 2 for 2 > 0.

Example 6.8.Let us solve the Riemann problem

3r for z <O,

ug + (Sinu), = 0, U‘t:o - { 0 for x >0

As we haveu_ = 31 > 0= uy, we have to construct the concave hﬁH: f(u) of
the graph off (u) = sinu on the segmeno, 3x]. The graph off (see Fig. 19) consists
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of two pieces of concavity of the graph 6fu) = sin u, those on the segmert 7 /2]
and[57/2, 3x], and of the horizontal segment joining the poifitg2, 1) and(57/2,1)
of the sine curve. We conclude that the solutios- «(t, z) should have one strong
discontinuity (jump) along the ray = 0, separating the one-sided limit states

5r . T .
> = mll_)l’rlou(t,a:) and 5= Ilﬂ)_01t(t,x).
We also see that
3r forx < f'(37) -t =cos3r-t = —t,
u(t,z) =
0 forz > f'(0) -t =t.

¢ x=t
f=u *
0
X
T I i W
0=u, /2 . 5m/2 3m=u_ Arccos % O
f(u)=sinu
3n

X=-1

Figure 19. Sdution for Example 6.8.

It remains to express from the equation
f'(u) =cosu=¢=ux/t

on the segmentl®, 7 /2] and [57/2, 3x|. By construction, it is not surprising that the
function f'(u) = cosu is monotone on these segments. Solutions of the equation
cosu = & —1 < £ < 1, are well known: we have = +arccos + 27n,n € Z.

On the segmenD, 7/2], the solution specifies to = arccos, while on the segment
[57/2, 3w] we getu = arccos + 27. Recapitulating, the solution we have constructed
looks as follows (see Fig. 19):

3r for x < —t,
u(t ) = arccose/t + 2w for —t <z <0,
’ arccosr/t for 0 <z < t,
0 for x > t.

The solution of the Riemann problem will change drastically if we exchange the
valuesu, andu_.

Example 6.9.Construct the solution of the Riemann problem

0 for x <0,

ur + (sinu), =0, uf,_o= { 3r  for x>0
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Now we have to start by constructing the convex hll= f(u) of the function
f(u) = sinu on the segmen{0, 3r] (see Fig. 20). It consists of two segments of the
lines issued from the graph’s endpoif@s0) and(3x, 0), the lines being tangent to the
sine graph at some points contained within2r], each of the segments being taken
between the endpoint and the tangency point, and of the convex piece of the sine curve
between the two tangency poirits,, sinu,) and(uz, Sinuy). Symmetry considerations
readily yield the equalities; + u, = 37, Sinuy = Sinuy; also the slopes of the two
tangent segments constructed above only differ by their sign. Denote by

f(u1) — f(0) _ sinuq _

k=
u1—0 uq

f'(u1) = cosuy

the slope of the tangent segment passing through the endfo@)t Then-+% is the
slope of the other tangent segment. We cannot find explicitly the exact valuesugf
andk, but we can say that; is the smallest strictly positive solution of the equation

tanuy, = uq, thatuy, = 37 — 11, and thatt = — cosu, = cosus.
f X
f(u)=sinu 3n x=kt
T U U, 27’[ u X
0 T 0 27t - arccos t
f=-ku 0 x=-kt

Figure 20. Sdution for Example 6.9.

On the segmeniuy, up] C [, 2], we can invert the functiorf/(u) = cosu. In

this casey = (f’)_1 (&) = 2r — arccog, —k < € < k. Now we can write down the
“almost explicit” solution (depicted in Fig. 20):

0 for o < —kt,
u(t,z) =< 2m — arccose/t for —kt <z <kt,
3 for x > kt.

The solution above has two strong discontinuities: the one across the kne-kt
with the jump from O tou;, and the one across the lime= k¢ with the jump fromu,
to 3.

Exercise 6.5Construct the solution of the Riemann problem

—5r/4 for z <0,

ug + Sin(2u) - u, =0, “L:o - { 5r/4 for z >0
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Afterword

In the present lecture course, we have introduced the reader to the notions and tools
which underly the nonlocal theory of the Cauchy problem for the one-dimensional (in
the space variable) quasilinear conservation law of the form

us + (f(u)), =0. (6.9)
As to the nonlocal theory for the multidimensional scalar equation
up + div, f(u) =0, x € R", (6.10)

where f is ann-dimensional vector-function, it appeared in a rather complete form at
the end of the 1960s (see [25, 26]), for the case where the compaofiestsf;(u)
of the flux function vectorf = f(u) satisfy a Lipschitz continuity condition. This
assumption of Lipschitz continuity results in the effects of finite speed of propagation
of perturbations and of finite domain of dependence (at a fixed gojm)) on the
initial data for the solutions of equation (6.10).

A further challenge in the nonlocal theory of equations (6.9) and (6.10) lies in its
generalization to the case where the flux functfos f(u) is merely continuous, i.e.,
it is not necessarily differentiable. In this case, one expects that purely “parabolic”,
“diffusive” effects should appear: namely, the effects of infinite speed of propagation
of perturbations and of infinite domain of dependence of entropy solutions on the initial
data.

Indeed, let us look at the construction of the admissible generalized entropy solution
of the Cauchy problem

ug + (%) =0, z € R, a € (0,1), (6.11)
ign(z + 1) — signz 1, z € (-1,0),
o= o) = (99 D) —sion] _ { b ; E—l, 0; (6.12)

As we have initiallyug(x) > 0, it can be deduced from Definition 5.11 that the gener-
alized entropy solutiom = u(¢,z) of the problem (6.11)—(6.12) is also nonnegative.
Consequently, in (6.9) the flux functiof{v) = u*/« is concave on the interval of all
values that could be possibly taken by the solutioa u(¢, z). On the other hand, be-
cause of the special (“single-step”) structure of the initial function, it can be expected
that, for a sufficiently small time interval & ¢ < J, the admissible generalized solu-
tion of our problem will be determined by the solutions of the two Riemann problems
with the initial functions sigfe + 1) and signe, respectively.

Problem 6.3.Check that the function
0 for z < £ -1,
u(t,x) = 1 for L —1<a<t,
(%)ﬁ for o >t
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0 x=x(t)

el 4

0 g/ (L)

Figure 21. Sdution of problem (6.11)—(6.12).

(see Fig.21 for a graphic representation of this function) defines a piecewise smooth
admissible generalized solution of the probl@rl1)—(6.12)n the time intervall <
t< 1% =0.

Problem 6.4.Extend the above solution = u(¢,z) of the problem(6.11)—(6.12)0
the half-space > ¢ = 2-. More exactly, find the equation of the discontinuity curve
x = z(t), using fort > ¢ the ansat4see Fig.21)

0 fora < x(t),

ult ) { (%)ﬁ for z > x(t).
Consequently, for the compactly supported initial function (6.12), the generalized
entropy solution: = u(t, z) of the Cauchy problem for equation (6.11) has:ia non-
compact (unbounded) support, for all time- 0 (thus, for an instant of time as small
as desired!). It is known that, in the theory of parabolic PDEs (modeling diffusive pro-
cesses in nature), such effect of infinite speed of propagation leads to non-uniqueness
of a solution of the Cauchy problem. What would be the influence of this effect on the
theory of nonlocal solvability of the Cauchy problem for equation (6.10), within the
class of all essentially bounded measurable functions in the upper half-plane? It turns
out that, without any further restriction on the continuous compongnis f;(u) of
the flux function, there exists at least one generalized entropy solution of the Cauchy
problem. Contrarily (as it has been observed for the first time in the work [28]), the
property of uniqueness of a generalized entropy solution of this problem can be con-
nected with the product of the moduli of continuity of the functionsy;. If for all
u,v € R

| fi(w) — fi(v)| < wi(lu —v]), (6.13)

wherew; is a concave, strictly increasing and continuous functiorj0or-oo) with
w;(0) = 0, then it is sufficient that for small

n

Q(p) = [ [ wilp) < constp™; (6.14)
i=1
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i.e., the restriction (6.13)—(6.14) ensures the uniqueness of a {izedrantropy solu-
tion to a Cauchy problem for equation (6.11).
Further, let us stress that for the equation

ut-i-(%)ﬁ-i—(%)y—o, O<a<p<l,

the restriction (6.14) (which, for this concrete case, takes the fosn3 > 1), is both
necessary and sufficient for the uniqueness of a generalized entropy solution to the
Cauchy problem with general initial datum. The corresponding counterexample was
constructed by E. Yu. Panov (see, e.g., [28]).

Notice that in the case = 1 the condition (6.14) imposes no restriction at all on
the merely continuous flux functiofi = f(u): in the one-dimensional situation, a
generalized entropy solution to the Cauchy problem is always unique.

Also notice that in the work [28] a rather simple proof of the uniqueness of a gener-
alized entropy solutions is given under the assumpfop)/p"~* — 0 asp — O that
is slightly stronger than (6.14).

In conclusion, let us say that the nonlocal theory of first-order quasilinear conserva-
tion laws, whose rigorous mathematical treatment started in the 1950th, is yet actively
developing. Many interesting problems remain unsolved, even for the one-dimensional
equation (6.10). But most topical and interesting are the problems of conservation
laws in the vector case, even for the simplest situations. Indeed, let us consider the
well-known “wave equation” system

ur—vy = 0,

v —u, = 0.
This system was the very first object of research in PDEs (then called “mathematical
physics”), in the works of D’Alembert and Euler. In order to take into account certain
nonlinear dependencies in the process of wave propagation considered, one replaces the
linear expression,, in the first equation by the nonlinear expressip(v))., wherep

is a function withp’(v) > 0. In this case, there arises the so-callpeystem”, which
is well known in the theory of hyperbolic systems of conservation laws:

{ u — (p(v))s = 0,

Vi — Uy = 0.

This system is another simple (although more complex than the Hopf equation (1.1))
but important model in the field of gas dynamics. Alas, nowadays, whatever be the
non-linearityp = p(v), nobody in the entire world knows how to define the “correct”
entropy solution of this problem.

Thus a slightest nonlinear perturbation of a simple linear system results in an ex-
tremely difficult unsolved problefrin the field of nonlinear analysis.

INT — These are words of S. N. Kruzhkov, spoken out in 1997 shortly before his passing away. Since then,



The Kruzhkov lectures 63

Hopefully, the topical, simple-to-formulate, both “natural” and difficult fiefechon-
local theory of quasilinear conservation laws will yet attract the attention of young,
deep-thinking researchers, able to invent new approaches away from the traditional
guidelines.
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Adaptive semi-Lagrangian schemes for Vlasov equations

Martin Campos Pinto

Abstract. This lecture presents a new class of adaptive semi-Lagrangian schemes — based on per-
forming a semi-Lagrangian method on adaptive interpolation grids — in the context of solving Vlasov
equations with underlying “smooth” flows, such as the one-dimensional Vlasov—Poisson system.
After recalling the main features of the semi-Lagrangian method and its error analysis in a uniform
setting, we describe two frameworks for implementing adaptive interpolations, namely multilevel
meshes and interpolatory wavelets. For both discretizations, we introduce a notion of good adap-
tivity to a given function and show that it is preserved by a low-cost prediction algorithm which
transports multilevel grids along any “smooth” flow. As a consequence, error estimates are estab-
lished for the resulting predict and readapt schemes under the essential assumption that the flow
underlying the transport equation, as well as its approximation, is a stable diffeomorphism. Some
complexity results are stated in addition, together with a conjecture of the convergence rate for the
overall adaptive scheme. As for the wavelet case, these results are new and also apply to high-order
interpolation.

Keywords. Fully adaptive scheme, semi-Lagrangian method, Vlasov equation, smooth characteristic
flows, adaptive mesh prediction, error estimates, interpolatory wavelets.

AMS classification. 65M 12, 65M50, 82D10.

1 Introduction

In this lecture, we shall describe adaptive numerical methods for approximating Vlasov
equations, i.e., kinetic equations which model in statistical terms the nonlinear evolu-
tion of a collisionless plasma. In order to give the reader a specific example, we shall
somehow focus our presentation on the one-dimensional Vlasov—Poisson system

8tf(t’x7v)+/U.85L’f(t7x7v)+E<t7(L‘)a’l)f(t’x7v> :07 t>07 x?’UGR?

8EE(t,x):/f(t,x,v)dv71, F(O,-) = £,
R

but we emphasize that our results actually apply to any nonlinear transport problem
associated with a smooth characteristic flow, “smooth” meaning here that the flow is a
Lipschitz diffeomorphism, see in particular Assumptions 3.2 and 3.3 below.

In order to save computational resources while approximating the complex and thin
structures that may appear in the solutions as time evolves, several adaptive schemes
have been proposed in the past few years, see, e.g., [3, 6, 7, 20], all based on the semi-
Lagrangian method originally introduced by Chio-Zong Cheng and Georg Knorr [9]
and later revisited by Eric Sonnendriicker, Jean Rodolphe Roche, Pierre Bertrand and
Alain Ghizzo [23]. A common feature of these new schemes lies in the multilevel,
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tree-structured discretization of the phase space, and a central issue appears to be the
prediction strategy for generating adaptive meshes that are optimal, i.e., that only retain
the “necessary” grid points.

Based on the regularity analysis of the numerical solution and how it gets trans-
ported by the numerical flow, it has recently been shown in [7] that a low-cost pre-
diction strategy could achieve an accurate evolution of the adaptive multilevel meshes
from one time step to the other, in the sense that the overall accuracy of the scheme was
monitored by a prescribed tolerance parameter € representing the local interpolation er-
ror at each time step. In this lecture, we shall follow the same approach and propose
new algorithms for high-order wavelet-based schemes, together with error estimates.

The lecture is organized as follows. We shall start by presenting the Vlasov—Poisson
system in Section 2 and recall some important properties satisfied by its classical solu-
tions. The backward semi-Lagrangian method is then described in Section 3, together
with the main points of its error analysis, which yields a first convergence rate in the
case where the discretization is uniform. We detail next two distinct frameworks for
generating adaptive multilevel discretizations, namely adaptive meshes in Section 4
and interpolatory wavelets in Section 5. Finally, Section 6 is devoted to describing
algorithms that build multilevel grids which either are well-adapted to given functions
or remain well-adapted to transported functions. More precisely, for both discretiza-
tions we introduce a notion of e-adaptivity to a given function and show that it is pre-
served by a low-cost prediction algorithm which transports multilevel grids along any
smooth flow. We end by proving new error estimates for the resulting semi-Lagrangian
schemes (with arbitrary interpolation order, under a central assumption on the approx-
imate flow) and state some partial complexity results.

In these notes, we shall often write A < B to express that A < C'B holds with a
constant C' independent of the parameters involved in the inequality, A ~ B meaning
that both A < B and B < A hold. As often as possible, we will nevertheless indicate
in the text the parameters on which these “invisible” constants may depend.

2 The Vlasov—Poisson system

The Vlasov system, as introduced by Anatolii Aleksandrovich Vlasov [24] in the late
1930s, describes in statistical terms the time evolution of rarefied plasmas, which are
gases of charged particles such as ions and electrons. In this section, we recall the form
of the system as well as its interpretation and describe some of its properties. Although
we shall mention the general equations in d = 3 physical dimensions, this lecture will
essentially focus on a simplified model in d = 1 physical dimension, leading to a two-
dimensional transport problem in the phase space. Most of our algorithms and proofs,
however, can be generalized to higher dimensions with no particular difficulty.

2.1 Description of the model

In the Vlasov model, the state of every species £ of charged particles in the plasma is
represented at time ¢ by a density function fe(t) defined in the phase space, i.e., the
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subset of R? x R? which contains every possible position z and speed v. In particular,
the number of £-type particles that are located at time ¢ in a physical domain w, C R,
with speed v € w, C RY, reads

Qe (t,w) = // fe(t,z,v)dz dv. (2.1

For the sake of simplicity, we shall assume that the effect of the magnetic field can be
neglected, which corresponds to an electrostatic approximation, and consider only two
species, namely:

« positive (and heavy) ions, assumed to be uniformly distributed in space and time;
their density function will be denoted by f,,(¢,z,v) = f,(v), and we shall assume
that it is normalized, i.e., [ f,(v)dv = 1, and

« much lighter electrons; their density function f is the main unknown of the model.

In dimension d = 1, the Vlasov—Poisson system reads as
atf(t7 37,’1]) +uv- awf(ta 37,’1}) + E(t,l’) . avf(t7 J},’U) = Oa (22)

O.E(t,x) = / f(t,z,v)dv—1, (2.3)
R

where F represents the normalized, self-consistent electric field. In order to consider
the corresponding Cauchy problem, we supplement (2.2)—(2.3) with an initial condition

assumed to be smooth (at least continuous) and compactly supported in R2.

2.2 Physical interpretation and characteristic flows

Since the end of the 18th century and the works of Charles-Augustin Coulomb, it is
known that a closed system of charged particles {g; € R, z;(t) € R3};c7 is subject to
binary interactions — the so-called Coulomb interactions — yielding an N-body prob-
lem. A less expensive model follows by considering the electromagnetic field which,
according to the theory that James Clerk Maxwell developed one century later, is cre-
ated by the particles and simultaneously influences their motion through the Lorentz
force. More precisely, if the associated charge and current densities are denoted by

p(t,x) == Z%a{xi(t)}(x) and j(t,z) = Zw(t)qit;{xi(t)}(z),

i€l 1€T

respectively, where d,, () stands for the Dirac mass located at x;(t) and v; () := 2(t) is
the particle’s speed, then the electromagnetic field (E, B)(t, z) created by the particles
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satisfies the following Maxwell system:

V. E = p/eo, (2.5)
V, x E = —,B, (2.6)
v, B=0, 2.7)
Ve x B=puo(3+ 00 E). (2.8)

Here V,, is the differential operator (9,,, 0, 0.,), x is the vector product in R?, and
€0, to denote the permittivity and permeability constants. In turn, every particle is
subject to the Lorentz force

F;(t) = ¢;[E(xi(t)) + vi(t) x B(t, z;(t))]. (2.9)

According to Isaac Newton’s fundamental law of dynamics m;v, = F;, it follows that
every particle has a phase space trajectory that is a solution to the ordinary differential
equation

() = vi(t), wi(t) = %[E(:ri(t)) +v;(t) x B(t,z;(t))]. (2.10)

The kinetic Vlasov model corresponds to a continuous limit of the above mean field
model when the particles are so many that each species can be represented by a smooth,
e.g., continuous, density function fg. In such a case, charge and current densities are
defined as

)= qu fe(t,z,v)dv and (¢, z) : qu/ vfe(t, x,v)dv,

vER3 veER3

and the electromagnetic field is again given by Maxwell’s system (2.5)—(2.8). As was
written above, we shall only consider two species £, namely positive ions and electrons.
The so-called Vlasov—Poisson system, which corresponds to an electrostatic approx-
imation, i.e., the effects of the magnetic field are neglected, can then be obtained by
writing the pointwise conservation of the electron density f along the characteristic
curves, which are defined as the solutions

t— (X(#),V(Q) = (X(ts,z,0), V(s z,0)) (2.11)
to the ordinary differential system
OX(t)=V(t), oV(t)=E®EX(), (X, V)(s)=(zv). (2.12)

Note that this is a natural extension of the trajectories (2.10) in the continuous limit. If
the electron density f satisfies

Ouf(t, X (t:0,2,v), V(£0,2,v)) =0 (2.13)
for any (z, v) in the phase space, one indeed finds

O f(tyz,v) +v-Vf(t,z,v) + E(t,x) - Vyuf(t,z,v) =0, (2.14)
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with an obvious definition for V,. Since F has then a vanishing curl, it derives from
an electric potential ¢, i.e.,

E=-V,0¢, (2.15)
and equation (2.5) is equivalent to the Poisson equation
Ap =L (2.16)
o’

where A, = V, - V, denotes the Laplace operator. Equations (2.14)—(2.16) form the
Vlasov—Poisson system in three physical dimensions, from which the simplified model
(2.2)—(2.3) easily derives (with normalized constants) in one dimension.

Now, as long as E is bounded and continuously differentiable with respect to z, it
is known that the associated characteristic flow

Fis:(z,0) — (X, V)(t;s,z,0) (2.17)

is a measure preserving C'-diffeomorphism with inverse Fi 91 = Fs, see, e.g., [22].
Let us then notice that equation (2.13), which expresses the pointwise transport of f
along the characteristic curves, also yields a local transport property for the charge
density, in the sense that

//fOxv dxdv—// f(t,z,v)dzdv for any wC R, (2.18)
-7:15

which is equivalent to saying that the flow is measure preserving. This property can be
seen as a consequence of the vanishing divergence of the field (z,v) — (v, E(t,)).
Indeed, it first allows to write (2.2) in a conservative form, i.e.,

O f(tyz,v) + Vo - [(v, E(t,2))f(t,z,v)] = 0. (2.19)

Second, introducing the divergence-free field ®(t,z,v) := (1,v, E(t,x)) defined on
Drw = {(t,z,v) : t € [0,7],F ) (z,v) € w} C [0,7] x R*, employing the Stokes
formula gives

// dxdv—/ dxdv:/ (I"TLdO':// Vigw  ®dtdzdv =0,
Frs(w) w 0D+, Drw

where n denotes the outward unit vector normal to 9D, ,. Here the first equality comes
from the fact that the boundary of D, , is parallel to the field lines of ® outside the
“faces” F, s(w) and w. As the latter equality precisely means that F; , preserves the
Lebesgue measure, we see that its Jacobian determinant is equal to one. In particular,
property (2.18) readily follows from equation (2.13).

2.3 Existence of smooth solutions

According to the previous section, we shall say that (f, F) is a classical solution of the
Vlasov—Poisson system (2.2)—(2.4) if
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(i) f is continuous,
(ii) F is continuously differentiable,
(iii) the Vlasov equation (2.2) is satisfied in the sense of distributions.

Now, because the characteristic curves are defined on any point (x,v) of the phase
space, condition (iii) is equivalent to

(iii)> f is constant along the characteristic curves defined by (2.12).

Remark 2.1. If f is only continuous, the derivatives appearing in (2.2) must be un-
derstood in the (weak) sense of distributions. Nevertheless, the solution is said to
be classical (or strong), because the characteristic curves are well-defined, and hence
equation (2.13) is satisfied in a classical sense.

One of the first results is due to Sergei lordanskii (see [21]), who has proven in the
early 1960s global existence in time and uniqueness of classical solutions under certain
conditions. First, the initial datum f° must be continuous, and it must be integrable in
the following sense:

Px) = / fOx,v)dv—1< oo and /’U29(’U) dv < o0, (2.20)
R R

where 6 is a non-increasing function of |v| that dominates f° and f, (the density of the
positive ions). Second, the electric field must satisfy the limit condition

lim E(t,z) =0, t>0, 2.21)

r——00

which is a reasonable condition since F is only defined up to a constant. Note that the
assumptions (2.20) are rather natural, since they allow to define the current and kinetic
energy densities,

J(t,x) = /Rv[f(t,x,v) — fp(v)]dv and e4(t,x) = /sz[f(t,a:,v) + fp(v)] dv,

respectively, which are two fundamental physical quantities. Finally, Iordanskii shows
that f and F satisfy an additional equation, namely Ampere’s equation

O E(t,z) = /Rv[fp(v) — f(t,z,v)] dv. (2.22)

In 1980, Jeffrey Cooper and Alexander Klimas [13] have extended these results to more
general limit conditions than (2.21), in particular they have addressed the periodic case
where z € R/Z.

From now on, we shall only consider this case, moreover our initial data will always
be assumed to have a compact support in the phase space

Q= (R/Z) x R. (2.23)

Their result is the following.
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Theorem 2.2. If f° is continuous on Q. (hence 1-periodic with respect to x), if it
satisfies

Px) = / foz,v)dv -1 < oo and / [v]6(v) dv < oo, (2.24)
R R

where 0 is defined as in (2.20), and if the plasma is globally neutral, i.e.,

1 I
0 _ 0 1
/0 p’(x) dnc-/O /Rf (z,v)dvdz — 1 =0, (2.25)

then there exists a unique classical solution to (2.2)—(2.4) such that fol E(0,z)dz = 0.
Moreover, this solution is 1-periodic with respect to x.

Notice that the global neutrality, namely (2.25) at time ¢ = 0, and

//nm f(tvx’v)dwdv—//gm fOz,v)drdv =1 (2.26)

for positive times (which follows from the transport properties of f) is equivalent to
the continuity of the 1-periodic field E(¢,-). Now, it is possible to give an analytical
expression for E: Indeed, if we denote by —G(z, y) the Green function associated with
the one-dimensional Poisson equation (2.3) defined in such a way that

holds for any y € (0, 1) with periodic boundary conditions G(0,y) = G(1,y), then E
reads

E(tz) = /0 ' K(e.y) ( /R f(t,y,v)dv—l> dy (2.28)

with
if 0 <<y,

_ )y -=1
K(z,y) = 0,G(z,y) = {y fy<o<l (2.29)

In order to study later the accuracy of the numerical schemes, we now state some
smoothness estimates for f and E. In general, it is known that any initial order of
smoothness is preserved by the equation, see, e.g., [14]. Since the analysis is simple
in our case, we give a detailed proof for the following estimates, inspired by the tech-

niques presented in the book of Robert Glassey [19]. Here and below, we shall rely on
the usual notations for Sobolev spaces, see, e.g., [1].

Lemma 2.3. If f° belongs to W'>°(Q..) and satisfies the conditions (2.24)~(2.25),
then for any final time T' < oo, the solution f is compactly supported in the v-variable,
Le.,

2, (t) == sup{|v| : 3w € R/Z, f(t,z,v) > 0} < £,(0)+2T, t<T,  (2.30)
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and satisfies the following smoothness estimates:

£t ) lwre @) <O, (2.31)
10:f (- M Lo (@) < O, (2.32)
1E(t, ) w201y < C, (2.33)
10:E (L, )|l (0,1) < C, (2.34)
105 E(t, ) = (0.1) < C, (2.35)

forallt € (0,T), with a constant C' > 0 depending on f° and T only.
Proof. Let us first show the weaker assertion that

sup [[E(t, w0y <C  and  sup [|0,E(L, )| L) < C (2.36)
te(0,T) te(0,T)

hold as long as f° is continuous: Indeed, the conservation of f along the characteristic
curves (2.11) yields a maximum principle

0<f < Nreon) (2.37)

and a bounded support in the v-direction, i.e., for all ¢ € [0, T7,

T
I, (t) — Z,(0) < ( S)UP A 0.V (7;0,2,v)|dT < T||E|[Lo<((0,1)x(0,1))-  (2.38)
z,0)EQs

By using (2.28), (2.37) and (2.26), it follows that for all ¢, we have

VBt )=o) < 1K~ (// F(t )| drdo + )gz. (239)

According to (2.38), the above inequality yields (2.30). We also have, for all ¢,
102 E(t, )z o,1) < Zo(ONLf e (o) + 1 (2.40)

by using the Poisson equation (2.3), and

10:E () 1= 0) < Zo (@211 =0 / vfy(v) dv

by using the Ampere equation (2.22), which establishes both inequalities in (2.36). If
we now assume [0 € WH>(Q.,), we can write

|f(t,x,v) - f(tvj’@” = ‘fO(XO(t% V()(t)) - fO(XO(t)vf/O(t))‘
<P lwree (o) (lex ()] + leu(t)])
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where for any s with 0 < s <¢ < T, we have set

(X0, Vo)(s) == (X, V)(t — s:t,x,v) ) eals) = Xo(s) — Xo(s)
{ (Ko Vo)(s) i= (X, V)(t — s:t,7.5) d { o() = V() — To(s) (2.41)

By using the equations (2.12), we see that these quantities satisfy e (s) = e,(s) and
el (s) = E(t—s,Xo(s)) — E(t — s, Xo(s)). The first bound in (2.36) thus yields

et (s)] + ley ()] S (lea(s)] + lew(s)]). (2.42)

In particular, the function ¢(s) := |e,(s)| + |e,(s)| satisfies

0)+‘/Ote;(s)ds‘+‘/Ote;,(s)ds‘ g¢(0)+C(T)/Ot¢(s)ds, (2.43)

and by applying the Gronwall lemma we find
(lea(®)] +lea(®)]) < (le=(0)] + lew(0)]) < (|l — Z[ + |v — 3]) (2.44)

with constants depending only on T, f°. This shows that sup,eo,7) L (E 5 )llwrs @)

is bounded by a constant that only depends on 7" and f°, and we note that for all
€ (0,T), the bound

10:f (- M Lo (@u) < (QUT) + B, )l poeo,0)) 1 (E - llwrtoe o)

with Q(T') := sup,¢ g 1) Lo (t) follows from the Vlasov equation (2.2). Let us now turn
to the electric field: By dlfferentlatlng the Poisson equation (2.3) with respect to = and
t, we find

1022 Ell o= ((0,1)% (0,1)) < QD)0 f || L2 ((0,7) x 00 (2.45)
107 Ell L= ((0.7)%(0.1)) < QD)0 f Il L% ((0,7) x 00 (2.46)
and the seminorm [|0}, E|| 1 ((0,7)x(0,1)) is easily bounded by differentiating the Am-
pere equation (2.22) with respect to . O

3 The backward semi-Lagrangian method

Based on the pointwise transport property (2.13), the semi-Lagrangian approach con-
sists in combining a transport and a projection operator within every time step as in

fn+1 = PTfm

where f,, ~ f(t,) denotes the numerical solution. More precisely, the schemes that we
will consider in this lecture decompose as follows (see, e.g., [9] or [23]):

(i) given f,, approach the exact backward flow F; ; ., see (2.17), by some com-
putable diffeomorphism B f,,],
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(ii) define an intermediate solution by transporting f,, along this approximate flow
Tfn = fnoB[fnL (31)

(iii) obtain f,4; by interpolating the intermediate solution 7 f,,, for instance on the
nodes of some triangulation /C.

Following the same principle, the adaptive semi-Lagrangian approach consists in in-
terpolating 7 f,, on an adaptive grid of the phase space. A major issue resides then in
transporting the grid along the flow in such a way that both its sparsity and its accuracy
are guaranteed.

From now on, we shall assume that every solution is supported in Q := (0, 1).
According to Lemma 2.3, we know that this holds true for sufficiently small supports
of the initial datum fo. Moreover, we shall consider a uniform discretization involving
N time steps and set At := T'/N and t¢,, := nAt forn=0,...,N.

H T
fn =Tt frnt1

Blfnl(z,v)

3 0))

Figure 1. The backward semi-Lagrangian method (here with adaptive meshes).

Remark 3.1 (Computational cost). Like the numerical flow, the intermediate solution
T f, is computable everywhere, but only is computed on the interpolation grid corre-
sponding to f,+1. Hence if the latter is interpolated on a triangulation &, the computa-
tional cost of one iteration is of the order C#(K), where C' is the cost of applying the
approximate flow B[f,] to one point (z,v) € Q and #(K) denotes the cardinality of K.

3.1 Approximation of smooth flows

We mentioned before that our main results apply to any transport problem with an
underlying smooth flow. Besides, we will need that the approximate flow is also smooth
and, moreover, stable and accurate in order to describe and further analyze our adaptive
schemes. Let us formulate these properties as assumptions, for later reference.

Assumption 3.2. Let s < ¢ be arbitrary instants in [0, 7']. The characteristic (backward)
flow underlying the Vlasov equation, i.e., the mapping F; ; for which we have

ft,z,v) = f(s,}"&t(x,v)), (z,v) € Q,
is a diffeomorphism from € into itself, i.e., it satisfies (with B = F; ;)
IB(z+h) = B(2)|| < Lgllhll and B~ (z+h) = B~'(2)| < L1 ||hll  (3.2)

for all z, z + h € Q and with constants Lz, Lg-1 independent of s, ¢ (here and below,
|| - || denotes the Euclidean norm on R?).
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Assumption 3.3. We are given a scheme B[] = Ba:[-] which maps any Lipschitz con-
tinuous function g € W'°°(Q) to a mapping Blg]: Q — Q such that

« for any numerical solution f,,n =0,..., N — 1, the approximate backward flow
B = B[f,] is a diffeomorphism and (3.2) holds with constants independent of n,

« the mapping BJ] is stable in the sense that there exists a constant independent of
At such that

1B[9] = BIgl[| 1 gy < Atllg — 3l = (3.3)
holds for any pair g, § of Lipschitz functions, and

« the approximation is locally r-th order accurate with > 1 in the sense that
1 Ft s = BL )l o ) < (A1) (3.4)

holds for all n = 0,..., N — 1 with a constant depending on fy and 7' = NAt
only.

We observe that a smooth flow preserves the local regularity of the solutions, mea-
sured in terms of the first order modulus of smoothness wy,

w19, 7, A) o = \|Zl|\l£ 1ALl Los (gAY ) (3.5)

based on the finite difference A}, g(z) := g(z + h) — g(z), and where we have set
{A},:={z€A:24+he A} (3.6)

for any open domain A C Q. Moduli of smoothness are classical functionals which en-
ter for instance the definition of Besov spaces, see, e.g., [11]. Clearly the quantity (3.5)
is monotone with respect to 7, and it is easily seen that if m is any positive integer,
writing Al , g(2) = Al g(z + (m — 1)h) + A} g(z + (m — 2)h) + - - - + A} g(2) yields
w1 (g7mT7 A)oo S mwi (977—7 A)oo (37)

We are now ready to prove the following result:
Lemma 3.4. [f the flow B satisfies (3.2), then for any g € L™ (), we have

wi(goB, 7, A)oo < [Lglwi(g, 7, A% 7)o, (3.8)

where AB™ = B(AT), A7 := A + Bp(0,LgLg-17) (here and below, we use the
standard notation By»(z,7) for the open (P ball of R* with center z and radius r) and
where [ L] denotes the smallest integer greater or equal to Lg.

Proof. Since B is Lipschitz, we have for any h

IF(B(+h) = F(BO)llLe(ay,) < e [F(B(2) +h') = f(B(2))]

< sup [f(-+R) = fllpesayn))-
(1M I<Ls|hll
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Now observe that B({A},) C B(A) C {B(A+ B;(0, Lg-15))} holds for any A" with
||| < s, see (3.6). This yields

1f(B(-+h)—=f(B()ll Lo (a30) SH’ ig [fC+R") = fllLoe ((B(A+B(0.L s Lism)} )
VIIISLgT
for any h with ||h|| < 7,ie., wi(go B, 7, A)s < wi(g, LpT, AP7), and (3.8) follows
by applying (3.7). O
Remark 3.5. By observing that [gly1.(q) = sup,—o7 'wi(g, 7, Q). Lemma 3.4
yields
1f () wr(@) < Clf lwie@)  VEE[0,T]
under Assumption 3.2, with a constant C' > 0 independent of ¢.

Remark 3.6. If the flow B has more smoothness, it is possible to establish high-order
estimates for the associated transport, involving moduli of (positive, integer) order v,

wu(gvtaA)oo ‘= Ssup ||AiULg||L°°({A};W)7 (39)
lIRll<t
based on the finite differences defined recursively by Avg := A} (A% "'g), and now

writing {A},, :={2€A:z+heA,...,z+vh e A}.

For the sake of completeness, we now describe one approximation scheme for the
flow that is based on a Strang splitting in time, and which is standard in the context of
semi-Lagrangian methods, see, e.g., [9] or [23]. Denoting by

Elg] := /0l K(z,y) (/Rg(y,v)dv— 1) dy (3.10)

the electric field associated with some arbitrary phase space density g, see (2.28), the
scheme consists in defining one-directional flows

Bé(x,v) = (x—v%,v), Bv[g](x,v) = (.’L‘,U—E[g]At), (3'11)

and corresponding transport operators
1 1
T7:g—goBs,  Tyig— goBgl.

The full operator 7 := . PT,1)* g — g o B|g] corresponds to the explicit flow

At)? 1 At
T:=x— VAt + (at) E{Tz%g] (az—v—),
. .~ 2
Blg): (x,0) = (3,9), | .
S 2 e
Di=0 AtE[’Tl g} (x v 5 )
The following lemma states that this scheme is (locally) third order accurate in time,
i.e., (3.4) is satisfied with » = 3. Readers who are mostly interested in the analysis of
adaptive schemes might skip the technical details of the proof.
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Lemma 3.7. If the initial datum f° is in W'°°(Q), we have, for alln =0,...,N — 1,

( su)pQ | Fen s (T 0) = Bl (ta)](z,0) || S (At)? (3.13)
z,v)€E

with a constant that only depends on f° and the final time T = NAt.
Proof. For (z,v) fixed in R?, we set
(X,V)(s) :=Fep,.,(z,v) and (X", V") := B[f(t,)](z,v).

Thus we need to prove that max (| X" — X (¢,,)|, V" =V (t,)|) < C(At)?. Denoting by
Ex(t) := E(t, X (t)) the exact field along the characteristic curve, we use Lemma 2.3
together with the characteristic equation (2.12) to bound the following time derivatives
(for conciseness, here | - || stands for || - || o ((0,7)x(0,1))):

| Ex| Lo (0,m) < C, (3.14)
1ExIL=0.1) < 8Bl + [VIIL=0,1)[102E |0 S 10:E |0 + 10:E 0 < C,
(3.15)
1Ex ||z 0.1) < 10 Elloe + 20V || oe 0,0 107 Bl 0
V2 0.0 102 Bl + [ ool 02 Bl < C. (3.16)
We next decompose
At)? 1 A
X" X (1) = X(tsr) = X (1) — vt + B8 B[7H (1)) (2 - 0 2)
2 2
At)?
=&+ ( 2) (&2 4 &)
with auxiliary terms defined by
At)? . 1
& = X(tn+l) — X(tn) — VAt + ( 2) Ex(thr%) with tn+% = (n + 5)At7

& ::E(tn+%,m—v%) —EX(tn+%),
& ::E{’];%f(tn)} (x—v%) —E(thr%,a:—v%).

Similarly, we decompose

1 At
VPV (tn) = V(tnst) =V (ta)—At E[T;f(tn)} (m—v 7) = EHAHE+E) (3.17)
with &1, &, &3 defined as above and

54 = V(tn+1) — V(tn) — AtEx(tn_,_%).
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It thus remains to establish that |£;], |&4] < (At)? and |&], |&3] < (At)?. For the first
term, we calculate

trntl 2 it fast
er= [ e S = [T ) - Ex) s

n

and from (3.15) we have |Ex (t,,+1/2) — Ex (s)| <
|€1] < (At)3. For the second term &, we find

EX|L°°(0,T) [th+1/2—s| S At, hence

At At
At tni ) )
N ‘X(tn+%) = X(tns1) + U7| N lv =V (t)[dt S | Ex|lpee0,1)(A)” < (At)7,
t o1
n+§

where the last inequality comes from (3.14). According to the definitions of E and
E[’Z;l/ 2f(tn)], see (2.28) and (3.10), respectively, we next bound the third term &
according to

/01K<x—vA2t,y)/R[f(tn,y—f)Azt,T))—f(tnﬂ,y,@)}df)dy
S/l dy:/l /<I>(y717)d17 dy
0 o |Jr

(3.18)

with ®(y, ) := f(tn,y — 0At/2,0) — f(tni1/2,y, D). Setting t, :=t,, + At/2 — s and
ys(0) := y — s for concise notations, we then observe that

&) =

/R [f(t"’y‘ﬁ%’@) - f(tn+%,y,@)} dv

¥4 b
hence it follows from the Vlasov equation that ®(y,7) = — OAt/ 2 O(s,y,?)ds with

O(s,y, ) := E(ts,ys(9))0y f(ts, ys(¥), 7). Now, instead of writing a straightforward
bound |&3| < At, which is not sufficient, we integrate by parts by using (ys)’ = —s,

/RSaa;E(tsays(’a))f(tsvys(ﬁ)aﬁ) dﬂ = /]R %[E(ts’ys(ﬁ))]f(ts’ys(f}L’D) d’lNJ
= [ Bt ) g5 £t ().0)]

- / (e, ys(8)) (=50 f + 00 f) (£, :(5), )] 5,
which yields

[ 0005 = s [ [0.B0u ()t 0).5)

Bty 55 ()00 f (t5,9+(9),9)] d.
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It is then possible to get a satisfactory bound for ®. Indeed, by using Lemma 2.3, we
know that the characteristic curves have a bounded support with respect to the velocity,
and that I, f are Lipschitz continuous. It follows that

/Cb(y,ﬁ)dﬁ //2 (s, y, 7) ds d
R R JO

Q(T)
/ O(s,y,)dv
—Q(T)

LA sup < (At)?,

C 2 |sI<At2

which, together with (3.18), yields |&3] < (At)?. For the fourth term & in (3.17), we
finally obtain, by using (2.12) and the fact that E'x is the field along exact curves,
Ex=(V(tnr1) = V(t,1)) + (V(t, 1) = V(tn)) — AtEx(t,. 1)
At
2
_ / [Bx (tas1 —7) + Ex(to +7)] dr — AtEx(t,,, 1)
0

At

_ /07 [Ex(tns1 = 7) = Ex(t, 1) + Ex(ta +7) = Ex(t,,y)] dr

:/2 / [Bx (tns1 — 5) — Ex(tn + 5)] dsdr,
0 T

which yields [€4] < (At)3||Ex ||z (0,m) < (At)® according to (3.16). O

3.2 Uniform interpolation and error analysis

In [2], Nicolas Besse established an a priori error estimate for the first order semi-
Lagrangian method in the case where KL = Kj, is a quasi-uniform (say, fixed) mesh of
maximal diameter h and where the initial datum f© is in W?2°°(Q). The scheme reads
then:

fo = thO and fn = PnT fr_y for n=1,...,N,

with P}, denoting the associated (continuous, piecewise affine) P -interpolation. Higher
order schemes were also analyzed by Nicolas Besse and Michel Mehrenberger in [4],
but we shall not describe their arguments here. The analysis consists in decomposing
the error

ent1 = |[f(tns1) = frsillL=(@)
into three parts as follows: a first part

ent1,1 = [ f(tns1) = T f(tn)l L~ (@)

which corresponds to the approximation of the characteristics by the numerical trans-
port operator 7, a second part

en+12 1= (1 = Pu)T f(tn)l L= ()
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which corresponds to the interpolation error, and a third part

ent13 = |Pu(T f(tn) = T fn)llL=(0):

which can be seen as the propagation of the numerical errors from the previous time
step. Estimating these three terms involves the properties (such as stability, smoothness
and accuracy) of both the approximated characteristics and the interpolations. Let us
detail the arguments.

In order to estimate the first term we can rely on the accuracy (3.4). Indeed, since
the approximate and exact transport operators are characterized by the corresponding
flows, according to 7 f(t,,) = f(tn) o B[f(tn)] and f(tn41) = f(tn)oFt, 1., We have

eni11 < f(tn)lwr=(@) sUp || 7, . (2, 0) = Blf (tn)](z, 0) || < (A8)"

(z,0)€Q

as long as 0 € Wh>(Q), by using (3.13) (with r = 3 if we use the Strang splitting
scheme described above).

For the second term, we need interpolation error estimates, and for that purpose we
recall a classical result of Jacques Deny and Jacques-Louis Lions, involving the space
Po := span{z®y® : a,b € {0,1,...,m},a+ b < m} of polynomials of total degree
less or equal to m (see [10, Th. 14.1]).

Theorem 3.8. For 1 < p < oo, m € Nand A C R? being a bounded connected domain
with Lipschitz boundary, the estimate

qg})fm g — QHLP(A) S |9|Wm+1,p(A) (3.19)

holds for all g € W™+1-P(A) with a constant independent of g.

In particular, it is possible to infer a local estimate by using a scaling argument: for
any square or triangle K, of diameter h, we have

Jnf g = allurin) S W glwrmen () (3.20)

with a constant that depends on the angles of K}, but not on its diameter. In order
to derive an estimate for the P,,-interpolation error in the supremum norm, we next
observe that for any K € Ky, we have || Prg|| o (k) < [|9]l o (k) (With constant one in
the P, case). Hence, for any p € P,,, we have

I = Pr)gll=(x) < g = allpo=(re) + 1 Palp = 9l (x) S Mg = all=(x0)
which, according to (3.20), yields
1T = Pa)gllpoo () S B glwrmeoe (xc)- (3.21)

By using high-order smoothness estimates for the exact and approximate transport op-
erators, which can be established by arguments similar to those in Lemmas 2.3 and 3.4,
the second term is then estimated by

eni12 S PP T f(tn)lwree (@) S P21 () lwas o) S 17
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as long as f0 € W2>(Q).

Finally, we observe that the third part e, 3 is bounded by || 7 f(t,) — 7 fu| ()
indeed, piecewise affine interpolations never increase the L°°-norm. Note that if 7" was
linear, we would clearly have || 7 f(tn) — 7 fullL=() = 17 (f(tn) = fu)l (@) < én.
However, the operator 7 is nonlinear but, according to (3.3), it is stable. Thus We have

HTf(tn) - TanLOO(Q) < Hf(tn> OB[f(tn)] f( )OB fn HLOO Q)
+ [[(f(tn) = fu) o Blf] Hm
< ‘f(tn)|W‘°°(Q)||B n - B[f ")]HLOO(Q) + e,
< (1+ CAt)e,

with a constant that only depends on the initial datum f° and the final time 7. By
gathering the above estimates, we find that

ent1 < enatt +entip+enrs < (1+ CAten + C((A1)" + h?)
holds with a constant depending on f° and T only. Therefore, it follows
en S (AN 4 B2 /AL for n=0,...,N,

from a discrete Gronwall argument. Balancing (At)” ~ h?, we finally observe the
following convergence rate in terms of the cardinality #(KC},) of the triangulation:

%upNHf(t) Fallpoe(ey S P9 < #(KC,) 1), (3.22)

In other words, such a scheme is of global order 1 —1/r, at least. Let us recall that such
an inequality somehow expresses a trade-off between the accuracy of the numerical
approximations and their complexity, closely related to their computational cost. In
particular, it allows

* to impose a maximal cardinality on the meshes, while guaranteeing the accuracy
of the interpolations, or

- to prescribe a given accuracy on the interpolations, while giving a complexity
bound for the associated meshes.

As we shall see, it is an essential purpose of adaptive strategies to improve the order of
convergence. The remaining sections are devoted to describe and further analyze such
adaptive variants of the above scheme. In particular, we shall describe in Sections 4
and 5 two distinct frameworks, namely adaptive meshes and interpolatory wavelets,
that both have a multilevel tree structure and are suitable for adaptive interpolation. In
Section 6, we will give the details for algorithms automatically adapting the interpola-
tion grids to a given function, and accurately transporting, i.e., predicting, these grids
along any given smooth flow.
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4 Adaptive multilevel meshes

In this section, we describe a simple algorithmic setting for performing adaptive inter-
polations of finite element type. In order to motivate such constructions, we start by
recalling how adaptive strategies can be proven to be more efficient than uniform ones
when the unknown solution has a highly non-uniform smoothness (a precise mean-
ing of this statement will be given in the text). Readers interested in more details
about adaptive approximation and characterization of convergence rates in terms of
smoothness spaces such as Sobolev or Besov spaces are strongly encouraged to read
the excellent tutorial article of Ronald DeVore [17] and the book of Albert Cohen [11].

4.1 Why adaptive meshes?

We consider here the problem of interpolating some continuous function g known on
the unit square Q = (0, 1)2. If we desire to use P;-finite elements, i.e., piecewise
affine interpolations on conforming triangulations of Q, we can think of two different
approaches: The first one consists in using — as in the previous section — a sequence of
uniform meshes K, made of shape-regular triangles of diameter O(h), i.e., triangles K
that contain and that are contained in balls of respective diameter dx and d’; such that

cih Sdi <dy Scth

with constants independent of k. If g belongs to the space W2>(Q), i.e., if it is es-
sentially bounded on Q and if its first and second order derivatives are also essentially
bounded on Q, we have seen that estimate (3.20) allows to bound the global interpola-
tion error on K, by

(I = Pn)gll (@) S PP lglw(a)- (4.1)

Now, it is possible to write a convergence rate associated with this approximation,
independently of the transport problem under consideration. Indeed, by using that the
cardinality #(KCp,) is of order h~2, we have

(1 = Pu)gll () S #(Kn) " glwa.o (), 4.2)

which yields a convergence rate for uniform 7P;-interpolation (see the discussion in the
previous section).

Now, to improve the trade-off between accuracy and complexity, a different ap-
proach consists in designing a mesh which is locally adapted to the target function
g. A way of doing this could be, according to (3.20), to use bigger triangles (hence
larger values of h) where g has a small W2 _seminorm, and smaller ones elsewhere.
Intuitively, this should reduce the cardinality of the triangulation while not increasing
much the global interpolation error. A more convenient setting, however, is given by
the following local estimate that is substantially stronger than (3.20):

(I = Pr)gll () S lglw2i (k) 4.3)

This estimate is valid with a constant that only depends on the angles of K. The
foregoing estimate can be shown by using the continuous embedding of W' (K) into
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L>*(K), see, e.g., [1, Ch. 4], and a scaling argument. Note that the scale invariance,
i.e., the fact that the constant does not depend on the diameter of K, corresponds to the
fact that the Sobolev embedding is critical, indeed we have L = 1 — 2 in dimension
d = 2. According to this estimate, a natural desire is to find a triangulation /C. that

equilibrates the local seminorms |g|y2.1 (k) in the sense that it satisfies for all K € K.
ce <|glwaik) <ce 4.4)

with constants ¢, ¢ independent of h. Clearly, the associated interpolation P. would
satisfy

[(I = Pe)gllL~io) Se,
and because summing over the left inequalities in (4.4) yields

#(Ke) < (c2) ™ glw2@), (4.5)
the resulting adaptive approximation (K., P.g) would achieve the estimate
(I = P)gllL~(@) S #(K) ™ glwi(e)- (4.6)

As this estimate holds for functions which are only in W?!(Q), we see that it indicates
better performances in the case where g is not very smooth. More generally, it reveals
that such an adaptive approach should outperform a uniform one in the case where g
is in W2°°(Q) but has a highly non-uniform smoothness, i.e., when | glw21(q) is very
small compared to [g|y2.5 (q)-

4.2 Multilevel FE-trees and associated quad-meshes

From the above arguments, it appears that an adaptive strategy is likely to yield better
results than a uniform one when interpolating functions of non-uniform smoothness.
What we did not mention is an algorithm to design a triangulation /C. that fulfills (4.4),
and in practice this might be a quite difficult task. For the sake of simplicity, we shall
therefore restrict ourselves to a particular class of triangulations that are obtained by
recursive splittings of dyadic quadrangles. The resulting multilevel meshes should
then be seen as a compromise between uniform and pure adaptive triangulations. As
is usual in compromises, we need to choose between the two inequalities in (4.4), and
since we are first interested in the accuracy of the approximations, we shall choose
the one giving an estimate from above. Nevertheless, we mention that such a choice
still allows to derive complexity estimates, and we refer again to [17] for a survey on
nonlinear (adaptive) and multilevel approximation.

Let us introduce first multilevel guad-meshes, and later on derive conforming trian-
gulations. To this end, we consider at any level j € N the uniform partitions

Q;:={Q,:v€I;} with Z;:={(j,kk):0< kK <2/ -1}
consisting of all dyadic quadrangles, i.e., quadrangles of the form

Q(j,k,k/) = (zijk,zij(k -+ 1)) X (Z*jkljzfj(k/ + 1))
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that are included in © = (0, 1)2. In the sequel we shall denote by |y| = j the level of
any index v € ;. Since the meshes Q; are nested, we can equip the associated index
sets with a natural tree structure: we define the children of ~y as the set

C*(7) = {1 € Tjaj1 : Qu C Q,}

(here the superscript * is in order to distinguish this children set from another set that
will be introduced in Section 5 when defining trees of dyadic points), and we say that
A is a parent of v whenever v € C*(\). Obviously, every ~ has four children and (as
long as |y| > 1) a unique parent P(vy). In graph theory, a tree is a connected acyclic
graph, which here corresponds to considering only index sets A C Z* := |J >0 Zj
that contain the parent of any of their elements, i.e., that satisfy

P(y) €A Vv € A. 4.7)
We also recall that the (inner) leaves of A are the nodes with no children in A,
Lin(A) := {WGA:C*(V)DAzﬂ}. 4.8)

In the framework of multilevel meshes associated with finite element type interpola-
tion, we consider the following definition.

Definition 4.1. The set A C I° := J,5, Z; is said to be a FE-tree if all its nodes
(except the leaves) have exactly four children in A, i.e., if

C*(y) CAor C*(y)NA=1 Vv € A. 4.9)
Its associated quad-mesh is then defined as
M(A) :=={Q, 17 € Lin(A)}, (4.10)
see (4.8).

For later purposes, we will also need that the levels of two adjacent cells in a quad-
mesh do not differ too much. This yields the following definition.

Definition 4.2. The FE-tree A is said to be graded if it satisfies
Iy = lul] <1 Vy,peLin(A) with Q,NQ, #0. 4.11)

Fundamentally, the tree structure should be seen as a convenient setting for algo-
rithmic refinements: just as refining a cell in a mesh consists in replacing it by its four
sub-cells, refining the corresponding node in A consists in adding its four children to A.
To any quad-mesh (made of dyadic quadrangles), we can indeed associate the FE-tree

AM) :={y€ZI™:3Q\ e M, Q\CQ,},

the leaves of which clearly coincide with M. Now, the simplest way to build a tree A
is to recursively add new children to the root tree Zy = {(0,0,0)}, according to some
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growing criterion. Being interested in P;-interpolations, a natural criterion would be,
according to (4.3), to check whether the local W?2:!-seminorm of the function g is larger
than some prescribed tolerance ¢. In the context of interpolating transported numerical
solutions however, this is not well-posed since the second derivatives of a piecewise
affine function g are not L'-functions but only Radon measures supported on the edges
of the underlying triangulation. Denoting by M(A) = (C.(A))" the set of Radon
measures, that is the dual of the space of continuous functions with compact support
on the open domain A, and by

/ pi=sup |u(p)l
A ©ECL(A)
[lell Loo(a)<1

the total mass of the measure u € M(A), we then relax the W?!-seminorm of g and
use instead the total mass of its second derivatives,

ol = [ (12201 + 029l + 192.91).
A

This defines a seminorm for any open domain A and can be extended to any measurable
(Borel) set such as a closed polygonal set. Note that in this case it might include non-
zero contributions from the edges. Accordingly, we denote by W*(Q) the space of any
g such that |gy - (q) is finite and we adopt the following definition.

Definition 4.3 (c-adapted FE-trees and meshes). A mesh M consisting of quadrangles
or triangles is said to be s-adapted to g if it satisfies

sup |g|W*(?) S g,
KeM

and the FE-tree A is said to be e-adapted to g if its associated mesh M (A) does so.

In [7], it is shown that the W*-seminorm satisfies two interesting properties: first,
it gives a generalization of the error estimate (4.3), i.e., for any triangle K, we have

(I = Pr)gll o) S l9lwex) (4.12)

with a constant depending on the shape of K only, and, second, (up to another relax-
ation involving a weighted W !-°°-seminorm) the numerical transport operator resulting
from the splitting scheme (3.12) can be assumed to be stable with respect to the W *-
seminorm, i.e., we will consider that

lg o Blfullw+(a) S l9lw+5a)) (4.13)

holds with a constant independent of g. For details about the exact stability satisfied by
the splitting scheme, we refer to [7].
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4.3 Adaptive interpolations based on quad-meshes

In order to perform continuous interpolation (and later we shall focus on first order,
i.e., piecewise affine elements), we now associate to any graded quad-mesh M a con-
forming triangulation /C(M ), which is in some sense equivalent to M, see (4.14) below.
First, we build a nonconforming triangulation (M) by simply splitting each quadran-
gle K of M into two triangles. More precisely, if K is an upper left or a lower right
child (of its parent cell), it is split into its lower left and upper right halves, and the
splitting is symmetric in the other two cases. We observe in Figure 2 that, unless M
is uniform, the resulting triangulation (M) is indeed nonconforming: when a quad-
rangle K shares an edge with two finer quadrangles K and K>, the splitting produces
one big triangle (say K ) that shares an edge with two smaller triangles (say K| and
K). Now, because M is graded, this is the only possible configuration where the tri-
angles are nonconforming, and it is easily seen that a conforming triangulation (M)
is obtained by simply merging any such pair (K, , K5").

K

K>

M IC(M) K(M)
Figure 2. Deriving a conforming triangulation from a graded quad-mesh.

As every quadrangle in M (respectively, every triangle in (M )) intersects at most
two triangles in JC(M) (respectively, two quadrangles in M), we simultaneously have

#(IC(M)) ~ #(M) and sup |glw=(x) ~ sup |glw-(x) (4.14)
KeK(M) KeM

for any g in W*(Q). It follows that the piecewise affine interpolation P, associated
with any graded FE-tree A via the conforming triangulation (M (A)) satisfies, in the
case where A is e-adapted to g,

(I — PA)QHLoo(Q) S sup |9\W*(K> S osup |9|W*(K) Se. (4.15)
Kek(M(A)) KeM(A)

S Interpolatory wavelets

In this section, we shall recall the construction of interpolatory wavelets of arbitrary
(even) order 2R, which relies on a discrete interpolation scheme first introduced by
Gilles Deslauriers and Serge Dubuc, see [16]. We also review the main properties of
the associated hierarchical basis that will be used later in the analysis of our adaptive
semi-Lagrangian scheme. For more information on wavelet constructions, we refer to
the books of Ingrid Daubechies [15] and Albert Cohen [11].
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For the sake of simplicity, we describe the construction of interpolatory wavelets in
the entire R?.

5.1 A discrete multilevel framework: the iterative interpolation scheme

We first denote the two-dimensional uniform dyadic grids at every level j € N by
Ly o={Q79k279K) kK €Z} CTjy C -+ C R,

and let
Visr =T\ T
be the set of nodes of level j 4 1, i.e., appearing in the refinement of I'; into I';;. In

the sequel, the level of a dyadic cell v will be denoted by the short notation |7/, and the
set of all dyadic nodes will be denoted by

Io:=J T,

Jj=0

Note that if we let V¢ := Iy, the sets V;, j > 0, form a partition of I'.

The next ingredients are inter-grid operators Pf i Pf 1 acting on sequences and
standing for restriction and reconstruction, respectively, the general idea being that if
the sequences gl := {g(y) : v € [;} € ¢*(T;), j € N, correspond to samples of a

given g € C(R?), the restricted sequences always satisfy
pjj+1g[j+l] = glil,

whereas the predicted sequences ij 1 gl generally differ from gl'+!l on the finer nodes
7 € V,11. On the other hand, the discrepancy should be small in the regions where g
is smooth.

In order to be more specific we introduce stencils S, C I';, associated with nodes
of level |y| = j + 1, as follows (see Figure 3 for an illustration).

« If v = (27U (2k + 1),277k') corresponds to a refinement of T'; in the first
dimension, we set

Sy :={(277(k+1),27K): ~R+1<1<R}. (5.1)

« Similarly, if v = (277k,2-G*+D (2K’ + 1)) corresponds to a refinement in the
second dimension, we set

Sy = {27k, 27 (K +1)): ~R+1 <1< R}. (5-2)

« Finally, if v = (2=U+D(2k +1),2-U+D(2k’ 4 1)) corresponds to a refinement of
I'; in both dimensions, we set

S, = {(27j(k:+l),27j(k/ +1)):—R+1<1,lI'! <R} (5.3)
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S,
L@ 'O o) o) O
O ! 0 0,0 O]
I | . R R L
O 'O |0 O+ 0! O]
'O O o) (o) O

Figure 3. The three kinds of stencils corresponding to (5.1), (5.2) and (5.3), for R = 2.

Remark 5.1. Nodes of the latter type will play a particular role in the design of adaptive
grids, and will be called *-nodes in the sequel, see in particular Section 5.5.

The two inter-grid operators are then defined as follows:

+ The restriction Pf“ :4°(Tj41) — £2°(I';) is a simple decimation, i.e.,
(P gl ) () == g l(y) vy ey
+ The prediction Pj 1 1 £°(I) — £2°(Tj11) is a reconstruction given by
. (4] i ,
: g/ (7) ifyeT;,
P gl () = ‘ ] J
(Pag?)O) =5 o nlrmgh() ifve Vyor =T\ T,

for any v € I';;. Here the coefficients 7 (v, u1), o € S, are defined in such a way

that P; 1 corresponds to Lagrangian interpolation of maximal coordinate degree
2R —1. More precisely, for any i € S, we let L, , denote the unique polynomial
of Qyp—1 :=span{z®y’ : a,b € {0,1,...,2R — 1}} that satisfies

Lyu(A) =6, VYAES,

(where § stands for the Kronecker symbol), and is constant with respect to x or y
in the case where S, is given by (5.1) or (5.2), respectively. Finally, we set

(Y, 1) := Ly ()

Remark 5.2. By using the shift invariance and self-similarity of the dyadic grids, we
can check that the value of 7 (v, ) only depends on the relative positions of v and p.
More precisely, for any R there exists a sequence (A, n/)n.n/ez Such that

7(y, ) = hp—zipr—oi  for 4= (270VE, 270FEN) 1 = (2794,2794).
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Moreover, we note that h, ,» = 0 for max(|n|, |n'|) > 2R, and it follows that the
prediction coefficients (v, ) are bounded by a constant that only depends on R.

Now, as previously announced, we see that by restricting and further reconstruct-
ing samples at a given lgvel one looses information, i.e., PJ? " p]Hl ghitll = qu+1 gl
generally differs from gli*!) on the finest nodes € V+1. The prediction error is then
stored in a sequence

ditt .= glitll = {d,(g (g[j+1} _ ijﬂg[j])(’y) 1y € Vi)

and introducing the (Radon) measures @, = 0y — >, cq m(v,1)0,, every d,(g)
rewrites as

dy(9) = 9(7v) = > 7(v,m)g(w) = (4, 9)- (5.4)

HESy

In the wavelet terminology these coefficients are called details, as they are seen as
the additional information needed to recover the exact values of g from a coarse sam-
pling. Intuitively, one would expect these coefficients to be small in the regions were
g is smooth, and indeed it is easy to write a rigorous estimate: By observing that the
prediction is exact for polynomials of order 2R, i.e., we have (¢,,p) = 0 for any
p € Qap—1, we can exploit the bound on the coefficients 7 (v, 1) (see Remark 5.2)
together with the fact that every ¢., vanishes outside

Y, = B~ (7,27 M (2R - 1)). (5.5)
This yields (with constants that only depend on R)

d < inf [(@y,9—p)| < inf —pllremy <27 gl 5.6
ld(g)| < el By 9 —D)| S et lg = PllreE,) S glwverz,) (5.6)
for any integer v < 2R, where the third inequality follows from the Deny—Lions theo-
rem, see (3.20). Note that it is also possible to estimate the details by using the modulus
of smoothness of ¢ already introduced in Section 3.1. According to a local variant of a
theorem by Hassler Whitney (see, e.g., [5] or [11]), we have indeed
dy(9)| S inf |lg—pllree,) Swr(9.27M 2w (5.7)
PEQrR—1
with again v < 2R, see (3.9).
From the above iterative interpolation scheme, it is possible to define a hierarchical
wavelet basis for the full space C(R?) in which the details d.,(g) will play the role of
the coefficients of g. In order to make this statement more precise, we introduce for

any j and v € I'; a sequence (of sequences) qbgj;] € (>(Tj/), j/ > j, defined by
PN i=d,0 vael;  and @l =Pl V) v g (58)

Note that by definition of the prediction operator, we have

(b[, ( ) ¢[J]( ) V)\erj/ and j”ZjIZj,
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therefore the above process essentially consists in refining growing sets of values. Now,
as we will see in the next section (and as is well known), for any j and v € T; this
process converges towards a continuous function ¢, -, : R? — R in the sense that

$IN) =9j4(0) Vi’ =), AeTy. (5.9)

Vel

Moreover the limit functions span nested spaces
Vji=span{p;,:yel;} CVjy C--- (5.10)
which have a dense union in C(IR?), and by keeping only the functions of the type

Py 2= Plylys v €Tl,

one obtains as announced a hierarchical basis of C(IR?), i.e., every continuous function

g reads as
9= > 9Mes+ D D dy(9)ey (5.11)

YET, §>jo+1 7T,

for any jy € N, the convergence of the infinite sum holding in a pointwise sense.

5.2 Convergence of the iterative interpolation scheme

We shall now give a proof of the above claims (5.9), (5.10) (and defer (5.11) to the next
section). As (5.8) is a particular instance of what is referred to as stationary subdivision
schemes, its properties can be analyzed by using general tools such as those presented
in the review articles [8] and [18]. In [15] and [11], the connections between wavelets
and subdivision schemes are investigated in more details. Here we shall adapt the
arguments given in [11] for our particular case of interest.

To begin with, we observe that it suffices to consider the case where ;7 = 0 and
~v = 0. Indeed, by using the shift invariance and the self-similarity of the dyadic grids,
we can check that for all j, 5/ with 0 < j < 5/ and all v, A in I';, I';/, respectively, we
have

o1, =0 =) = 8] 20 =) == ¢y (VA - ).

Hence the convergence of (¢E;])j/>j will follow from that of (qb(%]) js>0. Moreover,

0in(z) =il —7) = 0i10Q2@@—7)) = = @o0(2 (x—)) (5.12)

will be established for all z € R?. In the sequel, we shall drop the subscripts g .

In a nutshell, it is possible to establish the convergence of (5.8) with two arguments:
the first one consists in saying that it is equivalent to the existence of a continuous
function satisfying an appropriate two-scale equation, and the second one in proving
that such a scaling function indeed exists (and in this case it is the limit of the scheme).
For the sake of simplicity, we shall give a detailed proof in the one-dimensional case
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(gathering arguments from [11]) and leave the two-dimensional case for the reader.
Then the prediction operator is defined by univariate Lagrange interpolations, and the
stencil corresponding to a node of level j + 1, say v = 2~U+D(2k + 1), reads

S, ={279(k+1): —R+1<1<R}.
In particular, for any integer k, we have (writing PV = qb([i ]0)

k+R
PPN E+1) = Y 227Uk +1),2770) ¢l (2770)  (5.13)

i=k—R+1

whereas the values remain unchanged on nodes of level j, i.e.,
SN (27k) == @l (277 k). (5.14)

As in Remark 5.2, we then observe that there exist coefficients h,,, n € Z, such that
7r(2—(3+1)k,2—1i) = hy_p; for any odd integer k, so that by setting the remaining
(even) values to hyy, := dy, 0, our iterative scheme reads

P =N gl (277i)  VkeZ, jeN. (5.15)
€7

Remark 5.3. Before going further, let us list a few important properties of the sequence
(hn)nez that will be of great importance in the sequel. From the fact that the prediction
stencils are symmetric and local, one easily infers that i shares the same properties:
its only non-zero terms are ho = 1 and h_y = hy, ..., h_pr_1) = har—1. Moreover,
it is possible to express the polynomial reproduction properties of the iterative scheme
in terms of discrete moments of h. As already observed, defining gl as samples of
pi(z) := (22 + 1)" indeed leads to samples of the same polynomial for PPgl®l, as long
as | < 2R — 1. By linearity of P?, this gives

Z Pani1(2n + 1) = Z ho1-2,8" (n) = P)gl ( - %) = Pl(— %) =410 (5.16)

neZ nez

forl =0,...,2R — 1. As hy,, = 05,0, the left hand side is exactly ZnEZ h,nt.

The connection with the scaling function ¢ = g o can then be stated as follows.

Lemma 5.4. Let (hy,)nez be a sequence of real coefficients. If there exists a continuous
function ¢ satisfying (k) = dx0, k € Z, and the two-scale equation

z) = hnp(2r—n) VzeR, (5.17)
nez

then the iterative scheme defined by the refinement rule (5.15) and the initial condition
qb[o] (k) = k0, k € Z, satisfies (5.14) and converges towards p. Conversely, if the
above iterative scheme satisfies (5.14) and if it converges towards a continuous function
o, then the latter satisfies ¢(k) = dx.0, k € Z, as well as (5.17).
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Proof. If ¢ satisfies the two-scale equation (5.17), then by induction we see that it
belongs to span{z +— ¢(272 —n) : n € Z}, for any j € N. In particular, there exist
coefficients ¢; ,, such that p(z) = 3°, .5 ¢jnp(2/x —n) for all z € R, and by using
that (k) = o for k € Z, we find cjr = >,/ cjnw(k —n) = p(277k). Therefore,
we have
=Y 0 7n)p(@x—n) VzeR,jeN (5.18)
nez

Now, assume that ¢(277k) = c;S[j] (277k), k € Z, holds for a given j € N, as it is the
case for j = 0. By inserting the two-scale relation (5.17) into (5.18), we find

plz) = V(2 n)p(2z —n)

neZ

=32 n) 3 hwp(2t e —2n -0
ne”Z n'€Z

=3 (X a2 m) ) (@4~ )
k€EZ n€eZ

_ Z¢[J+l G+ )(,0(2'j+1x — k).
kEZ

According to (5.18), this yields p(2-Ut1k) = ¢[J+‘1( U+ k) for all k € Z, hence

the convergence follows. In particular, note that 1 (2-7k) = (277k) = ¢V (2-7k)
for all k£ € Z, which is (5.14). 4
In the other direction, we first observe that the convergence of qb[] I towards o reads

©(277k) = ¢V/(277k) for all k € Z and j € N. In particular, we have @(k) = & ¢ for
allk € Z, and

p(27'k) = = h2(i) = hi =D huip(k — )
i€EZ nez

which shows that the two-scale relation (5.17) holds for any x € I';. Now, by assuming
that it holds for any z € T';, i.e.,

P(2770) =" hagl 7N (2 —n)  VieZ,

ne”Z

and by applying the latter to (5.15), we find
¢[j+1] (2—(j+1)k) _ Z P Z hn¢[j*1] (2_(j_1)i —n)

€L nez
= Z hn Z h(k—Zjn)—2m¢[j_l] (27(j71)m)
neZ mEZ

= P2 (k= 27n)) = > hagVl(277k = n),

nez neZ
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where we have used (5.15) again in the third equality. This shows that (5.17) also holds
forall z € I'j41 (j € N), and thus, by density, for all € R since ¢ is continuous. O

Remark 5.5. By using ¢” (k) = 6, 0, one easily checks that (5.14) is equivalent with
han = 0no Vn € Z, (5.19)
which can also be inferred from the two-scale relation (5.17) and (k) = &y 0.

It thus remains to prove that such a scaling function indeed exists. For that purpose,
we first observe that ¢ is a continuous solution of (5.17) if and only if its Fourier
transform @ : w — [, o(x)e” " dx is a L' (R)-function satisfying

s =m(5)4(3).

where the trigonometric polynomial m(w) := % > nez hne™ ™ is sometimes called
the symbol of  (remember that the sequence (h,, )necz is finite), and is non-negative on
R, as we shall see soon.

Formally, (5.20) gives rise to consider ¢(w) := [[;Z; m(27/w). In order to make
this rigorous, let ¢ ;(w) = [H;-]:1 m(279w)| X|—x (277 w) and observe that (5.19)
yields

mw) +m(w+ ) = Zh eI+ (1)) = hon = 1. (5.21)

nEZ neEZ

By using this identity together with the periodicity of m, following [11] we calculate

form L ofar= [ Lo

J—1 x  J—1

Y /0 (@) +mie+m)[ [[m@ 0] as =2 [*[ [T me7e)]ag

j'=1 j'=1

o e [T Tne oo o

:/@1:2/ m(w) dw = 2.
R -7

Now, if we have m(w) > 0 as claimed above, the latter equality shows that $; is uni-
formly bounded in L!(R), and it is an easy matter to check that ¢ ; converges towards
¢ in a pointwise sense. It thus follows by using Fatou’s lemma that ¢ € L!(R), which
establishes the continuity of its Fourier transform ¢ and the two-scale equation (5.17)
follows. According to Lemma 5.4 this proves the convergence of the iterative interpo-
lation scheme.
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Therefore, it only remains to verify the claim m(w) > 0, and for this purpose let us
show that there exists a polynomial Pg of degree not larger than R — 1 such that

m(w) = (0032 %)RPR(sin2 %) (5.22)

Indeed, according to Remark 5.3 we can write

2R—-1

0= Yoo +25 hostn) = 02

with a polynomial @) of degree not larger than 2R — 1, as we know that

2n

> (%)) (eon |

k=0

Zn:( ) (cos ——1) (coszg)n%.

k=0

cos(nw) = Re [( )M} =Re

Now, from Remark 5.3 we can also infer that

=5 Z —in) ) (51 ()+Z (2n+1 h2n+l) =010

nez neZ

forl =0,...,2R — 1. In particular, it follows by differentiating (5.21) that m = m(w)
vanishes with order 2R—1 at w = 7, which in turn implies that Q(X?) can be factorized
by X?%, and this establishes (5.22). In order to identify Pg, we next observe that
equation (5.21) leads to see it as a polynomial solution to

XEP(1-X)+(1-X)fP(X)=1. (5.23)
For such an equation, Bézout’s theorem ensures the existence of a minimal degree
solution, but we shall give a direct argument: Indeed, we have

2R—1
1= (o (=X = 3 (PR
k=0

_x)R 2;0 KZRk— 1)Xk(1 _X)le}
+ x* Z KZR_ I)XR“"“(I — X)k] :

so that P(X) := S0y (- 1)X’f(l X)B=1=Fk i a solution to (5.23) of degree R — 1
or lower. Since such a solution is clearly unique, it coincides with Pr and the non-
negativity of m(w) follows.

In conclusion, we have proved (5.9) and (5.10) as well, since it follows from (5.12)
and (5.17) that any ¢, - can be written as a linear combination of @411, A € I'j41.
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5.3 The hierarchical wavelet basis

In order to establish the validity of the hierarchical decomposition (5.11), we now study
some properties of the scaling functions ¢; . According to the previous section, it is
easily seen that they are interpolatory in the sense that

©iy(A) =0yn, Yy, AT (5.24)

In particular they form a nodal basis for the space V; := span{y; . : v € I';}, in the
sense that every g € V; reads as g = ZWED 9(Y) )

Remark 5.6 (Polynomial exactness). By using the polynomial reproduction properties
of the linear prediction operator (as, for instance, in Remark 5.3) one easily sees that
polynomials of coordinate degree less than 2R belong to the space V, (and hence to
any V;, j > 0).

Let us now estimate the support of ¢, , from the locality of the prediction stencils.
To do so, we set

=) and == (e T (A US)NE £ 0} fore> ;.

Clearly, the sequence (Zm )e>; is increasing in the sense that Zm C Zg{:l] for all
¢ > j, and, by using the size of the stencils, we can check that Z[] l C By (v, 7;) with
rp =279 (R—1/2)(1 +271 + ... +27%) for i > 0, hence every Zﬂ is a subset of

By (7,277(2R — 1)). More precisely, we observe that

14

= (0 U Vi) B (7,279 2R - 1)), (5.25)

i=j+1

Therefore, the density of the dyadic points yields

%= = «(7,2772R - 1)). (5.26)
>3

In particular, we have £, , = ¥, see (5.5). Since supp(qﬁ[ : ) C Zm by construction

of the sets X!’ ]7 it follows that supp(y;.,) C X; . Hence the functions ¢; -, v € I';,
satisfy a bounded overlapping property, namely

#({\ € T : supp(p;) Nsupp(p;n) # 0}) < Cs Yy eT; (5.27)

with a constant C; = C5(R) independent of j. One major consequence of this fact is
that the basis {¢; - : v € I';} is stable in the sense that

cllgllz=g) < sup l9(1)] < lgllim@) Vo= Y 9(ein €V (5.28)
Ve Y€,
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holds with ¢ = (Csl|e||p(r2)) ', see (5.12). Note that it is also possible to write a
so-called Bernstein (i.e., inverse) estimate for the functions in V}, according to

‘ Z CyPiy

RISy

< Cs suIP |y w2y < 2Y7C sup e, (5.29)
veli

Wv:eo(R?) v€r;

with C' = Cs[p|yyv.0c(r2). On every space Vj, we next define a linear projector P;
by Pig := 3 er, 9(7)®j which, due to (5.24), is an interpolation. Moreover, P; is
uniformly stable in the sense that

1Pigll Loem2) S SUIP 19| < llgllL=m) Vg € CR?) (5.30)
vel;

holds with a constant independent of j, by using (5.28). Note that the stability is local,
i.e., for any cell Q; ., := By (7,277) we have

1Pigliee,) < Y 19esullie@) S sup gl S 9l @, ., (53D
Neﬁj,w HERQ;

with flm = {p € I';,%;, NQ;, # 0}. By using arguments similar to those in
Section 3.2, we can establish an error estimate for this uniform interpolation.
Lemma 5.7. For any g € W">°(R?) and any integer v < 2R, we have

lg — Piglle®) < 27 glwv=®e) (5.32)
with a constant independent of j.

Proof. For any v € I';, let p; -, be a polynomial in @z such that
— D ~ i _ ~ < 9-vj ~
lg pJﬁ”Loo(Qm) < zpelgnzg,l g pHLoo(Qm) S2 |9|Wu,oo(gm)»

where the second inequality follows from the Deny-Lions theorem, see (3.20). By
using the fact that polynomials of degree less than 2R are contained in every V; (see
Remark 5.6), the local error is then estimated by

lg = Pigll=@,.) < 9 = Pirllreie, ) + 1P (0sn = 9)ll=(a, )
Slg=pinle=@,,) 277 9lyre@, )

and the global estimate (5.32) follows by taking the supremum over v € I'; and ob-
serving that the sets Q; , also satisfy a bounded overlapping property, see (5.27). O

Remark 5.8. Since W!>°(IR?) is dense in C(R?), the previous estimate also shows that
Pjg +— g uniformly as j — co. Indeed, if g. € W°°(IR?) is such that ||g — g. |~ < e,
then for any j > In(|ge|yy1. /€), we have

g — PjgllLeem2) < 11g — ellLoom2) + 19 — Pigellpoemey + [1Pj(ge — 9)llLoe(m2) S &,

where we have used (5.30) and Lemma 5.7 in the second inequality.
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Now, the detail coefficients defined in (5.4) also describe the fluctuations between
successive continuous levels.

Lemma 5.9. Remember that we have set ¢, = ¢, . For any J > jo and any
g € C(R?), we have

J
Prg=Pug+ >, > dy(g)ey.

j=jo+1~€EV;

Proof. Clearly, it suffices to show that for any j > 1, we have

Pig=Pi_ig+ Y dy(9)ey. (5.33)
YEV;

To see this, let gl := P/~ 'gli=1 4 ey, d,y(g)qzsg?;]V and observe that for A € T';_;
the definition (5.8) of /) yields

gl = P/ gl =) = g1 = g(0) = gVl (V).
By using the definition of d(¢g) and again (5.8), for any X € V;, we next see that
g = (P + da(g) = gV (),

hence gl/! = glil. Applying then P} = P‘J]_1 ... P?_ to the latter equality gives

Jj+1
> gwei, =Pl = > gwe] i+ > di(9)el,.
pnel; nel;_ YEV;
So, letting J — oo finally yields (5.33). |

Remark 5.10. From Remark 5.8 and Lemma 5.9, we easily infer the validity of the
hierarchical decomposition (5.11).

5.4 Adaptive interpolations

Summing up, we now have a representation of any continuous function g in terms of the
multilevel nodal functions ¢., v € I's, with small coefficients in the regions where
g 1s smooth, according to (5.6) or (5.7). Adaptivity will be achieved by discarding
small coefficients in this expansion. In order to study such approximation schemes, we
introduce the following definition.

Definition 5.11. Let jo € N. A grid A C ' is said to be admissible if it contains the
coarse grid I';, and if it satisfies

vyeA = S, CA
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Next we define a mapping P, : C(R?) — Vj := span{y, : A € A} by
Prg =Y dx(g)pa- (5.34)
AEA

Clearly this makes sense for any grid A C I'w, but if in addition A is admissible, then
P, is an interpolation, which might be of interest for practical implementations.

Lemma 5.12. [f the grid A is admissible, then Pag(~y) = g(v) forall v € A.
Proof. First, since (5.34) is a wavelet expansion of Pg, we clearly have
dy(Prg) = dy(g9) Vv EA. (5.35)
Observe next that any ¢,,, || > jo + 1, vanishes on any v € I';,, and calculate
Pag(v) = Y da(9)ea(v) = Y dalg)ea(v) = 9(v), v €Ty,
[A<30 [A|>0

Now assume that Ppg and g coincide on A NI';_1, and consider v € AN V;: since A
is admissible, we have by definition of the details d.,

Pag(y) = Y w(v, ) Pag(p) + dv(Pag) = Y (v, m)g(p) + dy(9) = 9()-
HESy KESy

O

As we said before, the error resulting from “discarding the small details” should be
controlled by the amplitude of these details. Here is the precise statement that we shall
use for an approximation in the supremum norm.

Lemma 5.13. The approximation of g associated with the grid A is bounded by

lg — PAQ||L°°(R2) < CZ sup |d,(g)|
§>0 YEV;\A

with C = Cy|@l| L (g2, see (5.27).

Proof. In view of (5.11), g can be written as an infinite wavelet expansion. The ap-
proximation error thus satisfies

lg — PAQHLOC(RZ) = H Z Z d(9)e~

JZ0vEV\A

SZH Z dv(ﬂ)@v“Lw<R2)

320 YEV;\A

< Collglm 3 sup (o)l
jzo’Yevj\A

L (R?)

where we have employed (5.28) in the last inequality. O
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Remark 5.14. The foregoing estimate is sharp. Indeed, consider the one-dimensional
case (for the sake of simplicity), where for R = 1, the reference scaling function is
given by ¢(z) = max(1 — |z[,0). Now let y; := 27%(1 +4 + --- +40=1D) € V,; and
check that

. 1
0y, = 0(2%(x — 7)) > 5

! 401 41 1 }

on [ 3a tag

In particular, ¢.,(1/3) > 1/2 for all i, hence || 3, ; ¢,

L>(R2) > J/2 for all J.

5.5 Connection with trees and meshes

In order to transport the numerical solutions along the flow, we will need to associate
every (admissible) adaptive grid with a partition of the phase space. Moreover, our
scheme will be based on tree algorithms. Hence we need to equip the dyadic grids with
a tree structure. Here we describe how we shall do this.

First, we introduce the set of *-nodes of level j > 1 that correspond to a refinement
of I'; in both directions,

Vi={Q7(2k+1),2772K + 1)) : k,k € {0,277 = 1}} C vV},
and associate an (open) square cell to every *-node by setting

Q, :=Bp=(7,27 1) vyels =[]V
Jj=1

Next, we equip the set of dyadic nodes with a tree structure by defining for every
~ € V; one set of children in V ;. as follows: If «y is a *-node of level j, we define its
children as

€)= {y + 270 (L) € {-1,0,11 (0,0)} € Ve,
If y = (277k,2U=VE) (hence with k odd), we define its children as
C(y):={y+27U1,0): 1€ {~1,1}} C V1.
If v = (2=U—=Dk,277k’) (hence with &’ odd), we define its children as
C(y):={y+27U0,1') : I' e {~1,1}} C V4.

Finally, we say that X is a parent of v if v € C()). Note that this process partitions the
levels in the sense that every dyadic node v of positive level has one (and only one)
parent P(v), moreover [P(v)| = |y| — 1. Now, as it can be checked, every parent of a
*-node is also a *-node but the converse is not true, i.e., not every children of a *-node
is a *-node itself. Hence we introduce the notion of *-children and set

C*(y) = {y + 27U (m,m') : (m,m') € {~1,1}*} = C(7) N V],

for every v € V7. Let us adopt the following definition in the wavelet framework.
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Definition 5.15. A grid A C I'w is said to be a W-tree if it contains the coarse grid I';,
and if it satisfies

yeEA = P(y)CA.

Clearly, the simplest way to build a tree A consists in starting from the coarsest
grid I';, and adding recursively children, according to some criterion. Observe that by
doing so, one also builds a non-uniform partition of R?, given by

M(A) :={Q, : v € Louw(A)NT5}, (5.36)

where
Low(A) :={v & A:P()) €A}

denotes the set of outer leaves of the tree A. For later purposes, we will also need that
the trees satisfy a stronger property.

Definition 5.16. A W-tree A is said to be graded if
yeANTy, = {MEF|7|,1ZZMHQ77§@}CA,
see (5.5).

As we shall see, this definition is mostly motivated by the accuracy of the trans-
ported meshes. However, it turns out that the use of graded trees is already imposed by
the admissibility of the dyadic wavelet grids.

Lemma 5.17. Every admissible wavelet grid is a graded W-tree.

Proof. Clearly, every admissible grid is a W-tree (simply observe that the parent of ~
is always contained in the stencil S.). Let us then show that for any v € T'%_, |v| = J,
and p € I';_ 1, we have

QNE, #0 <= Q,CX, < y€(X,)° =B (,27M2R - 1)), (537)
where (X,,)° denotes the interior of X,,. Indeed, since
Q= B (1,279) =270V ((k, k + 1) x (K, k' + 1))

with k, k' € N, and £, = Bye (1,27 M (2R — 1)) = 2711 ([my, ma] x [m3,m4]) with
mi, ..., mg € N, the equivalences in (5.37) easily follow from |u| < j — 1.

Now assume in additon that v belongs to an admissible grid A. Since A € V; with
J > |ul+ 1, according to (5.25) we see that (5.37) implies the existence of one minimal

£ > |p]+1suchthaty € E‘[ ]I r , and this in turn implies that there exists 7/ € 5. ﬂzl[ul u]

By using that A is admissible, we see that ' is also in A, and by repeating the argument,

we show that A N E‘li“‘”[ # (), i.e., u € A. Hence A is graded. i
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In order to accurately transport the grids with a low-cost algorithm, we now intro-
duce an important property which involve the neighbors of a *-node, i.e.,

N@H)={pelx:2,NnQ, #0}, ~yeli.

For the remainder of this lecture, we fix one positive constant x < 1, and we remind
that ¢ > 0 is an arbitrary tolerance.

Definition 5.18. A W-tree A is said to be weakly e-adapted to g € C(R?) if
|du(g)] < 21 IkDe (5.38)

forall v € Low(A) NT%, and all u € N (7y) \ A. If (5.38) holds for all u € N(v), Ais
said to be strongly e-adapted to g.

We note that the foregoing criterion (5.38) is somehow related to the prediction
strategy suggested by Albert Cohen, Sidi Mahmoud Kaber, Siegfried Miiller and Marie
Postel [12] in the context of wavelet-based finite volume schemes with guaranteed error
estimates. A first property associated with these definitions is the following.

Lemma 5.19. If A is admissible and weakly s-adapted to g, then the associated inter-
polation error satisfies

lg — Paglleme) S €
with a constant independent of g.
Proof. Let us begin with the following observation: If A is admissible (hence graded),
then for any v € Low(A) NT%, and p € T'jyj—2 = [jpy) =1 With u ¢ A, we have
L, NQ, CX,NQp(, = 0since P(y) € A. In other words, we see that
ul=>=1,  VYueN@H)\A (5.39)

Now using that supp(¢,) C Z,,, we find

|\9—PA9||L°°<QW):H > > du(g)(pMHLx(QA,)

j>jo+1l peV ;\A

Z,,NQ,#0
S Z SUP\ |du<g)‘§ Z Sup\ |du(g)‘
Ny EV,\A , €V \A
JzJOHE*fm;#w aszlgfm;ﬁ
< Z 2:llVl=d)g < ¢,
Jzlvl-1

where the first inequality follows from Lemma 5.13, the second one from the above ob-
servation (which uses the gradedness of A), and the third one is the weak e-adaptivity.
The assertion follows since {Q., : v € Low(A) N7} is a partition of R2. m]
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6 Dynamic adaptivity

In Sections 4 and 5, we have defined tree-structured adaptive discretizations of C(Q)
using multilevel meshes and wavelets, respectively. Note that wavelets have been con-
structed on the entire R2, therefore, in order to represent a function g € C(Q) in the
wavelet basis, we first need to extend it outside €. Due to the boundary conditions that
we have considered in Theorem 2.2, we extend it periodically in the z-direction and by
zero in the v-direction. As the numerical flow is assumed to map  into itself, we note
that this does not spoil the continuity of the numerical solutions inside Q (but it might
deteriorate the sparsity of smooth functions in the wavelet basis, at least in the vicinity
of the boundary). Next, for both discretizations we have introduced a notion of e-
adaptivity to a given function and we have seen that interpolating on the corresponding
adaptive mesh and wavelet grid, respectively, is C'e accurate in the supremum norm. In
this section, we describe the algorithms that allow to build an e-adapted mesh or grid to
a given function and that transport these meshes along a smooth flow, while conserving
the property of being adapted to the transported solution. We also describe algorithms
that build graded refinements of given trees.

6.1 Adapting the trees

Remember that in the multilevel mesh case, the FE-trees A consist of indices corre-
sponding to dyadic quadrangles and that the associated meshes M (A) are defined as
the inner leaves of A, see (4.10). In the wavelet case, the W-trees A consist of dyadic
points, and the associated quad-meshes M (A), see (5.36), are defined as the outer
leaves of the subtree consisting of the *-nodes of A. Note that this latter subtree has an
FE-tree structure.

For constructing adapted multilevel meshes, we will use the following algorithm.

Algorithm 6.1 (AFE(g): e-adaption of FE-trees). Starting from A := Zy, set
App1 =AU {B €C(a) € M(Ay) suchthat |gy(o) > ¢}
for ¢ =0,1,... until Ap,; = Ay, and finally set AFE(g) := Ay

The following algorithm builds a W-tree (only composed of *-nodes) that is strongly
e-adapted to g.

Algorithm 6.2 (AY (g): strong e-adaption of W-trees). Starting from A := I}, set

Aror = AU { € M(AD) : max {299, ()] € M)} > 2601
for ¢ =0, 1,... until A}, = Aj, and finally set AY (g) := Aj.

As the resulting adapted trees have no reason to be graded, we also need algorithms
that build graded refinements of any given tree.
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Algorithm 6.3 (G'E(A): graded refinement of FE-trees). Starting from Ag = A, build
Aoy = Ap U {)\ € C(’y) Ty € AN Qg, El,u e AN Q[+2, ﬁ,y ﬁﬁu 75 (Z)}
for{ =0,1,... untilA;_; = Ap, and set GFE(A) := Ap_;.

As graded W-trees have a structure which involves stencils of possibly high order
R, we use another approach for building them.

Algorithm 6.4 (GYV(A): graded refinement of W-trees). Given any tree A, set

GV(A) = | {v+ 27" (mi,ma) : my,my € {~(2R—1),..., (2R - 1)}}.

Remark 6.5. We could also give a variant of Algorithm 6.2 that builds weakly e-
adapted W-trees to some given g. According to Lemma 5.19, we know that inter-
polating ¢ on the resulting grid (once graded) would be Ce accurate, but this is not
enough to ensure the accuracy of the adaptive semi-Lagrangian scheme (indeed, think
of the case where g consists of one isolated basis function ¢.,).

Now, it is clear that the trees constructed by Algorithms 6.1 and 6.2 are e-adapted
in the sense of Definitions 4.3 and 5.18, respectively. It is also clear that Algorithm 6.3
yields a graded FE-tree in the sense of Definition 4.2, but the gradedness of W-trees
resulting from Algorithm 6.4 is by no means obvious.

Lemma 6.6. For any W-tree A, the resulting GV (A) is an admissible grid and hence a
graded W-tree (according to Lemma 5.17).

Proof. Lety € GV (A) and A € A such that v; = \; + 2~ m; with |m;| < 2R — 1,
i € {1,2}. In particular, we have v € Iy}, i.e., j := |y| < |)|, and we can as well
assume that j = [A|. Indeed, if j < |A| then v € ['|p(y, i.e., there exist integers m;,
i € {1,2}, such that v; = P()\); + 2~ PNl Moreover, we have

i = 27"y = PN)il <2771y = il + X = P(A)il) < s
Therefore, we can replace A by its parent (which also belongs to A), hence assume
j = A. Now observe that any ;1 € S, satisfies

2R =
el and |p; — v < .
pelj |1 = il {0 it ol <
We can thus write 1 = P()\) + 2~ (ky, k2) and bound |k;| by
kil = 277 s = PNl < 277 (| = il + [vi = il 4 [ = P(A)l).-

We claim that |k;| < 2R— 1, which, because of P()\) € A, implies € GV (A). Indeed,
we always have

li—vi| <277 2R-1), |vi—A\i| <277|m;| <277(2R-1) and +|\;—P(\);| <277
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and observe that three cases may occur, according to |y| = |A| = j: either |v;| < 7, in
which case |; —v;| = 0, or |\;| < j, in which case [X\; —P(A);| = 0, or |[\;| = |vi| = J,
in which case m; must be even, hence |y; — \;| < 2-U~D(R — 1). By summing up, we
find that

i =il + v = Xl 4+ X =PV <27V V2R - 1)

holds in every case, which ends the proof. O

6.2 Predicting the trees

For both discretizations, the algorithm that we shall use for predicting the meshes is
based on partition trees (i.e., the leaves form a partition of Q) and essentially consists
in transporting the local space resolution along the (approximate) flow 3. We write it
in terms of FE-trees, but already observe that it can also be applied to any W-tree A via
its subtree ANT%.

Algorithm 6.7 (TEE(A): prediction of FE-trees). Starting from A¢ := Z;,, set
Apy1 =AU {u €C* (7)1 v € Lin(Ar),min{|A| : X € Lin(A), B(z,,) € Qp} > |’y|},
where ., denotes the center of Q., until Az = Az, and set Ti(A) := Af.

As was previously said, the following variant of Algorithm 6.7 for W-trees is almost
the same algorithm. However, in order to establish the accuracy of the predicted grids,
we now introduce a fixed parameter § € N (the value of which will be chosen in the
proof of Theorem 6.9) that corresponds to a constant number of additional refinement
levels. Remember that for any W-tree A, the set Lou(A) N % consists of its outer
*_leaves and that {Q, : A € Loy (A) NI} forms a partition of the phase space.
Algorithm 6.8 (T} (A): prediction of W-trees). Starting from A := I'% , build

Jo’?
Ajyy = AjU{y € Low(A))NTh, s min{|A| 1 A € Low(A)NTE, B(v) € Qi } > |y|—6}
until A} | = Aj, and set T (A) := A}.
The main properties of these algorithms are summarized in the following theorem.

Theorem 6.9. Let B be a diffeomorphism of Q into itself, i.e., an invertible Lipschitz
continuous mapping with Lipschitz continuous inverse. Then Algorithms 6.7 and 6.8
guarantee the accuracy of the predicted trees in the following sense:

e If Ais a FE-tree c-adapted to g and if the flow B is stable in the sense of (4.13),
then the FE-tree TEE(A) is Ce-adapted to the Tgg = g o B with a constant C that
only depends on B.

e If Ais a W-tree strongly e-adapted to g, then the W-tree T‘g(/\) is weakly Ce-
adapted to Tpg = g o B with a constant C' that only depends on B.
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In addition, the cardinalities of the predicted trees are stable in the sense that
#(T(A)) SH#H(A) and  #(TRH(A)) S #(A). (6.1)

Proof. We shall only sketch the proof for the C'e-adaptivity of the predicted FE-trees
(for details and for a proof of the complexity estimates (6.1), we refer to [7]). First, we
introduce the set

I(A, B,7) :={\ € Lin(A) : Qx N B(Q,) # 0}

corresponding to the cells of the quad-mesh M (A) that are even partly advected into
Q.. By using the gradedness of A and the smoothness of 13, one can show that there
exists a constant C' such that

#(I(A.B,7) <C Vv e Ln(TF(A)). (6.2)

According to the stability (4.13), we next estimate for any v € Lin (T (A)),

90 Blw-@) Slelw-san S D, |9w.@y Se
AET(A,B,7)

where the second inequality follows from the fact that the cells Qy, \ € Z(A, B, ),
cover B(€,), and the third inequality follows from the e-adaptivity of A together with
relation (6.2).

We now give a detailed proof of the weak Ce-adaptivity of the W-tree T} (A). Let
us recall that this amounts in proving that for any X\ € Louw(TH(A)) NT5, and any
fi € N(A)\ T (A), we have

daz(goB)| <2°=9)Ce,  where ¢:=|X|, j:=|fl, (6.3)

for a constant C' that only depends on 5. By using (5.7) and Lemma 3.4, we obtain

‘dﬂ(g OB)| fs wl(goB,Z_j,Zﬂ)oo 5 wl(g72_jazg)oo S Zwl(giaz_j7zg)007
1€N

where ZS denotes the set (X;)57 with 7 = 277, see Lemma 3.4, and where the “single

layer” functions defined by

gii= > dulg)p, with NE():={neVi:E,NEF#0}
HENE ()

clearly satisfy >, .yg; = g on fo . Note that since B is assumed to be Lipschitz
continuous, fo is included in a ball of center ji and radius C2~7 with a constant C
depending on R only. Next we estimate the modulus of smoothness following rather
classical techniques (see, e.g., [11, p. 183]). First, we observe that

HENT (i
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by using the definition of w; and (5.28), and that
—i vB . —_i vB .
Wi (glv 27 ) Zﬁ)OO < pleano w1 (gl - D 277 ) Zﬁ)OO 5 pleano ”gl - p”L“(Zg)
S 27 gilwre 2777 sup  |du(g)|
HENE (1)

by using the definition of w;, the Deny—Lions theorem and the Bernstein inequal-
ity (5.29). Note that the above estimates yield

[di(goB)| S Y _min{2"/, 1} sup |du(g)]- (6.4)
ieN HENP (i)
Next, we observe that there exists some A € Loy (A) N T such that B(A) € Q) and
Al < €46, (6.5)

otherwise X would have been added to T (A). We claim that any € NB(ji) is a
neighbor node of some leaf node adjacent to A; in other words, we claim that there
exists v € Low(A) NT%, that satisfies both

Q. NQ\#0 and peN(y), ie, T,NQ, #0. (6.6)

Note that this would permit establishing the desired estimate (6.3): Indeed, if (6.6)
holds then we have in particular A € A(y) \ A, and thus |y| < |A| + 1 according
to (5.39). By using the strong e-adaptivity of A to g, we have

| (g)] < 27017eDe S 25D v e N (),

where we employed (6.5) in the second inequality. Inserting this estimate into (6.4),
we finally find

|dﬂ(g o B)| 5 2)4,@—]‘622(1—5)71 + 2n€€ Z 2—51’ 5 214,(@—]’)&,7
i<j i>j+1
which is (6.3). It thus only remains to establish the claim (6.6). For this purpose, we
let dist(A, B) := inf,c 4 pep ||a — b||s~ denote the minimal distance between two sets
A, B C Q (although this does not define a distance in the classical sense), for which
we easily check that dist(A, B) = 0 if and only if AN B # (), and dist(4, B) <
dist(A, C) + dist(B, C) + diam(C). By observing that none of the intersections

L,NEE, IZENB(E), BEp)NB(Q;) or  B(Qs)NQ,
is empty, we find
dist(E,, Q) < diam(Zf) + diam(B(Xz)) + diam(B(Q5)) <277 + 271 <27Cp

with a constant C that only depends on the smoothness of B. Therefore, choosing
§ > Iny(Cp) yields dist(Z,,,Qy) < 27 < 271\l In order to conclude, we infer
from (5.39) that, because A € Loy (A) N T, every mesh cell Qy/, X' € Low(A) NTE,
touching Q, is an ¢>°-ball of diameter 2! ~1*'l > 2=, In particular, ¥, is in contact
with one such cell Q. Call it Q.,, we have just proved (6.6). O
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6.3 The “predict and readapt” semi-Lagrangian scheme

Let us summarize what we have seen so far: In Section 3.1, we have described a time
splitting scheme for computing an approximated backward flow B[f,,] from a given
approximation f, to the exact solution f(t,). This allows to compute every point
value of T f,, := f, o B[fs]. Next, we have defined in Sections 4 and 5 two tree-
structured discretizations of finite element and wavelet type, respectively, both suitable
for adaptive interpolations. Finally, we have introduced in Section 6 algorithms for (i)
building graded FE- and admissible W-trees which are ¢-adapted to a given function
g, and (ii) given a computable flow B, predicting trees that stay well-adapted to the
transported g o B. Note that in view of Theorem 6.9, the quality of being well-adapted
to the transported solution is only preserved by the predicted trees up to a multiplicative
constant C' that might be larger than 1. Hence it is necessary to readapt the trees once
in a while in order to guarantee that all the interpolation errors stay within a bound of
the order €.

The resulting semi-Lagrangian scheme, which involves the algorithms A, = AfE
or AY, G = G or GV and T = TiF or T}, depending on whether one desires
to implement an adaptive multilevel mesh scheme or a wavelet scheme, is as follows.
Given an initial datum f 0 compute first

fo:=Prf°, (6.7)
where Pyo denotes the adaptive (finite element or wavelet) interpolation associated with
A’ :=G(A(f7)), (6.8)
then, forn =1,..., N =T/At,
fn := PanPanT fri, (6.9)
where the predicted and readapted trees are given by
Al = G(Tgy, (A™) (6.10)
and
A" =G(A(fpn) with fp, = PpnT fr—i. (6.11)

Remark 6.10. If the flow B[f,] is defined by the splitting method described in Sec-
tion 3.1, we need to compute an auxiliary electric field from the intermediate solution
T/? fn- The adaptive semi-Lagrangian scheme, therefore, should decompose into sub-
steps corresponding to every one-dimensional transport operator. Such a decomposi-
tion and the corresponding error analysis (for first order interpolations) is carried out
in [7].

6.4 Error and complexity estimates (results and conjectures)

Our main result is that the above adaptive semi-Lagrangian schemes — of either mul-
tilevel mesh or wavelet type with arbitrary interpolation order — satisfy the following
error estimate.
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Theorem 6.11. Under Assumptions 3.2 and 3.3, the numerical solution given by the
adaptive semi-Lagrangian scheme (6.7)—(6.11) satisfies the estimate

1f(tn) = fallL=(@) S (M) " + /At (6.12)
forn=0,...,N = T/At if the initial datum f° is in W1 (Q).

Proof. The arguments are similar to those in Section 3.2 and, as we shall see, they also
apply to high-order interpolations. Let us describe them in detail. Again we decompose
the error e, 1 := || f(tns1) — fut1llLo(q) into three parts, which are now as follows.
A first term is e, 1,1 := || f(tns1) — 7 f(tn)| Lo (o) as in Section 3.2, bounded for the
same reasons by
ent1,1 S [f(tn)lwie (@) (AL)" S (AL)".

A second term is €541, 1= ||(/ — Ppnt Pan+1) T fu || 1= (), which again corresponds to
the interpolation error, and a third term e,, 113 := |7 f(tn) — 7 fn| 1 (@), Which again
represents the (nonlinear) transport of the numerical error at time step n. Note that this
decomposition slightly differs from that of Section 3.2 in that the interpolation error
now involves the numerical solution instead of the exact one. This is in order to exploit
the main properties of the predicted grids, i.e., the Ce-adaptivity to 7 f,,. The good
news is that it allows the third term, which propagates the error from the previous time
steps, not to involve the interpolation operator. Hence for any interpolation order, we
have

ent13 = [[f(t) 0 BIf (8)] = f(ta) 0 Blfalll gy + [|(F(tn) = £a) © Blfalll o g
< | f () lwroe (|| BLf (tn)] = Bl (tn ||Lx(m +ep < <1 + CA)ey,
by only using the stability (3.3) of the mapping B[-]. For the second term, we find
ent12 S 11 = Page)T fullpee@) + [I(1 = Pans1) Papan T full () S &

Here we have used the fact that according to Theorem 6.9 and by construction, respec-
tively, the trees A7*! and A™*! are Ce and e-adapted to 7 f,, and Py T fr, respec-
tively. The above inequality follows then from (4.15) (in the multilevel mesh case) or
Lemma 5.13 (in the wavelet case). Note that in the wavelet case, the above properties
of the predicted and readapted trees are weak and strong, respectively, which suffices
for our purposes. The error estimate follows then by gathering the above bounds and
applying a discrete Gronwall lemma. O

Of course, it remains to precisely determine which schemes and which initial data
yield approximate flows satisfying Assumption 3.3. We shall leave this issue to further
studies.

Remark 6.12. In contrast to what happens with uniform schemes, an a priori L°°-
bound is available for high-order adaptive semi-Lagrangian schemes where the inter-
polations may, in general, increase the supremum norm. Indeed, with P, := Pxn Ppn,
we always find for &, := |77 fo — fn| = (q) the estimate

én < ||Tnf0 - 7—fn—l”L"O(Q) + ||(I - Pn)Tfn—lHLOC(Q) < (1 + CAt)én—l + C'e
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by using arguments from the above proof (and, in particular, with C' = 0 in the case of
a linear transport). This yields, again by employing a discrete Gronwall lemma,

I frll oo @) S NT™ follLoe (@) + En < |l foll e (o) + Ce/At
with a constant independent of £ and At.

In addition to the above error estimate, we can bound the cardinalities of the pre-
dicted and readapted trees as follows:

#A™T) SH(AGT) SHAY),

but at the present stage we do not know how to estimate the growth of these cardi-
nalities on the overall time period. Our conjecture is that, in the case of first order
interpolations, they stay bounded by Ce~! as in (4.5). Hence balancing € ~ (At)" in
estimate (6.12) would yield

-1 n %71
sup || f(tn) = fallLe(@) < el=r < sup (#(A )) )

This “adaptive” convergence rate should require less regularity than its “uniform” ver-
sion (3.22) — involving the W2 (Q)-seminorm of f° — and this would express an
advantage of the adaptive method over its uniform counterpart. As for high-order in-
terpolations, we expect them to achieve high convergence rates. In any case, a rigorous
complexity analysis of our scheme remains still to be done.
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Coupling of a scalar conservation law
with a parabolic problem

Julien Jimenez

Abstract. We deal with the mathematical analysis of the coupling between a purely quasilinear
hyperbolic problem and a parabolic one. First, we use the Schauder-Tikhonov fixed point theorem
and the Holmgren-type duality method to show existence and uniqueness for a class of nonlinear
parabolic problems. In a second part, we recall the method of doubling variables and the vanishing
viscosity method to obtain uniqueness and existence for a class of hyperbolic problems. Then we
combine and adapt the methods stated in the two previous parts to obtain an existence and uniqueness
result for the coupled problem we consider.

Keywords. Parabolic equation, hyperbolic equation, entropy solution, entropy process.

AMS classification. 35A05, 35K65, 35L65, 35R05.

1 Introduction

These lecture notes are devoted to the mathematical analysis of the coupling of scalar
conservation laws with parabolic problems. The main motivation for considering such
problems stems from the study of infiltration processes in a heterogeneous porous
medium. For instance, in a stratified subsoil made up of layers with different geo-
logical characteristics, the effects of diffusivity may be negligible in some layers. We
will focus on the case of two layers.

Indeed, let Q be a bounded domain of R™, n > 1, with a smooth boundary I". We
assume that Q = Qj, UQ,, Q;, and Q, being two disjoint bounded domains of R", with
Lipschitz boundary denoted by I' = 9Q;, I € {h,p}. We suppose that the interface
[, = I NI, is such that the Lebesgue measure of the set (T, N (I \ Try)) is zero.
The time under consideration is denoted by 7' > 0. For | € {h, p}, v; is the outward
unit normal vector defined a.e. on I';. We set Q; = (0,7) x Q;, £, = (0,7) x I';.
Finally, the interface including the time variable is denoted by X, = (0,T") x I'j.

The mathematical model under consideration originates from a combination of con-
servation laws and Darcy’s law and can be described as follows: Find a measurable and
essentially bounded function u on @ := (0,T) x Q such that in the sense of distribu-
tions

Opu+ V- (b(x)f(v) = 0 in Qn,
Opu+ V- (b(x)f(u)) Ap(u) inQy,
u 0 on (0,T) x T,
w(0,-) = wy on Q.

(1.1)
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Of course, suitable conditions on u across the interface Xj, must be added. These
transmission conditions include the continuity of the flux through the interface, for-
mally written here as

—f(Wb-vi = (Vo(u) + f(u)b) -vp onZy,.

Regarding the data of the problem, we assume the following: The initial datum wg
belongs to L () and there exist m, M € R such that for almost all x € Q

m < up(z) < M.

The vector field b = (by,...,b,) is an element of W2>°(Q)". We denote by Mj,
the Lipschitz constant of b;, i = 1,...,n, and set M, = >_"" | M,,. To simplify the
analysis, we assume

V - b(z) = 0 for almost all z € Q. (1.2)

The continuous function f : R — R is assumed to be Lipschitz continuous on [m, M].
We denote by M its Lipschitz constant. The right-hand side ¢ is an increasing contin-
uously differentiable function on R. By normalisation, we suppose ¢(0) = 0. We also
suppose that there exists o > 0 such that for all 7 € R

P'(1) > a. (1.3)

Assumption (1.3) means that the partial differential operator set in )}, is not degener-
ated. This hypothesis is not necessary (we may suppose that this operator is weakly
degenerated) but it avoids technical difficulties.

This lecture is organized as follows. In Section 2, we introduce some classical
methods used in the theory of nonlinear parabolic equations. Indeed, thanks to the
Schauder-Tikhonov fixed point theorem and a Holmgren-type duality method, we
prove existence and uniqueness of weak solutions for a class of parabolic problems.
In Section 3, we present the method of doubling variables in order to prove a unique-
ness result for a class of hyperbolic problems. Existence is obtained via the vanishing
viscosity method based upon the notion of entropy process solutions. Then, in Sec-
tion 4, we show an existence and uniqueness result for problem (1.1) by combining
and adapting the methods stated in the two previous sections.

For the reader’s convenience, we collect in the following some notations that will be
used in the sequel. We also give some classical results of functional analysis. However,
we suppose that the definition and the main properties of Banach, Hilbert, Lebesgue
and Sobolev spaces are known.

The standard norm in H} (Q) shall be denoted by || - ||. The duality pairing between
H}(Q) and its dual space H~'(Q) is denoted by (-, -). The energetic extension of the
classical differential operator (—A), supplemented by homogeneous Dirichlet bound-
ary conditions, is an isomorphism from H/(Q) onto H~!(Q). The L>°(Q)-norm is
denoted by || - || co-

Let X be a Banach space and T' > 0. We denote by LP(0,7; X), 1 < p < oo, the
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space of functions f : [0, 7] — X such that

f is Bochner measurable,
1

T P
I fllzeo,r:x) = (/0 |f||’)’(dt> < o0.

We denote by C([0, T]; X) the space of continuous functions « : [0,7] — X with norm

lulleo,r:x) = fr[lgl’; llu(t)]x-

The function space

W(0,T) := {u e L*(0,T; H}(Q)); ' € L*(0,T; H~'(Q))},

endowed with the standard norm ||ul|yy (o7 = (||uHL2 0,70 —|—||u’HL2 0.7 H— (Q)))l/z

and the corresponding inner product, is a Hilbert space, whlch is continuously embed-
dedinC([0, T]; L*(Q)) and compactly embedded in L*(0, T; L*(Q)) = L*((0,T) x Q).
In particular, if u € W (0, T) then u(0) € L*(Q) and so u(0) is defined a.e. on Q. We
will also use the fact that for all u,v € W (0,T) and almost all ¢ € [0, T,

& utyeltyds = (1), o(0) + (u(t), v (1)) (1.4)

We refer, e.g., to [5, Chap. XVIII] (see also [6] for an English translation of [5]) for
more details on the function space W (0,T). If u € W (0, T') then w is identified with a
function @ defined on [0, 7] x Q by setting, forall t € [0, T], » € Q, i(t, z) = [u(t)](z).
The time derivative v’ can be identified with the partial derivative d;@. In the sequel,
we will skip the “tilde”, and d;u will denote the derivative u’ as well as the partial
derivative 0, 1.

A sequence (p,),en is called a sequence of molliﬁers in R” if, forall j € N, p; is
nonnegative, p; € C>°(R™;R), supp p; C B(O )and [g, pj(x)de = 1.

Let x € R™. Then z is said to be a Lebesgue pomt of f e LIOC(R”) if

. 1
Jim, meas(B(z,7)) /B(m) |f(z) = f(y)ldy =0

where B(z,r) = {y € R™; ||z — y|| < r}. We refer to [7] for the properties of a
Lebesgue point and only mention that if f is continuous at = then z is a Lebesgue
point of f. For f € Ll _(R"), almost every point is a Lebesgue point. Therefore, if
v € L'(O) (O is an open bounded subset of R™) then

lim (v(y) —v(2))p;(y — )dzdy = 0.
J7e Joxo

The following lemma is due to Mignot and Bamberger (see [9, p. 31]); a general-
ization can be found in [18].
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Lemma 1.1. Let 3 : R — R be a continuous and increasing function such that
lim sup 1B
Aooo Al

Then, for any function u € L*(0,T; L*(Q)) with Oyu € L*(0,T; H'(Q)) and 3(u) €
L*(0,T; H} (Q)), the following integration-by-parts formula holds in L'(0,T):

u(-,x)
(Oru, B(u)) = %/Q (/o ﬁ(r)dr) dx.

For the following well-known Gronwall lemma, we refer, e.g., to [5, p. 672].

Lemma 1.2 (Gronwall). Let T > 0, ¢ € L>=(0,T), ¢ > 0a.e. on (0,T), u € L'(0,7T),
> 0ae on (0,T). Suppose there exists k > 0 such that, for almost all s € (0,T),

<0

o) <wt [ nlott)ar

Then, for almost all s € (0,T),

¢(s) < rexp (/O u(t)dt> :

The following auxiliary result can be found in [16].

Proposition 1.3. Let w € H'(Q) and let g : R — R be a Lipschitz continuous function.
Then gow € H'(Q) and foralli=1,...,n

9z, 9(w) = ¢ (w)dy,w a.e. on Q.

We also make use of a variant of the well-known Schauder-Tikhonov fixed point
theorem that can be found in [9, p. 30].

Theorem 1.4. Let X be a reflexive and separable Banach space and K C X, K #
(0, be a closed, bounded and convex set. Let T : K — K be a “weakly-weakly”
sequentially continuous mapping, i.e., for any sequence (x,)neny C K that converges
weakly towards some © € X, the sequence (T (x,))nen converges weakly towards
T (z). Then T has at least one fixed point in K.

Finally, we employ the following result that goes back to Eymard, Gallouét and
Herbin, see [8].

Theorem 1.5. Let O be an open bounded set of R™ and (u;) jen a sequence of measur-
able essentially bounded functions on O. If there exists A > 0 such that

lujll Loy < A forall j €N

then there exist a subsequence (uy;)) jen and a function w € L*>((0,1) x O) such that
for any continuous and bounded function f : O x (—A, A) - R

1
im [ (e ugg (@)ede = / / Fa,w(oy2))edada ¥ € € L'(O).
O 0 (@)

j—o00
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Let sgn : R — R be given by

1 ifz <0,
sgn(z) = 0 ifz=0,
1 ifz>0,

and denote by sgn, (n > 0) its Lipschitz continuous approximation given by

ifx < —n,

-1
sgn, (z) = " I —n<z<n,
1 ifz>n.
Furthermore, for all z € R, n > 0, we set

sgn;(x) := max(sgn, (z),0) and sgn (z) := max(—sgn,(z),0).

2 The parabolic problem

In this part, we collect some tools that will be useful in the sequel in order to obtain
existence and uniqueness results for a class of nonlinear parabolic equations. One may
assume that we treat the special case Q;, = () so that , = Q. We consider the initial-
boundary value problem

du+V-(b(x)f(u) = Ad(u) inQ,
u = 0 on (0,7) x T, 2.1)

w(0,) = wy on Q.
The assumptions on the data are the same as in Section 1. In particular, uy €
L>(Q) with m < ug(z) < M for almost all = € Q. The vector field b € W= (Q)"
satisfies (1.2). The function f is Lipschitz continuous on [m, M| and ¢ is an increasing

continuously differentiable function on R that fulfills (1.3) with ¢(0) = 0.
First, we provide a definition of a weak solution to (2.1).

Definition 2.1. A function v € W(0,T) with
m < u(t,z) < M for almost all (¢,z) € Q (2.2)

is said to be a weak solution to (2.1) if for almost all ¢t € (0,7) and all v € H}(Q) the
equation

@eut). )+ [ (Vo(ult)) = ba) (1) - Vodz =0 2.3)
is fulfilled and if
u(0) = ug in L*(Q). (2.4)

Remark 2.2. As is mentioned in Section 1, we have identified in Definition 2.1 the
function v € W (0, T') with the function @ defined on Q = (0, T) x Q such that @(t, z) =
[u(t)](z) for almost all t € (0,T), x € Q.
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2.1 Ecxistence: the fixed point method

This part is devoted to the proof of the following theorem:
Theorem 2.3. There exists at least one weak solution to (2.1).

The main idea is to use the Schauder-Tikhonov fixed point theorem. To do so, we
need a result about linear parabolic problems due to J. L. Lions that can be found in [5,
Chap. XVIII, p. 629] and also in [19, Chap. IV, p. 397].

Theorem 2.4 (Lions). For any t € [0,T], let a(t;-,-) be a bilinear form on H}(Q) x
HY(Q) such that t — a(t;u,v) is measurable on [0,T] for all u,v € H}(Q). The
bilinear form is assumed to be uniformly bounded and strongly positive, i.e., there are
constants (3,7 > 0 such that for all u,v € H}(Q), t € [0,T],

la(tsu,v)| < Bllullllv] and a(t:u,u) > +lull*.

Then, for any ug € L*(Q) and g € L*(0,T; H='(Q)), there exists a unique solution
u € W(0,T) such that for almost all t € (0,T) and all v € H}(Q)

(' (t),v) + alt; u(t),v) = (9(t),v)

and u(0) = g in L*(Q).
Furthermore there exists a constant C' > 0 depending on (3 and ~y such that

lullw o,y < Cllluoll 2@y + 9l L20,m0-1(0)))- (2.5)

Proof of Theorem 2.3. The proof can be divided into three steps. In a first step, we
introduce a modified problem with bounded coefficients (see (2.6)) that is equivalent
to (2.2)—(2.4). In a second step, we consider a linearized problem related to (2.6). With
the help of Theorem 2.4, we prove that this linear problem has a unique solution. This
allows us to define a mapping 7 on W (0, T') whose possible fixed points are solutions
to (2.6). Finally, in the third step, we show that Theorem 1.4 can be applied to the
mapping 7 .

Step 1: Truncation process. We introduce the following auxiliary problem: Find u
in W(0, T) such that a.e. on (0, 7)) and for any v € H}(Q),

(Ocu(t), v) + /Q(¢’(u*(t))VU(t) —b(x) f(u"(t))) - Vodz = 0, 26

u(0) = ug in L*(Q),
where, for almost all (¢, z) € Q,

m if u(t,z) < m,
u(t,x) = ¢ u(t,r) ifm<u(t,z) <M,
M ifu(t,z) > M.
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Let us prove that (2.2)-(2.4) and (2.6) are equivalent. It is clear that if  satisfies
(2.2)—(2.4) then « fulfills (2.6).

Conversely, suppose that « is a solution to (2.6). Let us show that u satisfies (2.2).
We consider in (2.6) the test function v, = sgn;(u — M) (thanks to Proposition 1.3,
v, € W(0,T)) and we integrate over (0, s) for any s of (0, 7. This yields

/ (Oru, vy dt+/ / )WVu —b(z)f(u")) - Vuydz = 0. (2.7)

For the evolution term, we use Lemma 1.1 and the fact that ug < M a.e. on Q to obtain

/05<atu,u,,>dt_/os<at(u—M),v,,>dt_/9 </Ou(s’x)_M sgn;(r)dr> d.

To treat the convection term, we refer to the definition of sgn;,* and u*. We find

/ / b(z) f(u*)Vu,dedt = / / b(z) f(u*)Vu,dxdt
{zeQ;0<u(t,z)—M<n}

/ / an dxdt.

By the Gauss—Green formula and (1.2), we have

/ / M)Vv,dxdt = / / f(M z)v,dadt = 0.

We use Proposition 1.3 and the definition of sgnj] for the diffusion term to deduce

/ / ¢ (u*)Vu - Vu,dzdt = 1 / / ¢ (u*)Vu - Vudzdt > 0.
0 Jo nJo J{ze®;0<u(t,z)—M<n}

Then, from (2.7), for all s € (0,7],n > 0,

u(s,x)—M
/ / sgn, (r)dr | dz < 0.
Q 0

Thus, for all s € (0, T1], we find

u(s,x)—M
lim / sgn, (r)dr | dv = /(u(s, x) — M) dx <0,
=07 Ja \Jo Q

where (u(s,xz) — M)" = sgn™ (u(s,z) — M)((u(s,z) — M)) for almost all z € Q. It
follows that v < M a.e. on Q.

To prove that u > m a.e. on @, the reasoning is similar: We just consider the
test function sgn,’ (u — m) in (2.6). Then u satisfies (2.2), (2.4) and, consequently,
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(2.3) (since u* = u a.e. on Q). Thus, the existence result for (2.1) is equivalent to an
existence result to (2.6).

Step 2: Study of a linear problem. For any given w € W(0,T), we consider now
the linear problem: Find U,, € W (0, T) such that, a.e. on (0,7") and for all v € H}(Q)

(0, 0) + /Q (¢'(w*)VUy = f(w)b(@)) - Vodz =0, 2.8)

U (0) = ug in L2(Q).

In order to prove the existence of a unique solution U,, € W (0, T) to problem (2.8),
we set for all ¢ € [0, 7] and all u,v € H}(Q)

a(tsu,0) = /Q & (w* (¢, 2))Vu(z) - Vo(z)de

and

(9(t),v) := /Qf(w*(t,x))b(x) - Vo(z)da.

We have g € L?(0,T; H~'(Q)) (by the Cauchy—Schwarz inequality) and, for almost
allt € (0,7),

la(t;u, v)] < (16 (w)lloo lulllloll < 16 oo pm,anlullllv]] and a(t;u,u) > aflul®,

where ||¢/Hoo,[m,M] 1= MaXrgm, M| |¢" ()]
Hence, Theorem 2.4 ensures that there exists a unique solution U,, € W (0,T) to
(2.8). Moreover, it also follows from Theorem 2.4 that there exists C' > 0 such that

U ||W(0,T) <C. 2.9)

Since, for any w € W (0, T'), the problem (2.8) has a unique solution U,, € W (0,T'),
we may define the operator

T:W(0,T) - W(0,T), w— Uy.

The aim is now to prove that 7 admits at least one fixed point. Indeed, if there
exists u € W(0,T') such that 7 (u) = u then u will be a weak solution to (2.6).
Step 3: Use of the Schauder—Tikhonov theorem. We set

K = {v € W(0,7); (0) = up and [[owo,r) < C},

where C is the a priori bound given by (2.9). It is clear that K is non-empty, bounded,
convex and closed. By (2.9), we also have 7(K) C K. Therefore, in order to apply
the Schauder-Tikhonov fixed point theorem (Theorem 1.4), it remains to prove that
7 is “weakly-weakly” sequentially continuous. Let (wy,),eny C K be a sequence that
converges weakly towards w € K. We have to prove that (7 (w,))nen converges
weakly towards 7 (w).
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By definition of 7, the function U,,, = 7 (w,,) satisfies, a.e. in (0,7") and for all
v € HH(Q),

(O, 0) + /Q (¢! (W) VT, — F(w)b(x)) - Vodz =0,
Un, (0) = g in L*(Q).

(2.10)

In order to take the limit with respect to n in (2.10), we need to specify some
convergence results for the sequences (wy)nen and (Uy, )nen. Since W(0,T) <

L2(0,T; L*(Q)) = L?(Q), there exists a subsequence, still denoted by (wn)nen, that
converges strongly in L?(Q) to w.
From (2.9), we have ||U,,, HW(O}T) < C. Hence, there exists a subsequence, still

denoted by (Uy, )nen, such that U,,, — U in W(0,7T), i.e.,
Uy, — 0:U in L*(0,T; H~'(Q)) and U, — U in L*(0,T; H}(Q)).  (2.11)
Since W (0,T) < L2(Q), the strong convergence
Uy, — Uin L*(Q)
follows. Moreover, since W (0,T) — C([0,T], L*(Q)), we have
Uw, (0) = U(0) in L*(Q).

As Uy, (0) = uy for all n € N, we deduce that U(0) = ug in L?(Q).
Now it is possible to take the limit with respect to n in (2.10). Since f is Lipschitz
continuous on [m, M], b is bounded and w,, — w in L?(Q), we also have

bf(wy,) — bf (w*) in L*(Q)".

Since m < w} < M and ¢’ is continuous, the subsequence can be chosen such
that ¢ (w?)VU,, — ¢'(w*)VU in L?(Q)". Taking the limit in (2.10) now shows that
U € W(0,T) fulfills a.e. in (0,7) and for all v € H} ()

(0,U, v)dt + /Q(gb'(w*)VU —b(z)f(w*))Vudz =0

as well as U(0) = ug. Hence, U = T (w).

Up to now, we have shown that there exists a subsequence of (7 (wy,))ren that con-
verges towards 7 (w). To see that the whole sequence (7 (w;,))nen converges towards
7 (w), we remark that the limit of any convergent subsequence (7 (wy,))nen satisfies
(2.8). Since (2.8) has a unique solution, we deduce by contradiction that the whole
sequence converges towards 7 (w).

Thus the assumptions of the Schauder—Tikhonov theorem are satisfied, and we may
conclude that there exists v € W (0,T") such that w = 7 (u). Eventually, this fixed
point u is a weak solution to (2.6) and thus to (2.1). ]
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2.2 Uniqueness: the Holmgren-type duality method

We are now interested in the uniqueness of solutions to (2.1), which shall be proved
by contradiction. Let u and % be two weak solutions to (2.1). The idea is to use the
H~'(Q)-norm in order to estimate (u — @). Since (—A) : H}(Q) — H~'(Q) is an
isomorphism, the H~!(Q)-norm of u — 4 is equivalent to ||(—A) ™! (u — 4)]|.

For any t € 0,77, let z(t) I(Q) be the weak solution to

(t) € Hy(Q)
—Az(t) = wu(t) inQ,
2(t) = 0 on 9Q,

and analogously 2(¢) € H& (Q) be the weak solution of the foregoing Poisson problem
with right-hand side 4(t), i.e., for all v € H}(Q),

/Vz(t)~Vudx:/Qu(t)vdx (resp. /QV,%(t)-Vudx:/ﬁ(t)vdx). (2.12)

Q

Remember that u, @ € C([0, ] L*(Q)).
Since dyu € L2(0 T; H-'(Q)), we are able to define 9;z(t) (resp. 9;2(t)) for al-
most all ¢ € (0,7) as elements of H}(Q) characterized by

/ V(9,2(t)) - Vodz = (B, v)  (resp. / V(0,5(1)) - Vodz = (B, v)  (2.13)
Q Q

for all v € H}(Q). Indeed, the isomorphism (—A)~! : H=1(Q) — H}(Q) can be ex-
tended to a linear and continuous mapping of L?(0,T; H~'(Q)) onto L*(0,T; H} (Q)).

We subtract the equations (2.3) for the solutions « and @ and take v = (z — 2)(¢).
We then integrate from 0 to s, s € (0,77, and obtain

/ (O (u—01) dt+/ / (@)= (F(w)— £ (8))b(x))-V (:—2)dadt = 0.
’ (2.14)
From (2.13), it follows with an integration by parts that

/Os@(u — ),z — 2)dt = /Os/gv(at(z _8)) - V(2 — 2)dadt
=1 [IVG - 9P -} [ 962

With (2.12) for ¢t = 0 and since u(0) = 4(0) = g, we find

/ V(2 0)dx = /Q(u(O) —4(0))*dz = 0.

We choose v = ¢(u(t)) — ¢(a(t)) in (2.12) written for z(¢) and 2(t), integrate over
(0, s) (with Qs = (0, s) x Q) and get, using (1.3),

/08 /Q V(6(u) — 6(2)) - V(2 — 2)dudt = /O /Q(u — 8)(6(u) — o(2))dadt

P
> allu— uHLZ(QS)'
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Then, from (2.14), we deduce that

3 |96 PO +alu= il < [ [ )7 - f(@) (e - ot

(2.15)
As b is bounded and f is Lipschitz continuous on [m, M], we see that
— f(a))-V(z — 2)dx
< Hb||L°° o Mpllu =l 2. |12 = 2ll 220,501 ()
o R A
< Sl =il +Oa||V<z—z)Hiz<Qs)n, (2.16)

where C,, > 0 depends on «, b and f.
Finally, from (2.15) and (2.16), we deduce

3 [ IVG = P} < Cal T = 2) g

The conclusion follows by using Gronwall’s lemma (see Lemma 1.2).

3 The hyperbolic problem

In this section, we consider the special case Q, = ) so that Q@ = ;. The problem
we aim to solve can be formally written as follows: Find a measurable and essentially
bounded function u such that in the sense of distributions

Ou+V-(b(x)f(u)) = 0 inQ,
U(O, ) = U on 97 (31)
v = 0 (onapartof)I.

To begin with, we introduce some notations and definitions: The outward unit
normal vector of Q defined a.e. on I" is denoted by v. An element of X is denoted
by o, while & is an element of I" so that o = (¢,5). For all a,b € R, we set
F(a,b) = (f(a)— f(b))sgn(a —b). The function F is Lipschitz continuous on [m, M]?
and usually called the “Kruzhkov flux”.

For all 7, k € R, we define

—

Fo(r, k) = = (F(1,0) — F(k,0) + F(7,k)).

2

Definition 3.1 (regular entropy pair). Let n € C!(R) be a convex function and ¢ €
C'(R). Then (7, q) is called a regular entropy pair to problem (3.1) if, for all » € R,

q'(r) = f'(r)n'(r).
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Remark 3.2. In [15, Def. 3.22], (7, ¢) is called an entropy-entropy flux pair.
Following [17], we also give

Definition 3.3 (boundary entropy-entropy flux pair). The pair (H, J) with H € C?(R?),
J € C?(R?) is said to be a boundary entropy-entropy flux pair if (H(-,w), J(-,w)) is a
regular entropy pair and

Hw,w)=0, J(w,w)=0, 0 Hw,w)=0
for all w € R, where 0; denotes the partial derivative with respect to the first argument.
In the sequel, we will use the particular boundary entropy-entropy flux pair below.
Example 3.4. Let 6 > 0. We define on R? the functions H; and Js by
Hj(r, k) = ((dist(r, I]0, k]))*> + 6*)'/2 =5
and

Js(ri k) = /k "0V H, (0 k) F (V).

Here I]0, k] denotes the closed interval with the endpoints 0 and k. Then, for any 4,
(Hs, Js) is a boundary entropy-entropy flux pair. Moreover, the pair converges uni-
formly towards (dist(7, I[0, k]), Fo) as &6 — O*. This example of boundary entropy-
entropy flux pair will be used to obtain the boundary condition given for (3.1).

3.1 The notion of entropy solution

It is well known (see for example [10]) that a weak solution to (3.1) may not be unique.
So we need an additional condition to select one solution among all the weak solu-
tions, which has to be the physically relevant solution. To this end we introduce the
notion of entropy solution. Another difficulty is to formulate a boundary condition for
(3.1). Indeed, it is not possible to define a trace, in a strong sense, for a L>°-function.
This difficulty has been overcome by F. Otto (see [17]) using the so-called boundary
entropy-entropy flux pair defined above.

Definition 3.5. A function v € L°°(Q) is said to be an entropy solution to (3.1) if

(i) for all nonnegative p € C°(Q) and all k € R
| = Moo+ sgn(u— D)) = 1)ble) - Vot =0, 32)

(ii)

t—0*

esslim / lu(t, z) — uop(z)|dz = 0, (3.3)
Q
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(iii) for all nonnegative p € L!(X) and all k € R

ess lil’(I)l Fo(u(o + sv), k)b(a) - vodo > 0. (3.4)
s—0— Y

Remark 3.6. The entropy inequality (3.2) implies that an entropy solution w is a solu-
tion in the sense of distributions.

3.2 Uniqueness: the method of doubling variables

This part is inspired from the book of J. Malek et al. [15, Chap. 2] and from the article
of F. Otto [17]. We present the method of doubling variables, due to S. N. Kruzhkov
[13]. More precisely, we prove the following theorem.

Theorem 3.7. Let w; and uy be two entropy solutions to (3.1) for initial data uo,, and
w2, respectively. Then, for almost all t € (0,T),

/Q lui (t, z) — ua(t, x)|dz < /Q lug,1 (z) — up 2(z)|dz.

We need first some preliminary results. We refer to [15, Chap. 2, Lemma 7.12
and 7.34] and [17] for the quite technical proofs of these results.

Lemma 3.8. Let v € L°°(Q) satisfying (3.2) and (3.3). Then, for all nonnegative
© €CF(R xR") and all k € R,

essslirgl_ . F(u(o + sv),k)b() - vdo exists. (3.5)
Moreover,
_ /Q ([ — K|Ove + b(x) F(u, k) - Vo) dadt
/ w0 = klp(O.2)dr —esslim | Plu(o+s).)b(@) - vodo.  (6)

ForjeN, (t,7,1,7) € QxQ, we set
~ t+t T+ T
¢g(t7$at7x)—@( 2 2 )pjt_ﬂHpj _xz

where (p;);en is a standard sequence of mollifiers on R and ¢ € C2°(Q), ¢ > 0.
To simplify the notation, we set p = (¢, ), p = ({, %),

Hpj i — i) and pj(p — p) = pj(t — D)pj(z — 7),
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so that

~ p+p N
Vi(p,p) = ¢ <2> pi(p—p).
Let us remark that, for almost all 0 € X,

1
0< [ o -pap<tand tim [ pilo~pap—.
Q Q

J—0o0 2
In this framework, the next statement holds.

Lemma 3.9. Suppose u € L>(Q) fulfills (3.6). Then there holds for all ¢ € C(Q)

J—0

lim /Q /Z Fu(p), 0)b(F); (p, 5)dedp
1

= 5ess li%l F(u(o + sv),0)b(7) - vo(o)do,
s—U™ »

as well as

lim [ ess lir(r)l F(u(o + sv),0)b() - vip;(o, p)dodp
J—0o0 Q s—07 Jy

- %ess tim [ F(u(o + 50),00b() - vip(o)do.
s—U— Z

We turn now to the proof of Theorem 3.7. First, we prove the following lemma
that gives a so-called Kruzhkov inequality for the difference of two entropy solutions
to (3.1).

Lemma 3.10. Let uy and uy be two entropy solutions to (3.1). Then there holds
/ (lur — ualOpp + F(ur,uz)b(x) - V)dzdt > 0 3.7
Q

for all nonnegative o € C(R x R™) with »(0,-) = 0.
Proof. First, we deduce from (3.5) that there exists §; € L>(X) (i = 1, 2) such that for
any p € L'(X)

esstim | F(u(o +5v).0)b(0) - vie(o)do = /Z 0:(0) () do.

From the definition of Fy, the boundary condition (3.4) and inequality (3.6), we find
— / (Ju; — k|Osp + b(x) F(us, k) - Vip)dzdt
Q

<- / F(k,0)b(7) - vodo +esslim | Flui(o + sv),0)b(@) - vpdo  (3.8)
x

s—0~ Jy
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for all nonnegative ¢ € C°(R x R™) with p(0,-) =0 and all & € R.
Now we use the method of doubling variables that can be divided into three steps:
Step 1. For p = (I, %) fixed, we choose k = u(p), ¢ = (-, p) in (3.8) written for
u1(p). We then integrate with respect to j over Q. It follows (recall that p = (¢, z))

3 o) - wion (p;p) p3(p — )dpd

“ 3 [, [ vara ) (252 sto - iy
= [ [ ) = a0 = i (25T ) o

/Q/Qb(x)F(Ul( (7)) - Vaps(p — p¢(P; )dpdp

< /Q / 01(0) (0, ) dordf — /Q / F(u(5), 0)b(7) - v (0, ) dordp

Step 2. In the same way, for p fixed, we choose k = ui(p), ¢ = 1,(p,-) in (3.8)
written for uy(p). Now we integrate with respect to p over @ which yields (using
Fubini’s theorem and the fact that —9;p,(p — p) = Op;(p — D), —Vapj(p — D) =

=5 | [ 1) =@ (52 oo Dy
// ), ui(p)) - Ve <M) pi(p — p)dpdp
L |u2<ﬁ>—u1<p>|atpj<p—za>so(p§ﬁ) dpd
o [ ot ) oo e () doi
< [ [o:00wste250— [ [P0, 000(3) - w0 (p, 51

We sum up the two previous inequalities and remark that the terms involving d;p; (p—p)
vanish. Therefore, we find

—/Q/Qul(p)—uz(ﬁ)atw (W) pi(p =)

_;/Q/C?F(Ul(p)auz(ﬁ))(b(z)—i—b(i)) Ve <p; )pj(p_ﬁ)dpdﬁ
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- [ [ P ) - o@)e (S5 - Vasso - pipa
QJQ

< / / 01(0)3 (0 p)dod + / / 02 (50 (p, 5)d6dp
/ / (u2(5), 0)b(@) - v (07, ) dordf — / / (11 (p), 0)b(F) ;3 (p, 5)derdp.

3.9
Step 3. We take the limit with respect to j. By Lemma 3.9, we have

lim / / Flur(p), 0)b(E); (p, 5)dodp

J—00

= 2/201(0)@(0)d0:jlirgo/Q/zel(U)wj(@ﬁ)dgdﬁ

jim [ [ F22).00)0s 0, 7)dods

= 7-/02(0)4,0(0)daz lim / /92 &)y (p,&)dadp.
2 ¥ j—o0

Consequently, the right-hand side of (3.9) goes to zero as j tends to co.
We study now the first line of (3.9). To this end, we set

L//hn ) —u2(p)|ps(p — M@¢< )@f
I:= /Q jur(p) — w2 (p)|Brsp () dp

Let us show that lim I; = I. By definition of p;, we have
j—o0

and

/ s (p) — wa(p)|Brsplp)dp = / / 1 (p) — w2 (p)|0up(0)p; (p — )lpdp
Q QJQ

if j is sufficiently large. Therefore, we obtain

L=11= [ [ (000) = 020 = ) = o0~ o (257 ) oy
//Im —ua(p <3t90< erﬁ>3t¢(10)>ﬂj(?ﬁ)dpdﬁ,
and thus

L—11< [0 /Q /Q lia(p) — w2 (5) 9 (0 — P)dpdp
L
+ ||ug _U2||oo// Orp <p2 p) — Aro(p)
QJQ

pj(p — p)dpdp.
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The first term on the right-hand side of the foregoing inequality tends to zero in view of
the property of Lebesgue points. The second one goes to zero since J; ¢ is continuous
on Q. Therefore, we may conclude that lim;_, . I; = I.

In a similar way, we prove that

. 1
Jim 5

~ ~ +p - -
[ #0107 00) 4530 - Vo (5 ) = o
— [ Flurun)be) - Velp)ap.
Q
We continue with the study of the term

L= [ [ Pne) 10 b <) (57 - ans o= o

that can be decomposed as L; = Ly ; + L, ; with

]

L= /Q /Q (F (1 (p), u2(5)) — F(u(5), ua())) (b(z) — b(Z))-

Vepi(p — D) (;;;;3) dpdp,
L= [ [P0 e@) b - b0 Taro - o (25T ) do.

Thanks to an integration by parts and (1.2), we have

Loy = - /Q /Q Fu1(5), (7)) (bl(z) — b(#))p3 (0 — ) Vo (“) dpd

=)

+ o
=

a

+ [ [ F@.m@)00) bt e (52 i

[\

As b is continuous on Q, we also find lim; _, o L ; = 0.
Moreover, using the Lipschitz continuity of f and b, we may estimate

- N - p+p -
[L15] < /Q/QMbelm (p) — ur(P)l|z — Z||Vap;(z — &) |p;(t — ) <2) dpdp.
In view of the definition of p;, there exists a constant C'; > 0 such that for all (¢, z) € @,
Vepj(a —&)lp;(t —1T) < Crj"*
Therefore, there exists a constant C, > 0 such that

Ly,| < Cojn ™! / i1 (p) — w1 (B) | dpds.
{(p.0)e@% |p—p|<t}
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Using the property of Lebesgue points, we find

lim ;™! / |u1(p) — ui (p)|dpdp = 0.
{(p.p)€Q? [p—

Jeo pI<E}

Thus, lim;_,, L; ; = 0 and lim;_,, L; = 0. Finally, gathering all the limits in (3.9)
proves the assertion. O

Proof of Theorem 3.7. We choose in (3.7) the test function (¢, x) = a(t)5(x), where
B € CE(R™),3=1onQand o € C(R), a > 0 with «(0) = 0. This choice yields

/ luy (t, ) — ua(t, )|/ (t)dxdt > 0.
Q

Then, for almost all ¢ € (0,7"), consider a sequence of test functions (c)e>0 approxi-
mating the characteristic function x|y . We may suppose that o, = 0 on [e,t — €] and

that || < 2. From (3.3), we now obtain

0 < lim / |uy — up| ol (t)dadt
Q

e—07F

= — /Q lu (¢, z) — ua(t, x)|dz —l—/ luo.1(x) — ug2(x)|dx.

Q

This completes the proof. O

3.3 Existence: the vanishing viscosity method

In this section, we prove the existence of an entropy solution to (3.1) via the vanishing
viscosity method. Let i be a positive real number. We introduce the following viscous
problem.

Find a measurable and essentially bounded function u,, such that in the sense of
distributions

Opup + V- (b(x) f(un)) = V- (uVu,) inQ,
u,(0,-) = w on Q, (3.10)
u, = 0 onX.

The aim of the vanishing viscosity method is to study the limit of the sequence
(uu) >0 as p goes to 0 and to show that this is an entropy solution to problem (3.1).
Therefore, we need to collect some a priori estimates on the sequence (u,),>o and
apply compactness arguments in order to take the limit over p. Generally, one looks
for W!_estimates in order to be able to use a compactness argument. We refer to
[4, 9, 10] for more details. Here, with the final aim to solve the coupled problem
(1.1), we will present a method that only requires an L>°-estimate on (u,,),,~0. To this
purpose, we use the concept of entropy process solution.
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Definition 3.11. A function 7 € L>°((0, 1) x Q) is said to be an entropy process solu-
tion to (3.1) if

(i) for all nonnegative » € C2°(Q) and all k € R

/0 /Q(n — k|ovp + san(r — k) (f(7) = F(k)b(x) - Vep)dadtda > 0, (3.11)

(i1)
1
esslim / / |7 (a, t, ) — up(x)|dzda = 0, (3.12)
t—0t 0 Q
(iii) for all nonnegative ¢ € L'(X) and all k € R
1
ess lir(r)l / /]—'o(w(a, o+ sv),k)b(@) - vpdoda > 0. (3.13)
s=0"Jo Jx

By using the same method as in the previous section, we can prove that the entropy
process solution to (3.1) is unique.

Theorem 3.12. Assume there exists an entropy process solution m € L>((0,1) x Q) to
(3.1). Then = is unique and there exists u € L>(Q) such that u(-) = n(a,-) a.e. on Q
and for almost all o € (0,1). In particular, u is an entropy solution to (3.1).

Proof. We start with the uniqueness. Let 7 («, -, -) and m (5, -, -) be two entropy pro-
cess solutions to (3.1) for the same initial data uy. We use the same reasoning as in the
proof of Theorem 3.7 to see that for almost all ¢ € (0,7")

1 1
/o /0 /Q |1 (v, t, ) — m (B, t, x)|dzdadl < 0.

This estimate implies that there exists v € L°°(Q) such that a.e. on Q
u(+) = m(a,-) = m(8, ) for almost all o, B in (0, 1).
The conclusion follows. m]

Our purpose is now to show that there exists an entropy process solution to (3.1).
The existence of an entropy solution to (3.1) will follow from Theorem 3.12. To do
so, we need some lemmas that we will use to obtain (3.12)—(3.13) (see [15, Chap. 2,
Lemma 7.34 and 7.41] for the proofs in the framework of entropy solutions).

Lemma 3.13. Suppose that m € L>((0,1) x Q) satisfies, for all nonnegative ¢ €
C([0,T) x Q) and all k € R,

1
—/ / (|Ir — k|Orp + b(x)F (7, k) - V)dadtda < / lup — k|p(0, z)da.
0o JQ Q
Then

t—0F

1
esslim / / |7, t, z) — up(z)|deda = 0.
0 Jo
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Lemma 3.14. Assume that m € L*((0,1) x Q) fulfills, for all nonnegative ¢ €
C([0,T) x Q) and all k € R,

1
- / / (Hs (7, k)rp + b(a) s (m, k) - Vip)dadtda < 0,
0 JQ
where Hs and Js are defined in Example 3.4. Then, for any nonnegative 3 € L'(X)

1
ess tim / / Js(m(c, 0 + sv), k)Bb(7) - vdoda > 0.
0 b

s—0~

We come back to the viscous problem (3.10). We use the results gathered in Sec-
tion 2 to prove

Lemma 3.15. There exists a unique weak solution u,, € W(0,T) to (3.10), i.e.,
m < uy,(t,x) < M for almost all (t,x) € Q, (3.14)

foralmost all t € (0,T) and all v € HJ () there holds

(Opuy, v) + /Q(:“V“u —b(z)f(uy,)) - Vodr =0, (3.15)

and the initial condition
u,,(0) = ug in L*(Q)

is fulfilled.

Proof. Setting ¢(u,,) = pu,, we notice that ¢ satisfies (1.3). Therefore, the assump-
tions of Theorem 2.3 are satisfied and the conclusion follows. O

We also prove the following lemma that will be used to take the limit as ;4 — 0.

Lemma 3.16. There exists a positive constant C' independent of u such that
M/ \Vu,|*dzdt < C. (3.16)
Q

Proof. We take v = u,, in (3.15) and integrate over (0,7"). An integration by parts in
the evolution term gives

T
1 1
| Ot = (D) - 5 lolka

We set g(u,) = [,

o f(s)ds to write the convection term as

/OT /Q Flu,)b(x) - Vu,dedt = /OT /Q Vg(u,) - b(z)dxdt.
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Now we use Green’s formula. From (1.2), we obtain

/ /Vg uy,) - b(z)dzdt = 0.

1
| ulVuPdade < 3ol 0
Q

It follows the estimate

In view of (3.14), the sequence (u,),>o is bounded in L>°(Q). So we can apply
Theorem 1.5 to deduce the existence of a subsequence, still denoted by (u,,),~0, and a
function 7 € L>=((0,1) x Q) such that

1
lim @(t,x,uﬂ)édxdt:/ /cp(t,x,w)fdmdtda (3.17)
n=0Jq 0 JQ

for any continuous function ¢ on @ x [m, M| and any ¢ € L'(Q).

Now we choose in (3.15) the test function v = sgn, (u, — k)@1p2, where 1 €
C([0,T)), v2 € CZ(Q), p1,02 > 0, k € R, and integrate over (0,7'). We use a
generalization of Lemma 1.1 (see [18]) in order to handle the evolution term,

T
A (Oruy, sgn, (w, — k)pr1pa)dt = —/C?I,,(uu)gozatgplda:dt - /QL,(uo)gozgol(O)dx,

Up

where I,)(u,) = / sgn,, (7 — k)dr.
For the diffusion term, we find

/ uNVuy, - V(sgn, (v, — k)p1padadt
Q

= /QM|Vuu|zsgn%(uu_k)ap1<p2d1:dt + /Q 1NVuy, - Vorprsgn, (v, — k)drdt.

Note that the first term on the right-hand side is nonnegative owing to the definition of
the function sgn, .
Using Green’s formula in the convection term, we get (due to (1.2))

/ b(x)f (u, Vuusgn (uy — k)p1prdadt

:/ b(x)VFn(uH)gplgozdxdt:—/ b(z)Fy(u,) Vrprdadt,
Q Q

where

Foy () = / " ()sen, (v — k)dr.
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Therefore, we obtain for > 0,7 > 0

| htw)ediprdadt + [ 1 u)enor (0)da
Q
+ / b(z)F,)(u,)Verprdedt — / uVuy, - Vgozgolsgnn(u# — k)dzdt > 0. (3.18)
Q Q

Now, we take first the limit with respect to 4 in (3.18). From (3.17), we have

lim I, (uy) p20pprdedt = / / ) p20sprdadtda,

pu—0*t

and

lim () w(u)Vorprdedt = // ™)V paprdadido.

p—0*

Moreover, the Cauchy—Schwarz inequality and Lemma 3.16 provide

lim [ uVu, - Verpisgn, (v, — k)dzdt = 0.

r=0% Jgo
In order to take the limit with respect to 1, we remark that

nli_)r& I, (m) = |7 — k| and WILI{JL F,(m) = sgn(m — k)(f(m) — f(k)).

Since C°(0,T) ® C°(Q) is dense in C°(Q), we may therefore deduce that 7 satisfies
(3.11). From (3.18), we also deduce that

1
—/ / {Im — k|lp20sp1 + b(z)F (7, k) - Vo1 tdadzdt < / lug — k|p201(0)dz.
0o Jg Q

Then Lemma 3.13 ensures that 7 fulfills (3.12).
To show that 7 satisfies (3.13), we use the family of boundary entropy-entropy flux
pairs introduced in Example 3.4. We choose in (3.15) the test function

vy = O1Hs(uy, k)pipa, 6 >0,
where ¢ € CSO(O, T), P2 € Coo(ﬁ), p1,2 > 0.

Note that 9 Hs(u,,, k)14 is an element of L*(0,T; H} (Q)). For the convection
term, we have

/ b()f () - V(O Hy (1, k) pr02)dardt = / Js (. k)b(z) - V(0102)drdlt.
Q Q

Lemma 1.1 is used to transform the evolution term.
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As the function 7 — Hs(7, ) is convex, we get for the diffusion term
,u/ Vo, - V(01 Hs(uy, k)pre2) < u/ Vu,01Hs(uy, k)Vorpidedt.
Q Q
Therefore, we obtain

- / (Hs (10, K)p20s01 + Js (1, 1)) - V (010t
Q

< M/QVuﬂang(u#,k)chzgold:cdt.

Now, we take the limit 1z — 0. On the right-hand side of the foregoing inequality, we
use Lemma 3.16 while on the left-hand side, we use Theorem 1.5. This yields

1
_/ / (Hs(m, k)p20p1 + Js(m,k)b(z) - V(p192)dzdtda < 0.
0 JQ

Then Lemma 3.14 ensures that, for any nonnegative 3 € L'(X),

1
ess li%l / /J5(7r(a,a + sv),k)Bb(7) - vdoda > 0.
s—0" Jo Jx
Finally, we observe that the sequence (Js)s~o uniformly converges towards Fy as &
goes to 0. Thus, 7 fulfills (3.13).
We conclude that there exists a unique entropy process solution to (3.1). By Theo-
rem 3.12, it follows that there exists a unique entropy solution v € L>=(Q) to (3.1).

4 The coupled problem

In this part, we prove an existence and uniqueness result for (1.1). To this end, we
need that the function f is nondecreasing. This implies F'(a,b) = |f(a) — f(b)| for
a,b € R. We also have Fo(a,b) = 5(|f(a) — f(0)] = [£(0) = f(0)] + |f(a) — f(b)]) s0
that Fy(a,b) > 0.
Moreover, we suppose that b - v, is nonnegative along the interface I';,. More
precisely, let
Iy, C{Tel}; b(@) v, >0} 4.1)

Remark 4.1. The aforementioned additional assumptions on f and b ensure that the
interface is included in the set of outwards characteristics for the first-order differential
operator posed in the hyperbolic domain. This is a key point that will allow us to prove
uniqueness by considering first the behaviour of a solution on the hyperbolic area and
then on the parabolic one.

As meas(I', \ ') # 0, the function space

V={ve H(Q,); v=0ae onT,\I},}
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is a Hilbert space when equipped with the standard H}-inner product. The norm in V/
is, therefore, still || - |. We denote by (-, -)vxv the duality pairing between V and V".

We provide a definition of a weak entropy solution to (1.1) by observing that the
equation set in () can be viewed as a quasilinear parabolic equation that strongly degen-
erates on a fixed subdomain. We propose a weak formulation relying on a global en-
tropy inequality on the whole space-time cylinder @), inspired by the one given in [1, 3].

Definition 4.2. A function v : () — R is said to be a weak entropy solution to (1.1) if
() u € L>®(Q), ¢(u) € L*(0,T; V),
(ii) for all nonnegative ¢ € C°(Q) and all k € R

/Q(Iu — k|0 + (b(2) F(u, k) = xo, VIo(u) — ¢(k)]) - Vp)dedt > 0, (4.2)

(iii)
esstlilzl)l / lu(t, z) — up(z)|dz = 0, 4.3)
(iv) for all nonnegative ¢ € L'(X), \ £p,) and all k € R

ess lim Folu(e + 1vp), k)b(7) - vpdo > 0. 4.4
s—0— 20 \Ehp

Remark 4.3. (i) One can choose in (4.2) successively k& > ||ul|o and k& < —|||0, and
compare the two resulting inequalities. We remark that all k-dependent terms vanish.
Therefore, we find

/Q (ubrp + b() [ (1) — X, V(u)) - Vgt = 0 “5)

forall ¢ € H}(Q).
(ii) From (4.2), we deduce that for all nonnegative ¢ € C>°((0,7") x Qp,)

/Q (Ju— K|y + |f(u) — F(E)|b(x) - Vip)dudt > 0. 4.6)

4.1 Uniqueness

The inequalities (4.2) and (4.4) are the starting point to establish the Lipschitz contin-
uous dependence, measured in L' (), of the weak entropy solution to (1.1) on the
corresponding initial data.

Lemma 4.4. Let u € L>(Q) satisfy (4.2) and (4.4). We then have for all nonnegative
o€ L' (X)) and allk € R

ess liI(I)l Fo(u(o + 1vp),k)b(T) - vpdo > 0. 4.7)
sV JL,
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Proof. Let p € L'(Z,) with ¢ > 0. Since u satisfies (4.6), we can apply Lemma 3.8
to conclude that

ess lim |f(u(o + svp)) — f(k)|b(T) - vhedo  exists. (4.8)

s—0— h

This in turn implies that

ess lim Fo(u(o + svp,), k)b(a) - vipedo  exists.

s—07 Jy,

Moreover, for any s < 0, we have

Fo(u(o + svp,), k)b(T) - vpedo
Zh

= / Folu(o + svp), k)b(T) - vhedo + Fo(u(o + svp,), k)b(T) - vhedo.
Zh,\zhp Zhr’

Since Fo(-, -) is nonnegative, we have, according to (4.1),

Fo(u(o + svp, k)b() - vhedo > 0.
):hp

We use (4.4) to conclude that (4.7) is fulfilled. m]
We are now able to state uniqueness on the hyperbolic zone.

Theorem 4.5. Let u; and u, be two weak entropy solutions to (1.1) for initial data uy
and g, respectively. Then, for almost all t € (0,T),

/Q lug (¢, ) — ua(t, z)|dx < /Q luo.1(x) — ug2(x)|dx.

Proof. Since (4.6) and (4.7) hold, one can apply Theorem 3.7. m]

We focus now on the parabolic zone. On @), we characterize a solution to (1.1)
through a variational equality including the contributions from the hyperbolic part that
enter the parabolic zone.

Proposition 4.6. Let u be a weak entropy solution to (1.1). Then
dwu € L*(0,T; V).
Furthermore, there holds for all o € L*(0,T;V)

/0 Oyt Py eyt + / (Vo(u) — b(z) f(u)) - Vipdadt

p

—esslim (u(o + svp))b(@) - vppdo = 0. 4.9)

s—0— Thp



140 Julien Jimenez

Proof. By virtue of Remark 4.3, u satisfies (4.5). Since D(0,T; H}(Q)) C H}(Q),
equation (4.5) is true for ¢ € D(0,T; H}(Q)). Let ¢ € D(0,T;V). We consider an
extension ( € D(0,T; H}(Q)) of . We also introduce a sequence (£.).~o such that
£ e Whoo(Q) with 0 < & < 1,

1 ifze ﬁp,
ge(x) = . .
0 ifzeQy, dist(z,Tp,) > e,

and €|V & || < C for some C > 0 independent of e. Then, we take ¢ = ¢, in (4.5)
and pass to the limit as ¢ — 0*. We use (4.8) to show that

lim (u)Cb(z) - VE.drdt = ess lim (u(o + sv1,))Cb(@) - vidodt.

=07 JQ, 5—=0" Jx,,

There is no difficulty to take the limit with respect to ¢ in the other terms of (4.5), and
we obtain thereby for all { € D(0,7;V)

/ udhCdudt — / (Vo(u) — F(w)b()) - Vededt

— ess lim f(u(o + svp))Cb(T) - vy dodt.

s—0— hp

Since u is bounded and ¢(u) € L*(0,T; V), there exists Cy > 0 such that

< Cill¢ll 2 0,7:v)-

[ (V6tw — b)) - Vedsas

p

The continuity of the trace operator as a mapping of H'(Q,) into L*(T,,) ensures, as
long as w is bounded, the existence of a constant C; > 0 such that, for almost all s < 0,

g (u(o + svp))b(7) - vildodt

< Col|Cll 2 0,7:v) s

so that

ess lim f(u(o + svp))b(@) - vidodt

s—0— Thp

< Call¢l 2 0,7:v) -

Therefore, there exists a constant C' > 0 such that for all ¢ € D(0,T;V)

< Cl ¢l ez 0,7:v)-

/ w0y (dxdt

Qp

Thus, we have 9,u € L*(0,T; V'), and for any ¢ € D(0,7T;V)

T
—/ u@tgdxdt:/ (Opu, Q) v x v dt.
0

P

The assertion follows by density of D(0,T; V) in L*(0,T; V). ]
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We turn now to the uniqueness result. Let u; and u; be two weak entropy solutions
to (1.1). We suppose that u; and u; have the same initial data on the hyperbolic part.
In view of Theorem 4.5, we already know that u; = u, a.e. on Q). On the parabolic
zone, the Holmgren-type duality method, described in Section 2.2, cannot be applied
as we lack information about the traces of u; and u, along X,,. For this reason, we use
the method of doubling only the time variable. Moreover, to deal with the convection
term, we suppose that f o ! is Holder continuous on R with an exponent greater or
equal than 1/2, i.e., we assume there exist § € [1/2, 1], K > Osuch that forall z,y € R

(fod ™ )(z)— (fod Nyl < Klz—yl’. (4.10)

Theorem 4.7. Under the assumption (4.10), (1.1) admits at most one weak entropy
solution. Moreover, if u; and u, are two weak entropy solutions corresponding to
initial data ug,y and oo with ug 1 = ug 2 a.e. on Qy, then, for almost all t € (0,T),

/Q lui (t, ) — ua(t, z)|de < /p lug.1(x) — ug2(x)|dx.

Proof. Forany j € Nandt,f € (0,7) , we set

;i (t, f)—v<t;t>m <t;t~>

where v € C°(0,7T), v > 0, and (p,); is a sequence of mollifiers. We notice that
a; > 0 and, for j large enough, o; € C°((0,7) x (0,T)).

In (4.9), written for the weak entropy solution ; and in variables (¢, =), we choose
the test function

o(t,T,2) = sgn, (¢(ui(t, 2)) — P(ua(l, 2)))ex; (¢, )
and integrate with respect to . In (4.9), written for the weak entropy solution u, and in

variables (%, ), we take the same test function and integrate with respect to ¢. Taking
then the difference yields

/ / (Oyus — Oy, sgn, (&) — &(72))) v vyt
] V() ~ 6() - Tsen, (6(ur)  o(a))aydudrd?
10,7[xQp
[ ()~ f(@)b(e) - Tsen, (é(ur)  o(az))aydedrd?
10,T[xQp
— [esstim [ flun(o + sn)b(o) - asen, (@) - 6(i)adod?
0 S Zhp

T
_ /0 esslim | f(ua(5 4 50))b(7) - wasgn, (6(ur) — o())adzr
" @.11)
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To simplify the notation, we add a tilde to any function in . We want to pass to the
limit in (4.11), first as i goes to 0 and then as j tends to oco.

In the first integral on the left-hand side, we use an integration-by-parts formula
based on a generalization of Lemma 1.1 (see [18]) to obtain

T T
/ / By — By, s, (B(ur) — () sev- vyl
0 0

_/OT/p ((/: sgn, (6(r) — ¢(ﬂ2))dr) 6taj) dxdtdt
_ /OT / (( /: sgn, (¢(ur) — qﬁ(r))dr) afaj) drdtdf.

In the third integral of (4.11), we write f(u;) = f o ¢~ '(é(u;)), i = 1,2. Then, due to
(4.10) and Young’s inequality, we derive

- /O / (Fur) — £(32))b(x) - Vsgn, (6(u1) — ¢(@n) oy dadtdf

2
<= ||2b||oc/ |p(ur) — (@) [ sgn’ (¢(w1) — ¢(ii2) ) dwdtdf
10.7[xQp

+3 / / sen’ ((ur) — ¢(ia))|V (6(u) — (7)) Pyt

By definition of sgn,, the first term on the right-hand side of the previous inequality is
bounded by

c / / (ur) = ¢(@2) 7~ X —peplun)—o(as)<ny ddtdd,
where C' > 0. As 6 > %, we obtain

nll“&/ / (1) = $(82) "~ 45X <o) —o() <ny dltal = 0.

Let us now study the right-hand side of (4.11). Since u; = u; a.e. on @y, we have
ui(o + svp) = up(o + svy,) for almost all negative s. Thus we may refer to (4.8) to
show (as in the proof of Lemma 3.10) the existence of § € L>°(X;,,) such that for any

ﬁ S ! (th)

ess lil’(l;li f(ui(o + svp))b(T) - viB(o)dtde = 0(0)B(o)dtdo
5— Thp Zhp
and
ess li%l f(ua(G + svp))b(7) - vpB(6)dtdo = 6(5)8(5)dtds.
s—0™ th th ™
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Therefore, the right-hand side of (4.11) is equal to

/0 /Z (6(t,5) — 6(F,5))sen, ((ur)(0) — d(ua) (£, 7))ax; (F, )dtdodr.

hp

Finally, when 1 goes to 0" in (4.11), by Lebesgue’s theorem on dominated conver-
gence, we obtain

T
_ / lur — i) (Dyx + By, )dwdtdf < / 0(,5) — 0(F, )| dtddF.
0,7)xQp 0 Zhp

With the definition of aj, we see that d;c; + dza; = ~/(448)p;(t — ). Now we are able
to take the limit with respect to j and find

—/ lup — ualy' (t)dzdt < 0.

P

The conclusion follows by choosing a suitable test function ~ (see the proof of Theo-
rem 3.7). m]

4.2 Existence

We approximate a weak entropy solution to (1.1) through a sequence of solutions to
viscous problems linked to (1.1) by adding a diffusion term in accordance with the pro-
posed physical modelling of two layers in the subsoil with different geological charac-
teristics. Thus, for any positive real number p, we are first interested in the uniqueness
and existence of a measurable and essentially bounded function u,, satisfying in the
sense of distributions

O+ V- () () = V- Ou@)Vo(u) inQ,
u,(0,-) Ug on Q, 4.12)
u, = 0 onZX,

with
Au(®) = xa, () + pxa, ().
We state first
Proposition 4.8. There exists a unique weak solution u,, € W(0,T) to (4.12), i.e.,
m < w,(t,x) <M foralmostall (t,z) € Q, (4.13)
for almost all t € (0,T) and all v € H}(Q)

(Opuy, v) + /Q()\H(x)qu(u“) —b(z)f(u,)) - Vodz =0, (4.14)

and
u,,(0) = ug in L*(Q).
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Proof. We remark that, for any fixed p the partial differential operator is not degener-
ated. So one may apply the Schauder—Tikhonov fixed point theorem and the Holmgren-
type duality method presented in Section 2. O

We look now for a priori estimates fulfilled by the sequence (u,,),>o in order to
study its limit as  tends to 0.

Proposition 4.9. There exists a constant C > 0, independent of p, such that
/257
NV b () |2 ) < C (4.15)
0ewpll 20,7, -1(0)) < C,s (4.16)

where a(uﬂ) = /Ouﬂ \/ @' (T)dT.

Proof. We choose v = u,, in (4.14) and integrate over (0,7"). We observe that

r 1 1
| Ot = (D)~ 310l
and
T
/ / f(u,)b(z) - Vu,dadt = 0.
0 Q

The diffusion term can be written as

/Q n(@)12\ /9 () Vit = NP9 (1) 2 e

and (4.15) follows. The second assertion then follows from the first one together with
the equation. O

Our aim is now to describe the behaviour of the sequence (u,,),~0 When 1 goes
to 0. On the hyperbolic domain we take advantage of (4.13) and Theorem 1.5. On
the parabolic area, estimates (4.13), (4.15) and (4.16) are not sufficient to study the
behaviour of (u,,),>0. For this reason, we use an additional assumption on ¢:

¢~! is Holder continuous with an exponent 7 € (0, 1). 4.17)

Proposition 4.10. Under (4.17), there exists a function u € L>(Q) with ¢(u) in
L%(0,T;V), and a subsequence, still denoted by (wp) >0, Such that

u, = win L®(Q), wu, — win LY(Q,) forany 1 < q < oo and a.e. on Q.
Moreover, we also have

Voé(uu) = Vo(u) in L*(Q,)",  uVe(u,) — 0in L*(Qn)".

In order to prove this proposition, we need the following lemma:
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Lemma 4.11. Let G : R — R be Holder continuous with exponent o € (0,1). Then
G(v) € W a(Q) for any v € WP(Q), 0 < s < 1, 1 < p < oo, and the mapping
G : WP (Q) — W s (Q) is bounded.

Proof of Proposition 4.10. Note first that (4.13) implies that there exists a subsequence,
still denoted by (u,,),~0, such that u,, = u in L>(Q). The two convergence results
about A\, V¢(u,,) are an immediate consequence of (4.15). So we just have to prove the
strong convergence of (u,,),>0 in L9(Q,). To do so, we refer to the arguments used in
[9, Chapt. 2].

From (4.16), (du,,) 4>0 is bounded in L?(0, T'; H~'(Q,)). Moreover, due to (4.13)
and (4.15), the sequence (¢(wu,,)),~0 is bounded in L*(0,7; V). For any s € (0, 1), we
also have

L2(0,T;V) — L*(0,T; H'(Q,)) — L*(0,T; W**(Q,)).

Since u, = ¢~ 1(¢(u,)), by (4.17) and Lemma 4.11, we assert that u,, is bounded
in L2/7(0,T; W™2/7(Q,)). The compactness of the embedding of W™*2/7(Q,) in
L*/ 7(Q,) and the Lions—Aubin compactness theorem (see [14, p. 57]) ensure that

W= {ve L¥7(0,T,W™7(Q,)); dv € L*(0,T; H~'(Q,))}
is compactly embedded in L>/7(0,T; L*/7(€,)). Hence, the conclusion follows. O
We are now able to state the main theorem of this section.

Theorem 4.12. Problem (1.1) has a weak entropy solution that is the limit of the se-
quence (u,,) >0 of solutions to (4.12) in L9(Q), 1 < ¢ < oo, as yu — 0.

Proof. We consider the function u given in Proposition 4.10. Because of (4.13), we
can apply Theorem 1.5 to assert that there exists a function 7 € L>°((0, 1) x Q) such
that for any continuous and bounded function ¥ on Qj, x [m, M] and £ € L'(Qy)

1
lim/ ¢(t,x,u,t(t,x))§da:dt:/ V(t, z, m(a, t, x))Edxdtda. (4.18)
Qn 0 JQn

pn—0t

Our aim is first to establish that, as in Section 3, the process 7 is reduced to UQ,
and, second, to prove that u is a weak entropy solution to (1.1).

In order to do so, we come back to (4.14) and, for any real k, we choose the test
function v}y = sgn, (¢(uy) —.(b(k‘))gol(pz, where p; € C®(=T,T), ¢, € C>(Q) with
1,2 > 0. Thereby, we obtain

Orf) + [ (@) V0L, = b(a) (1)) - Ve = 0.

We integrate with respect to the time variable and perform the following transforma-
tions in a same way as in Section 3. Thanks to a generalization of Lemma 1.1 (see
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[18]), the evolutionary term may be written as
T
| Orsen, (6, = k) en)

—— | B(w)eadiprdndt — [ 1fuo)eser(0)ds

Q Q

with I, (u,,) = / J sgn, (¢(7) — #(k))dr. For the diffusion term, we obtain
k

/Q M () V(1) - Volidadt > /Q Nasgn, (6(uy) — B(K)V(uy) - Vpripidardt
Moreover, we have

/ b(x)f(u,) - Vol dedt = 7/ b(z)F,(u,)Vrprdadt
Q Q

Up
with F, () = [ /(7)sen, (6(7) = o(0))r.
We take the limit with respect to p separately on the hyperbolic and parabolic area.
On @), we take advantage of (4.18), while on Q,, we use Proposition 4.10. In this
way, we obtain

/ I, (w)20pp1 + b(x) Fyy(u) - Vorprdadt
Q

P

1
—|—/ / I,(m) 201 + b(z) Fy () - Vo dadtda
0 JQn

—/ san, (6(u) — 6(k))V(6(u) — 6(k)) - Vorprdadt

+/ I, (uo) 21 (0)dz > 0.

Q

Then we take the limit with respect to n. We remark that

nlil%l+ F,(u) = sgn(é(u) — ¢(k))(f(u) — f(k)) = F(u, k) a.e. on Qp and Q.

Therefore, we get in the limit

/ |u — k|p20ip1 + b(x)F(u, k) - Viorprdadt
Q

P

1
+/ / |7 — k|p20pp1 + b(z) F (7, k) - Vrprdrdtda
0 JQn

+ [ Juo— Hlgxor O)do — [ Vio(u) = o(k) - Virprdadt 2 0. (419
Q Qp
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We justify now that 7 satisfies the initial condition (4.3) and the boundary condition
(4.4). When we consider test functions ¢, that belong to C°(Q,), we deduce that

1
—/ / |T — k|p20rp1 + b(z)F () - Vorprdadida < / lup — k|21 (0)dz.
0 JQn Qp

Therefore, we can apply Lemma 3.13 (with @ = Q) to state that

1

esslim / / |7 (e, t,z) — up(x)|dzda = 0. (4.20)
t—0" Jo Qn

Hence, = fulfills the initial condition (4.3) on Q.

Next we choose in (4.14) the test function vs = 9 Hs(u,, k)p142 (see Example 3.4
for the definition of Hy), where ¢ € C°(0,T), v € C=(Qy,) with ¢ = 0 on [y,
1,92 > 0. We take the limit with respect to 1 and apply Lemma 3.14 to assert that,
for any nonnegative 8 € L'(Z}, \ Zp;)

s—0—

ess lim / / (o, 0 + svy), k)Bb(7) - vidoda > 0,
Zh\th

where Js is defined in Example 3.4. As § — 0%, we obtain that 7 satisfies (4.4).
Therefore, 7 fulfills (4.2) for all ¢ € C2°(Qy,) as well as (4.3) and (4.4), where integrals
over Qp, Qp, and I, \ Ly, are replaced by integrals over (0, 1) x Qp, (0,1) x ), and
(0,1) x Xy \ Xy, respectively, with respect to the corresponding measure. Then, by
reasoning as in Theorem 4.5, if 7 (v, -) and m, (3, ) are two process solutions for initial
data ug,; and ug », we obtain for almost all ¢ € (0, T")

1Al
/ / / |m (a0, t, ) — (6, t, x)|drdadf < / luo,1 — ug|dz.
o Jo Ja, Q

Therefore, if up1 = ug» on 4, there exists a bounded function u;, on @}, such that
a.e.on Qp,

up(+) = m (e, -) = m(B, ) for almost all & and S in (0, 1).

Besides, up, = u)q, a.e.on Q. Thus, from (4.19), it follows that  fulfills (4.2) for all
v €C(0,T) ®C(Q) and, by density, for all ¢ € C°(Q) as well as (4.4).

To complete the proof it remains to show that (4.3) holds for u. Due to (4.20), we
just have to focus on Q,,. We consider (4.19) for ¢, € C2°(L,). This yields

L
0= [ [ otutr) - ot iaen

—sgn(u(r,z) — k)(f(u(r,z) — f(k))b(z) - Vo) drdx.

Qp

lu — klpadx + g(t)> @i (t)dt < / [uo — E[p20(0)dz

with
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Therefore, the time-depending function
t— / lu — k|padx + g(t)
QP

can be identified a.e. with a nonincreasing and bounded function. Then it has an essen-
tial limit as ¢ — 0T. Since g(¢) — 0 as ¢ — 07, it follows

esslim lu — k|padz < / lup — klpade,
=07 QP P

for all nonnegative v, € C°(Q,), which implies (see [17]), for any k € L>(Q,),

esslim lu — k(z)|dx < / lugp — k(z)|dx.
t—0t Q, Q,
We choose k = wug to ensure that u satisfies (4.3). This concludes the proof. O

S5 Concluding remarks

We end these lecture notes by some remarks. We have studied a simplified coupling
problem. One could, for example, also assume, as in [1, 12], that the nonlinearities are
different on @5, and @),,. Indeed, we could consider the following problem: Find a mea-
surable and essentially bounded function « on () such that in the sense of distributions

du+ V- (bp(2)fr(u)) = 0 in Qp,
Oiu+ V- (bp(x)fp(u)) = Aqb(“) in QP? (5.1
u = 0 on (0,T) x 0Q, '
U(O, ) = U on Q.

In this case, the notion of weak entropy solution in Definition 4.2 is not suitable
anymore. We have to add in the entropy formulation (4.2) an interface integral that
takes into account the discontinuity of the flux function along X,,. Indeed, setting
b(x)f(u) = by(z) frn(u)xa, + by(x)fp(u)xa,. we propose the following definition of
a weak entropy solution.

Definition 5.1. A function u is said to be a weak entropy solution to (5.1) if
(1) ue L>(Q), p(u) € L*(0,T;V),
(ii) for all nonnegative ¢ € C°(Q)and all k € R

l;m—m&w+®@W@%ﬂ—de—¢%H-VmWﬂ

+A<m@nw—%@nm»wwww—mmwza

hp
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(iii) w satisfies the initial condition (4.3) and the boundary condition (4.4).

We refer to [11, Chap. 4] or [12] for the study of (5.1). When we use the vanishing
viscosity method, the major difficulty relies on the study of the viscous problem related
to (5.1). Roughly speaking, we are not able to prove the maximum principle without
additional assumption on the flux. We also underline that the existence and uniqueness
results of [12] are obtained in the framework of outwards characteristics (see Remark
4.1). The case of inwards characteristics, i.e., the case where the characteristics are
entering the hyperbolic zone, is treated in [2] for (1.1). We emphasize the fact that the
general case (i.e., no assumption on the characteristics) is still an open problem.
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Standing waves in nonlinear Schrédinger equations

Stefan Le Coz

Abstract. In the theory of nonlinear Schrédinger equations, it is expected that the solutions will ei-
ther spread out because of the dispersive effect of the linear part of the equation or concentrate at one
or several points because of nonlinear effects. In some remarkable cases, these effects counterbal-
ance, and special solutions that neither disperse nor focus appear, the ssteaitiag waves. For

the physical applications as well as for the mathematical properties of the equation, a fundamental
issue is the stability of waves with respect to perturbations. Our purpose in these notes is to present
various methods developed to study the existence and stability of standing waves. We prove the
existence of standing waves by using a variational approach. When stability holds, it is obtained by
proving a coercivity property for a linearized operator. Another approach based on variational and
compactness arguments is also presented. When instability holds, we show by a method combining
a virial identity and variational arguments that the standing waves are unstable by blow-up.

Keywords. Nonlinear Schrédinger equation, standing waves, orbital stability, instability, blow-up,
variational methods.

AMS classification.35Q55, 35Q51, 35B35, 35A15.

1 Introduction
In these lecture notes, we consider the nonlinear Schrédinger equation
10+ D+ |uP"tu = 0. (1.2)

Equation (1.1) arises in various physical and biological contexts, for example in non-
linear optics, for Bose—Einstein condensates, in the modelling of the DNA structure,
etc. We refer the reader to [14, 73] for more details on the physical background and
references.

Here, the unknown is a complex valued function efc R andz € RN for N > 1,

u:RxRY = C.

In most of the applications;, stands for the time and for the space variable, but
sometimes it can be the converse, for example in nonlinear optics. The nuislee
imaginary unit (¢ = —1), 9, is the first derivative with respect to the timeA denotes
the Laplacian with respect to the space variabl@ = Zjv:l 8?725). Finally, p € Ris

such thap > 1, which means that the equation is superlinear.

To simplify the exposition, we have restricted ourselves to the study of nonlinear
Schrédinger equations with a power-type nonlinearity, but one can also consider more
general versions of these equations, see [14, 73] and the references cited therein.



152 Stefan Le Coz

The purpose of these notes is to study the properties of particular solutions of (1.1)
of the forme™!y(z) with w € R andy satisfying

—ANp 4+ wp — |<p|p_1<p =0. (1.2)

Such solutions are callestanding wavesThey are part of a more general class of so-
lutions arising for various nonlinear equations like Korteweg—de Vries, Klein—Gordon
or Kadomtsev—Petviashvili equations. These equations enjoy special solutions whose
profile remains unchanged under the evolution in time. These special solutions are
calledsolitary wavesor solitons(see [14, 18, 20, 73] for an overview of physical and
mathematical questions around solitary waves).

This kind of phenomena was discovered in 1834 by John Scott Russel. The Scottish
engineer was supervising work in a canal near Edinburgh when he observed that the
brutal stop of a boat in the canal was creating a wave that does not seem to vanish.
Indeed, he was able to follow this wave horseback on a distance of several miles. His
life long, he studied this surprising phenomenon but without being able to give it a
theoretical justification. In fact, most of the scientists of that time did believe that such
awave, which does not disperse, could not exist. The first theoretical justification of the
existence of solitary waves was given by Korteweg and de Vries in 1895. They derived
an equation for the motion of water admitting solitary wave solutions. But one had to
wait until the 1950's to see the beginning of an intensive research from mathematicians
and physicists about solitary waves.

Heuristically, such solutions appear because of the balance of two contradictory
effects: the dispersive effect of the linear part, which tends to flatten the solution as
time goes on (see Figure 1), and the focusing effect of the nonlinearity, which tends to
concentrate the solution, provided the initial datum is large enough (see Figure 2). For

VAN

Figure 1. Dispersive effect.

some special initial data, each effect compensates the other and the general profile of
the initial data remains unchanged (see Figure 3).
In the study of standing waves, two types of questions arise naturally.

(i) Do standing waves exist, i.e., does (1.2) admit nontrivial solutions? If yes, what
kind of properties for the solutions of (1.2) can be shown: Are they regular, what
is their decay at infinity, can we find variational characterizations for at least some
of these solutions?



Standing waves in nonlinear Schrodinger equations 153

j\_.

Figure 2. Focusing effect.

No—_A

Figure 3. Balance between dispersion and focusing.

(ii) If standing waves exist, are they stable (in a sense to be made precise) as solutions
of (1.1)? If they are unstable, what is the nature of instability?

The first type of questions is related to the study of existence of solutions for semili-
near elliptic problems. The methods used in this context are often of variational nature
and solutions are obtained by minimization under constraint or with min-max argu-
ments. The second type of questions concerns the dynamics of the evolution equation.
Nevertheless, both problems are intimately related. Indeed, informations of variational
nature on the solutions of the stationary equation are essential to derive stability or
instability results.

The rest of these notes is divided into four sections and an appendix. We first give
basic results on the Cauchy problem for (1.1) in Section 2. In Section 3, we study the
existence of standing waves. Section 4 is devoted to stability whereas Section 5 deals
with instability. The proof of a stability criterion is given in the appendix.

Notation. The space of complex measurable functions whedepower is integrable
will be denoted byL"(RY) and its standard norm by ||;-z~). Whenr = 2, the
spaceL?(RY) will be endowed with the real inner product

(u,v), = Re/ wvdz for u,v € L*(RY).
RN

The space of functions from" (R”) whose distributional derivatives of order less than
or equal tom are elements of.”(RY) will be denoted by ™" (RY). If m = 1 and
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r = 2, we shall denotéV*?(R") by HY(RY), its usual norm byf - ||z~ and the
duality product between the dual spage®(RY) and HY(RY) by (-,-). If m = r = 2,
we denotdV?2(RN) by H2(RY).

For notational convenience, we shall sometimes identify a function and its value at
some point. For example, we shall write’!¢(x) for the function(t, z) — e™“p(x).
Similarly, we shall say thafw|v € L?(RY) if the functionz +— |z|v(z) belongs to
L?(RYN). For a solutionu of (1.1), we shall denote by(t) the functionz — u(t, z).
Therefore, depending on the contextiay denote either a mapping fraknto some
function space or a mapping froRix R" to C.

We make the convention that when we take a subsequence of a sequenoe
denote it again bywv,,).

The letterC' will denote various positive constants whose exact values may change
from line to line but are not essential in the course of the analysis.

2 The Cauchy problem

For the physical properties of the model as well as for the mathematical study of the
equation, it is interesting to look for quantities conserved along the time. At least
formally, equation (1.1) admits three conserved quantities. The first onerisa@r
charge If « satisfies (1.1) with initial datum(0) = ug then

Qu(t)) = (1) (e, = Quo). 21)

The conservation of mass is obtained from multiplying (1.1) withntegrating over
RY and taking the imaginary part. The second conserved quantity engy(mul-
tiply (1.1) by du, integrate oveR”™ and take the real part),

E(u(0) i= 5176 Bram, — 700 ) = Bw). @2)

Finally, multiplying (1.1) byVu, integrating overR” and taking the real part, we
obtain the conservation eiomentum

M (u(t)) :=1m . uw(t)Vu(t)dz = M (up).

Among these three conserved quantities, the mass and the energy are real-valued, but
the momentum may be complex-valued, which makes it less convenient to use.

To benefit from the conserved quantities, it is natural to search solutions of (1.1)
in function spaces where these quantities are well-defined. Consequently, we look
for solutions of (1.1) inf/*(R™) and restrict the range of to be subcritical for the
Sobolev embedding df*(RY) into LP*Y(RY), i.e., 1< p < 1+ %5 if N > 3and
1< p<+o0if N =12. Then we have the following result concerning the well-
posedness of the Cauchy problem for (1.1) (see [14] and the references cited therein).
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Proposition 2.1.Let1 < p < 1+ 25 if N > 3and1 < p < +ocif N = 1,2. For

everyug € HY(R™) there exists a unique maximal solutiof (1.1), Tyin € [—o0,0),
T ¢ (0, 4-o00] such thatu(0) = ug and

w € C((Tmin, T™); HY(RM)) N CY((Trin, T™); H~HRY)).

Furthermore, we have theonservation of charge, energy and momenturar all
t S (Tmin; TmaX)1
Q(u(t)) = Q(uo), E(u(t)) = E(uo), M(u(t)) = M (uo). (2.3)

Finally, we have thélow-up alternative

o If Tiin > —oc thenlimy 7, [ Vu(t)[12, (®N) = 00

° If Tmax< “+00 thenlimtTTmax”vu( )HLZ RN) = +00.

From now on, it will be understood thatd p < 1+Ni72 if N >3and1<p < 4o
if N=1,2.

In view of Proposition 2.1, it is natural to ask under which circumstances global

existence holds or blow-up occurs. The following proposition gives an answer to the
question of global existence.

Proposition 2.2.If 1 < p < 1+ + then(1.1)is globally well-posed, i.e., for any
solutionu given by Proposition 2.1 ,in = —oc andTM® = +oc.

The proof of Proposition 2.2 relies on the Gagliardo—Nirenberg inequality (see [1]):
There exists a constaat > 0 such that for alb € HY(RY)

-1
ollellZin (2.4)

1
||'UHZ[),J;+1 RN) CHVU”LZ L2 (RN)

Proof of Proposition 2.2Let1<p < 1+ % and u be a solution of (1.1) as in Propo-
sition 2.1. We prove the assertion by contradiction. AssumeTH& < +oo and
therefore lim; rmax |\Vu(t)||%2(RN) = +00. By (2.4), we have

1 Y 1Ny
B(u(t) > V6l (5 — CITuO o) I, ).

In view of the conservation of charge and energy (see (2.3)), this implies

N(p—=1)
V()17 2y (1— V()] Loy 2) < Cforallt € (Tmin, 7). (2.5)

Now, sincep < 1+ +, we haveX 21 _ 2 < 0 and thus letting| Vu(t )HL2 vy 9O 10
+o00 whent goes tcﬂ’m""X leads to a contradiction in (2.5). Arguing in the same way if
Tmin > —oo leads to the same contradiction and completes the proof. O

Concerning blow-up, we can give the following sufficient condition.
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Proposition 2.3.Assume thap > 1+ + and letug € H*(R") be such that
|z|uo € L2(RY) and E(ug) < 0.

Then the solution of (1.1)corresponding ta:p blows up in finite time for positive and
negative time, that is
Tmin > —oo andTM® < +o0.

The proof of Proposition 2.3 relies on thigial theorem(the term “virial theorem”
comes from the analogy to the virial theorem in classical mechanics).

Proposition 2.4 (Virial theorem).Letug € H*(RY) be such thatz|ug € L?(RY) and
let u be the solution of(1.1) corresponding taup. Then|z|u(t) € L?(RY) for all
t € (Trin, T™®) and the functiory : ¢t — ||xu(t)|\iz<RN) is of classC? and satisfies

£ = 4m | )z Vu(t)da,

(1) = 8P(u(t)),
whereP is given forv € HY(RY) by
Np-1)
2(p+1)

The virial theorem comes from the work of Glassey [31] in which the identities for
f"and f” were formally derived. For a rigorous proof, see [14].

ol|7t (2.6)

LptL(RN)"

P(v) = ||V Z2gen) —

Proof of Proposition 2.3 First, we remark that

4-N(p-1)

P(u(t) = 2E(u(t)) + =5 L= (O e

Sincep > 1+ & 4 we have in view of the conservation of energy (see (2.3))
P(u(t)) < 2E(u(t)) = 2E(up) < O for all t € (Tmin, TT).

Therefore, by Proposition 2.4, we have

dZ
anu(t)nizm) < 16E(uo) for all t € (Trin, T™).

Integrating twice in time gives
||xu(t)|\2Lz(RN) < 8E(up)t? + (4Im uoz: - Vuod;v> t+ quoHiz(RN). (2.7)
RN
The right member of (2.7) is a polynomial of order two with the main coefficient neg-
ative. Hence fort| large the right-hand side of (2.7) becomes negative, which is in

contradiction with||zu(t )HL2 RN) 2 0. This impliesTmin > —oco andTM® < 400 and
finishes the proof. m]
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3 Existence, uniqueness and properties of solitons

We will use the following definition of standing waves for (1.1).

Definition 3.1. A standing waver solitonof (1.1) is a solution of the form ()
with w € R andy satisfying

—Dp +wp — [P~ =0,
{ o € HYEY)\ {0}, G1)

Many techniques have been developed to study the existence of solutions to prob-
lems of type (3.1) (see, e.g., [3]). In this section, we look for solutions of (3.1) by using
variational methods (see, e.g., [71] for a general overview).

For the study of solutions of (3.1), we define a functiofal F(RY) — R by
setting forv € H1(RY)

1 w
S(v) == EHV'UH%Z(]RN) + EHU”%Z(RN - || Hiﬁl RN)"

The functionalS is often calledaction It is standard thaf is of classC? (see, for
example, [78]) and for ¢ H*(R") the Fréchet derivative of atv is given by

S’ (v) = —bv + wo — |v|P Lo,

Thereforep is a solution of (3.1) if and only iy € HY(RYN) \ {0} andS’(p) = 0. In

other words, the nontrivial critical points ¢fare the solutions of (3.1). Therefore, to

prove existence of solutions of (3.1) it is enough to find a nontrivial critical poist of
This section is divided as follows. First, we prove that if solutions to (3.1) exist

then they are regular, exponentially decaying at infinity and satisfy some functional

identities. Next, we prove the existence of a nontrivial critical poin§ ofinally, we

derive various variational characterizations for some special solutions of (3.1).

3.1 Preliminaries

Before studying existence of solutions to (3.1), it is convenient to praate ifrsuch
solutions exist, they necessarily enjoy the following properties.

Proposition 3.2.Letw > 0. If ¢ € HY(RY) satisfies(3.1) then ¢ is regular and
exponentially decaying. More precisely,

(i) o € W3T(RN) for all r € [2,+00), in particular ¢ € C2(RV);
(i) there exists > 0 such thates!*!(|p| + |[Vip|) € L=(RY).

Sketch of proofPoint (i) follows from the usual elliptic regularity theory by a boot-
strap argument (see [30]). We just indicate how to initiate the bootstrap and refer to
[14] for a detailed proof. Lep be a solution of (3.1). Suppose thatc L¢(RY) for

somey > p. Since|p|P~1p € L (RY) and ¢ satisfies

—Dp + wp = [Pty (3.2)
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it follows thaty € W5 (RN). Choosing any; € (p, +oo) if N = 1,2 andg = 2%
if N > 3 and repeating the previous argument recursively, we obtain after a finite
number of steps that ¢ W27 (RY) for anyr € [2, +00). This implies thatp|P~1p €
WL (RN) for anyr € [2,+00) and it follows from (3.2) thaty ¢ W37 (RY) for all
€ [2,+0), hence (i).
If pis radial, i.e.p(z) = ¢(|z|) theny satisfies

N-1 B
—¢ = ¢ twe— el =0,

Here, we have employed thaty = ¢” + Y=L,/ if ¢ is radial. In this case, the
exponential decay o at infinity follows from the classical theory of second-order
ordinary differential equations (see, for example, [37]). See [14] for a proof of (ii) for
non-radial solutions of (3.1). m|

Lemma 3.3.1f p € HY(RY) satisfieg3.1)then the following identities hold:

IVelZomny + wllllZ g — IIsDIIPMRN) = 0 (3.3)
N(P—l) 1
2 + _
196lZem) = 5077y 19l Ehan) = O (3.4)

In the literature, (3.4) is called tHeohozhaev identifysince it was first derived by
Pohozhaev in 1965, see [64]. Actually, one can obtain this type of identity for a large
class of nonlinearities, see [9]. The set

{ve H'RY);v #0,|Vo| 2o @) + wllvlZogy) — IIUH‘;ﬁl vy = 0} (3.5)
is called theNehari manifold

Proof of Lemma 3.3Let o € HY(RY) be a solution of (3.1).

To obtain (3.3), we simply multiply (3.1) by and integrate oveR” .

For the proof of (3.4), recall first that we have defined in the beginning of this
section a?-functional S : H*(RY) — R by setting forv € H'(RY)

1

ol

w
S(v) = §|WUH2LZ(RN) + §||UH2LZ<RN) - PH(RN)
and that ify is a solution of (3.1) thes’(¢) = 0.
For A > 0, letpy(-) := AN/2p(\.). It follows from straightforward calculations
that

IVorlZ 2 ey /\2||V<PH22 p loallZ gy = llol 72,
1 1
and|[all7, g = e H’EL RN)-

On the one hand, we have
N@—U

)\2 2 w 2 A p+1
S(e3) = S 19 lzaam, + S lelEmm — ol ey
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and 5 N 1)
_ 2 p— p+1
ﬁs(w)bzl = [[Veollzegy) — mH@HLM (&N (3.6)
On the other hand, we have
0 / 8<P>\
Sl CY <5 (), W\H> 3.1

and, sincep is solution of (3.1),S’(¢) = 0, which implies

%S(QD)\)P\::L =0. (38)

Combining (3.6) and (3.8) proves (3.4).

Note that the right-hand side of (3.7) is well-defined dor> 0 since%|A=l =
%(p +x-Veisin HY(RY) because of the regularity and exponential decay stated
in Proposition 3.2. Ifv < 0, the previous calculations are only formal. However, it is

possible to give a rigorous proof of (3.4) also foK 0, see [9]. ]

From Lemma 3.3 it is easy to derive a necessary condition for the existence of
solutions to (3.1).

Corollary 3.4. If w < 0then(3.1) has no solution.

Proof. We prove the assertion by contradiction. Lek 0 and suppose that (3.1) has
a solutionp € H(R™). By (3.3) and (3.4)y satisfies

(N-2p—(N+2)
2(p+1)

el

L U(RN) = —WHSOH%z(RN). (3.9)

Sincep < 1+ N ~— i N > 3andp < +oo if N = 1,2, the left-hand side of (3.9) is
negative for anyv, Whereas the right-hand side is non negative by assumption, which
is a contradiction. i

In the rest of these notes, it will be understood that 0.

3.2 Existence

Our main result in this section is the following.
Theorem 3.5.There exists a nontrivial critical poing,, of S, that is a solution 0{3.1).

Several techniques are available to prove the existence of a nontrivial critical point
of S. The functionalS is clearly unbounded from above and below, and this prevents to
find a critical point simply by global minimization or maximization. To overcome this
difficulty, other techniques based on minimization under constraint were developed
(see, e.g., [8, 9, 17, 64, 70] and the references cited therein). In what follows, we
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present a different approach based on the mountain pass theorem of Ambrosetti and
Rabinowitz [4] and somehow inspired from [38]. This approach was suggested to us
by Louis Jeanjean. We first prove that the functiofiddas a mountain pass geometry.
Thus there exists a Palais—Smale sequence at this level. It clearly converges to a critical
point of S weakly in H*(R”Y). Proving that this sequence is non-vanishing and taking
advantage of the translation invariance of (3.1), we get the existence of a nontrivial

critical point.
We define thanountain pass levelby setting
nf ma 3.10
= Inf max S(5(s)), (3.10)

whererl is the set of admissible paths:

M= {y ec([0,1; H{R")); v(0) = 0,5(v(1)) < O}. (3.11)
Lemma 3.6.The functionalS has a mountain pass geometry, ile#£ () andc > 0.
Proof. Letv € HY(RY)\ {0}. Then, for anys > 0,

1
H [FaseTiyey

2
S
S(sv) = E(HV'UH%Z(RN) + wlvllzgy) —
and itis clear that if is large enough thefi(sv) < 0. LetC > 0 be such that(Cv) <
0 andy : [0,1] — HY(RY) be defined byy(s) := Csv. Theny € C([0,1]; HY(RY)),
v(0) = 0andS(y(1)) < 0; thusy € I andl" is nonempty. Now, we clearly have

min{lw} > 1 ptl
5 Mol = g I,

S(v) >

and by the continuous embedding#t(R") into LP“(RN), we find

min{1,w}

1
> i@y = —— vl

HY(RN)"

S(v) >

Lete > 0 be small enough to have

min{1,w}e?  CePtl

V== 1

> 0.

Then for anyv € HYRY) with [|v] z2zn) < &, we haveS(v) > 0. This implies
that for anyy € I', we have|y(1)|| g1~y > €, and by continuity ofy there exists
€ [0, 1] such that|~ (s, )| g2 e~y = €. Therefore,

max 5((s)) = S(v(sy)) = 6 > 0.

96[ ]
This implies for the mountain pass levetlefined in (3.10) that
c>=0>0,

and thusS has a mountain pass geometry. m]
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Combined with Ekeland’s variational principle (see, e.g., [78]), Lemma 3.6 imme-
diately implies the existence of a Palais—Smale sequence at the mountain pass level.
More precisely:

Corollary 3.7. There exists @alais—-Smale sequen¢e,) ¢ H(RY) for S at the
mountain pass level i.e., (u, ) satisfies, as — +oo,

S(un) — candS’(u,) — 0. (3.12)

To find a critical point forS, we proceed now in two steps: First, we prove that the
sequencéu,) is, following the terminology of the concentration-compactness theory
of P.-L. Lions,non-vanishingsecond, we prove that, up to translatiofis,) converges
weakly in H1(R") to a nontrivial critical point ofS.

Lemma 3.8.The Palais—Smale sequenge,) is non-vanishing: there exist > O,
R > 0and a sequencgy,,) € RY such that for alln € N, we have

/ |un |2z > €, (3.13)
BR(yn)

whereBg(y) == {z € RY; |y — z| < R}.

To prove Lemma 3.8, we will use the following lemma, which is a kind of Sobolev
embedding result (see [50]).

Lemma 3.9.Let R > 0. Then there existax > 0 and C > 0 such that for any
v € HY(RY), we have

e <C| sup v|?dz | |v|? .
(s ( L [
Proof. Let (Qx)ren be a sequence of open cubesi3f of same volume such that
Q:NQ = 0if k # 1, Upen@r = RY and for eachk there existgy;, with Q;, C

Br(yx). By Holder's inequality and the embedding B (Q},) into LP*1(Qy), there
existsC' > 0 independent of such that for any ¢ H'(RY), we have

/ |U|P+1dx<c</ |v|2dw) / (1Yol + [o]?) da.
k k Qr

with o = % — X2 if N > 3anda = 1if N = 1,2. Summing ovek € N, this
implies that

ol ey < C (0 [ ol ) ol
keN J Qg

Now, since for any: there existg), with Q, C Br(yx) the conclusion follows. o
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Proof of Lemma 3.8We prove the result by contradiction. Assume that the Palais—
Smale sequenade.,,) is vanishing, that is, for alk > 0, we have

lim sup lun |?da: = 0. (3.14)

n—-+0oo yERN BR(y)

Lete > 0. Forn large enough, we havésupyeRN fBR(y) |un|2da:) < ¢ thanks to
(3.14). Then Lemma 3.9 implies that, still fodarge enough,

1 w
S(un) 2 EHvunH%Z(RN) + §||Un||%2(uw) — ellunll3 @y

and therefore

min{l, w
S(un) > ({T} - g) a2 vy
Consequently, taking < ™L<} ' we infer that
(u,,) is bounded inH(R™Y), (3.15)
which allows to get
(S"(un),un) — 0asn — +oo. (3.16)

Combining (3.15) with (3.14) and Lemma 3.9 implies
Jim el 172% ) = O

Consequently, we have

1 . _ p—1 p+1l
S(up) — > (S (un), un) = _mHu"”LP“(]RN) — 0 asn — +oo. (3.17)
On the other hand, we infer from (3.12) and (3.16) that
1

S(un) = 5 (8" (un), un) — casn — +oo,

which is a contradiction with (3.17) sinee> 0. Hence(u,,) is non-vanishing. O

Proof of Theorem 3.5Letv,, := u,(- + y»), where(u,,) is given by Corollary 3.7 and
(yn) by Lemma 3.8. Since the functionélis invariant under translations in space,
(vy,) is still a Palais—Smale sequence for

S(vn) — candS’(vy,) — 0. (3.18)

From (3.15) we infer thatv,,) is bounded in*(R"). Thus there exists € H*(R")
such that, possibly for a subsequence only— v weakly in H*(R"Y). From (3.18),
we infer thatS’(v) = 0, i.e.,v is a critical point forS. To show that is nontrivial,
we remark that, since the embeddifid(Bx(0)) — L?(Bgr(0)) is compact, (3.13)
impliesv # 0. Settingp,, := v finishes the proof. m]
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The following corollary will be useful in the next subsection.
Corollary 3.10. The critical pointy,, is below the levet, i.e.,S(¢.) < c.
Proof. First, sinceS’(¢,,) = 0, we have
1
p+1

S(pw) = S(pw)— (S"(0w); Puw)

_ »pr-1 ) ,
= 2071 (IVealfemm +wloulfoms)

By virtue of weak convergence ¢f,,) towardsy,, in H1(RY), this gives

p—l L. 2 2
Stew) < g gy Mt (IVenllfoes) +wllonlfaen) - (319)

Asin (3.16), we have
(S"(vn),vn) — 0@sn — +o0,
and combining with (3.18) and (3.19), we obtain

n—-+oo

S(w) < liminf (s@n) - ]ﬁ <S’(vn)7vn>) =

which completes the proof. i

3.3 Variational characterizations

Among the solutions of (3.1), some are of particular interest.

Definition 3.11. A solution ¢ of (3.1) is said to be ground stateor least energy so-
lution if S(yp) < S(v) for any solutionv of (3.1). We define théeast energy leveln
by

m := inf{S(v); v is a solution of (3.1). (3.20)

The set of all least energy solutions is denotedby
G = {v e HYRY); v is a solution of (3.1) and(v) = m}. (3.21)

Ground states play an important role in the theory of nonlinear Schrédinger equa-
tions. In particular, in the critical cage= 1+ %, they appear in an essential way in the
derivation of global existence results (see [75]) and in the description of the blow-up
phenomenon (see [57, 58, 59, 60] and the references cited therein).

Proposition 3.12.The solutionp,, of (3.1)found in Theorem 3.5 is a ground state and
it is at the mountain pass levedefined in(3.10)

S(pw) =m =c.
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In addition, y,, is a minimizer ofS on the Nehari manifold (sg8.5)), i.e., it solves the
following minimization problem

d :=min{S(v);v € H*(RN)\ {0}, I(v) = 0} (3.22)
wherel(v) := [[Vo|Z,gn) + wlvllZgw) Hvll’ﬁi (®N)-

The various variational characterizations of the critical pgiptof S as a ground
state or as a minimizer &f on the Nehari manifold will be useful when we will deal
with the stability or instability issues.

Before proving Proposition 3.12, we need some preparation.

Lemma 3.13.The following inequality holds:
¢ < d, (3.23)
wherec is the mountain pass level defined®10)andd is given by(3.22)

Proof. Letv € HY(RY) \ {0} be such thaf (v) = 0. Following [41, 42, 65], the idea
is to construct a path in ' (recall that” was defined in (3.11)) such th&treaches its
maximum ony atv. From the proof of Lemma 3.6, we know that f@rlarge enough
the pathy : [0,1] — H(R") defined byy(s) := Csv belongs ta". It is easy to see
that

=S (sv) = s([ V0] 2o@n) + wllvlZegn) — P05 )

0s
Therefore, we have at= 1

and consequently,

0 .
§S(sv)>0 if se(0,1),

d .
£5(80)<0 if  se(1,+o0).

ThusS reaches its maximum opatv. This implies
c < S(v)forallv e HY(RY)\ {0} with I(v) =0,
which finishes the proof. O
Proof of Proposition 3.12We first recall that, by Corollary 3.10, we have
S(pu) <c (3.24)

and by Lemma 3.13,
c < d. (3.25)
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Now, we remark that, since by (3.3) any solutioof (3.1) satisfied (v) = 0, we have
d < m. (3.26)

Sincey,, is a solution of (3.1), it follows from the definition of the least energy level
m (see (3.20)) that
m < S(py). (3.27)

Combining (3.24)—(3.27) gives
S(pw) =c=d=m
and completes the proof. ]

Remark 3.14.For more general nonlinearities, the equality= ¢ between the moun-
tain pass level and the least energy level still holds (see [41, 42]).

3.4 Uniqueness

It turns out that we are able to describe explicitly thegef ground states (see (3.21)).

Theorem 3.15.There exists a real-valued, positive, spherically symmetric and de-
creasing function? € H1(RY) such that

G={eW(—y);0eR,ycR}.

Therefore, the ground state is unique up to translations and phase shifts. It would
exceed the scope of these notes to give a proof of Theorem 3.15 and we just indicate
some references. First, a simple and general proof that any complex-valued ground
statey is of the forme? & with § € R and¢ areal positiveground state was recently
given in [16] (see also [36]). The fact that all real positive ground states of (3.1) are
radial up to translations was first proved by Gidas, Ni and Nirenberg in 1979 (see [29])
by using the so-called moving planes method. Alternatively, the same result can be
deduced by the method of Lopes [54], which relies on symmetrizations with respect to
suitably chosen hyperplanes combined with a unique continuation theorem. Recently,
Maris [55] developed for the symmetry of minimizers for a large class of problems a
new method that furnishes a simpler proof of radial symmetry of real ground states, see
[12], without even assuming a priori that they are positive. Uniqueness follows from a
result of Kwong [47] in 1989.

Remark 3.16.WhenN = 1, it turns out that the set of all solutions of (3.1) (not only
those of least energy) is precisely the set of ground states

G ={eW(- —y);0 € R,y € RV} = {v;vis asolution of (3.1}.
Moreover, we are able to give an explicit formula f8r

1
_ -1
W(z) = (GRL Y (7(13 1)\/:}3:)] :
2 2
Forp = 3 andw = 1, the shape o¥ is given in Figure 4.
In higher dimensions, it is known that there exist solutions of (3.1) that are not

ground states (see [8, 10, 52]), and no explicit solution is available.
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Figure 4. The function¥ for N = 1,p = 3 andw = 1.

4 Stability

In this section, we will prove that fop € G the standing wave“!p(z) is stable (in a
sense to be made precise) iklp < 1+ %.

In his report [67] of 1844, Russel was already mentioning the observed remarkable
stability properties of solitary waves. From the mathematical point of view, the concept
of stability that comes naturally in mind for the standing waw&$p(x) of (1.1) is
stability in the sense of Lyapunowhich means uniformly continuous dependence on
the initial data: For alk > 0 there exist$ > 0 such that for alky € H*(RY),

|lwo — (pHHl(RN) <d = |u(t) — ethgOHHl(RN) < eforallt,

whereu is the maximal solution of (1.1) with(0) = uo. However, with this definition,
all standing waves would be unstable (see Remark 4.2), which is contradictory with
what is observed for such phenomena. Therefore, we have to look for a different notion
of stability.

The main reason for standing waves being unstable in the sense of Lyapunov is
that (1.1) admits translation and phase shift invariance: # u(¢, z) is a solution of
(1.1) then for alld € R andy € RY, e®u(-,- — y) is still a solution of (1.1). In some
sense, the equation does not prescribe the behavior of the solutions in the “direction”
of translations and phase shifts. To take this fact into account, we define the concept of
orbital stability, which is Lyapunov stability up to translations and phase shifts.

Definition 4.1. Let ¢ be a solution of (3.1). The standing wawe® () is said to be
orbitally stable inH*(RY) if for all ¢ > 0 there exist$ > 0 such that ifug € H*(R")
satisfies|uo — ¢|| g1y < ¢ then the maximal solution = u(t) of (1.1) withu(0) =
up exists for allt € R and

supinf inf t)— e — <e.
tE]RpeéRyeRN [[u(t) — ee( y)”Hl(]RN) €

Otherwise, the standing wave is said tourestable
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Remark 4.2.The concept of orbital stability is optimal in the following sense (see
[14, 15]).

« Space translations are necessary: For a solytiofi (3.1),¢ > 0 andy € RY
with |y| = 1, letp.(z) := e**¥Yp(z). Then itis easy to check that the solution of
(1.2) with initial datumy. is

u(t, ) = @Vl (5 — 2ety)).
We clearly haves. — ¢ in H*(RY) ase — 0, but for any= > 0

inf — e =2 .
supinf flue(t) = el mey) = 2l¢llmey)
Conversely, note that if we consider (1.1) in the subspacH @fR") consist-

ing of radial functions then no space translation can occur and we can omit the
translations in the definition of orbital stability.

+ Phase shifts are necessary: For a solutioof (3.1) ande > 0, let p.(z) =

(1+ s)ﬁgo((l +¢)2z). Then it is easy to check that the solution of (1.1) with
initial datume. is

ue(t, ) = e (1 4 6)ﬁap((l + 6)%1‘).
We clearly havep. — ¢ in HY(R™) ase — 0 but for anyz > 0

sup inf [Juc(t) — o(- = y) @y = ol mren).-
teR YERN

Remark thatp. is a solution of (3.1) withv being replaced by (1 -+ ¢).
The main result of this section is the following.

Theorem 4.3.Let ¢ be a ground state 0f3.1). If 1 < p < 1+ % then the standing
wavee“!p(x) is orbitally stable.

Remark 4.4.The range op is optimal: We will see in the next section that instability
occurs ifp > 1+ +.

Remark 4.5.Except forN = 1, where all solutions of (3.1) are ground states, The-
orem 4.3 asserts only the stability of standing waves corresponding to ground states.
It is an open problem to describe the behavior of other standing waves of (1.1) under
perturbations (see nevertheless [33, 74] and the references cited therein).

The first rigorous stability study is due to Benjamin [5] for solitary waves of the
Korteweg—de Vries equation. Roughly speaking, two different approaches are pos-
sible in the study of stability of standing waves. The first one was introduced by
Cazenave [13] and then developed by Cazenave and Lions [15]. It relies on varia-
tional and compactness arguments. The main step in this approach consists in charac-
terizing the ground states as minimizers of the energy on a sphérdf'). To use
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this approach, it is essential to have a uniqueness result for ground states as Theorem
3.15, otherwise a weaker result is obtained: stability of the set of ground states (see
Remark 4.9). The second approach was introduced by Weinstein [76, 77] (see also
[66]) and then considerably generalized by Grillakis, Shatah and Strauss [34, 35]. A
criterion based on a form of coercivity fét’(y) is derived in this work and allows to
prove stability of standing waves. Sufficient conditions for instability are also given in
[34, 35].

The rest of this section is devoted to the proofs of Theorem 4.3. In Subsection
4.1, we present the proof using the Cazenave-Lions method and in Subsection 4.2 we
present the proof using Grillakis—Shatah—Strauss method.

4.1 Cazenave-Lions method

The proof of Theorem 4.3 by the Cazenave—Lions method relies on theiioja@om-
pactness result.

Proposition 4.6.Letl <p < 1+ %. For anyr > 0, define
2= {ve H'RY);|Jv]3a@n) = 7}
Consider the minimization problem
—v; i =Inf{E(v);v e Z,},

whereF is the functional defined i(2.2): For v € H1(R"),

1 1
E(v) = _HVUHiZ(RN) - HU”Z[):;}]. RN)
2 p+ 1 (RN)

Thenv, < +o0, and if (v,) ¢ HY(RY) is such that

||UnH2LZ(RN) — randE(v,) — —v,; aSn — +oo,

then there exist a sequengg,) ¢ RY and a functionv € H1(R") such that, possibly
for a subsequence only,

U (- — yn) — v strongly in HY(RY).
In particular,v € £, and E(v) = —v..

The proof of Proposition 4.6 is based on the concentration-compactness principle
of Lions [50, 51]. We refer to [14, 15] for a detailed proof.

Remark 4.7.Forp > 1+ %, itis easy to see that. = +oco. Indeed, let € Z,.. Using

the scaled functions, () := AZv(\-), we obtainHvAH%Z(RN) = ||UH2LZ(RN) =7, but

lim,_ . E(vy) = —oco. Therefore, Proposition 4.6 cannot hold in this case.
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Next we characterize the ground states of (3.1) as minimizers of the energy on a
sphere of L?(RY).

Proposition 4.8.Let1 < p < 1+ ~. Then
(i) there existsg > 0such thaﬂthiZ(RN) =rgforallp € G,
(i) pegifandonlyifp € 3., andE(¢) = —v-,.

Sketch of proofPoint (i) follows immediately from Theorem 3.15. We refer to [14]
for the proof of (ii). i

Proof of Theorem 4.3 by the Cazenave—Lions metAdek result is proved by contra-
diction. Assume that there exist> 0 and two sequencés,, o) ¢ HY(RY), (t,) C R
such that

Humo - QPHHl(]RN) — 0 asn — +oo, (4.1)
i i _— 19 Pp—
;Qﬂfgy'er]g]v [tn(tn) — €’o(- = y)|| 1) > € foralln € N, (4.2)

where u,, is the maximal solution of (1.1) with initial datura,, 0. Setv,(z) :=
un(tn, ). By (4.1) and the conservation of charge and energy (see (2.3)), we have,
asn — o0,

lon 1 Zen) = ltn(ta) 1 Zeen) = lunollizgmy —  lelizmy) =79, (4.3)

E(vn) = E(ua(tn)) = E(uno) — E(p)=-vr.  (4.4)
By (4.3), (4.4) and Proposition 4.6, there exigt) c RV andv € H*(R") such that

v (- = yn) = vl mreyy — 0 @sn — +o0, (4.5)
v €2, andE(v) = —vq,. (4.6)

By (4.6) and Proposition 4.8, we have= G. Therefore, by Theorem 3.15, there exist
9 € Randy € RY such thaty = e?p(- — y). Remembering that,, = u,(t,) and
substituting this in (4.5), we get

() = € = (4 = y)) | ar2ge) — O Whenn — 4o,
which is a contradiction with (4.2) and finishes the proof. i

Remark 4.9.1tis essential for the proof of Theorem 4.3 by the Cazenave-Lions method
that the set of ground statgscan be explicitly described bfe?W(- — y);0 € R,y €

RV} as in Theorem 3.15. This uniqueness result is far from being obvious even with
our simple pure power nonlinearity. For general nonlinearities, such unigueness re-
sults are usually not available. Without this uniqueness result, one obtains a result
corresponding to a weaker notion of stability: stability of the GetMore precisely,

the concept of stability would read as follows: The set of ground statisssaid to
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be stable if for all ¢ > O there existsy > 0 such that ifuy € H(RY) satisfies
[uo — &l mrry) < d for somep € G then

supinf ||u(t) — <&,
tede}EgHU( ) = Yl @y <€
whereu is the maximal solution of (1.1) with(0) = wg.

4.2 Grillakis—Shatah—Strauss method

The method of Grillakis—Shatah—Strauss is a powerful tool to derive stahilibsta-
bility results. The results in [34, 35] state, roughly speaking, the following: If we con-
sider a family(¢.,) of solutions of the stationary equation, the standing watep,, ()

is stable if

0
a—wHﬁf%H%Z(RN) >0 (4.7)

and unstable if 5
olleulamy) <O, (4.8)

provided some spectral assumptions on the linearized opetéfer,) are satisfied.
Slope conditions of the type (4.7)—(4.8) can easily be checked when the stationary
equation admits some scaling invariance, typically when the nonlinearity is of power
type. For example, in the case of (3.1), it is easy to see thatig a solution of (3.1)

with w = 1 then the scaling,,(-) := wﬁapl(w%-) provides a family of solutions of

(8.1) forw € (0, 4o00) such that

9 2 : 4
%H‘Pw”LZ(RN) >0 if p<l1+ N

8%H<Pw||%2(RN) <0 if p> 1—|—%.
In such situations, the main difficulty is to handle the spectral conditions (see, e.g.,
[25, 26, 49]). If (3.1) has no scaling invariance, it becomes very difficult to obtain the
slope conditions (4.7)—(4.8) (see nevertheless [27, 28, 56]). An alternative is to use
a stability criterion derived from the work [34]. This stability criterion fits better the
case of general nonlinearities, as, e.g., in [19, 23, 24, 40, 44, 46]. See also [72] for
a review of the different ways to obtain stability for general nonlinearities thanks to
Grillakis—Shatah—Strauss’ results.

Although theses notes are restricted to nonlinear Schrédinger equations with power-
type nonlinearities, our goal is to provide the reader with methods applicable in rather
general situations and this is why we choose to present the proof of Theorem 4.3 using
the following stability criterion.

Proposition 4.10(Stability criterion).Let ¢ be a solution of(3.1). Suppose that there
existso > 0 such that we have

(5" ()0, 0) 2 61102 ) (4.9)
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for all v € HY(RY) satisfying the orthogonality conditions

(v,0), = (v,ip), = (v, gi> —Oforall j=1,...,N. (4.10)
2

T
Then the standing wavé~!((z) is orbitally stable inf1(RY).

Let us heuristically explain why the assumptions of Proposition 4.10 lead to sta-
bility. The idea comes from the theory of Lyapunov stability for an equilibrium in
dynamical systems. A good candidate for a Lyapunov functional would be the func-
tional S. Indeed, let us suppose for a moment that the coercivity condition (4.9) holds
for anyv € HY(RY) (this is not the case, as we will see in the sequel). <Lbe a
solution of (1.1) with initial datumug close top in H1(R™). A Taylor expansion gives

S(u(®)) = S(p) = (5(p),ult) —¥) + % (5" () (u(t) = @), ult) — ¥)

to(lu(t) - pl3agn))-

Sincey is a solution of (3.1)5’(¢) = 0. Combined with (4.9), this would give, for
some constant' > 0 independent of,

S(u(t)) = S(¢) = Cllut) = oll@n)- (4.11)

Sinces is a conserved quantity this would give an upper boundqin) — o|| g1,

hence stability. Of course, as we already know (see Remark 4.2), this cannot be true
since stability is possible only up to translations and phase shifts. In fact, translation
and phase shift invariance generates, as we will see in the sequel, a kes1glfpof

the form

1 . 0 .
ker{S" ()} = span{w, %;g =1.. .,N} .
J

To avoid this kernel, we require the coercivity condition (4.9) only«for H(RY)
satisfying
(v,ip) =<v (9_90) =O0forallj=1 N
9 2 ) 8.13] 5 90 9
which allows phase shifts and translations in the right-hand side of (4.11). The other
orthogonality condition(v, ¢), = 0 is related to the conservation of mass. Indeed,
since the mass is conserved, the evolution takes place, in some sense, in the tangent
space of the sphere af(R") atx and therefore it is enough to ask féito satisfy the
coercivity condition (4.9) on this tangent space to get stability. The rigorous proof of
Proposition 4.10 is involved and we have postponed it to the appendix.
In view of Proposition 4.10, it is clear that Theorem 4.3 follows immediately from
the following proposition.

Proposition 4.11.Letl < p < 1+ % and ¢ be a ground state 0f3.1). Then there
existss > 0 such that for alkv € H(R") satisfying

(w, @), = (w,ip), = (w, §_<p> =O0forall j=1,...,N, (4.12)
2

Lj
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we have
(8" (p)w,w) = 5Hw||§11(RN)~
Before giving the proof of Proposition 4.11, some preparation is necessary. First,
from Theorem 3.15, we can assume without loss of generality that the groung &ate
real, positive, and radial. Note that uniqueness is not involved here. It is convenient to
splitw in the real and imaginary part. We set= u-+iv for real-valued:, v € H*(R").

Then the operato$” () can be separated into a real and an imaginary paand L,
such that

(8" (p)w,w) = (L1u,u) + (Lav,v) .
Here, L, and L, are two bounded operators defined BA(R") restricted to real-
valued functions, with values i —1(R"), and given by
Liuw = —Du+wu—peP tu,
Lov = —Av+wv— P .
Until the end of this subsection, the functions considered will be real-valued. In partic-

ular, HX(RN) and L2(R™) will be restricted to real-valued functions.
Proposition 4.11 follows immediately from the two following lemmas.

Lemma 4.12.There exists; > 0 such that for alu € H*(RY) satisfying

(u, @), = < 8—90) =0forall j=1,...,N,
2

u
’81‘j

we have
(Lyu,u) > 51|‘“H§{1(RN)'

Lemma 4.13.There exists, > 0 such that for al € H1(R") satisfying

('U, 50)2 = Oa

we have
(Lov,v) = 62||v]3pan)-

It is not hard to see that the operatdrsand L, admit restrictions.; and L, with
domain H?(R") that are unbounded self-adjoint operatorsLA{R") (the so-called
Friedrichs extensions, see, e.g., [43]). .

_ The proofs of Lemmas 4.12 and 4.13 rely on the analysis of the speciraafd
L,. The following lemma gives the general structure of these spectra.

Lemma 4.14.The spectra of.; and L, consist of essential spectrum in, +o00) and
of a finite number of eigenvalues of finite multiplicity(#aco, w'] for all w’ < w.
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Proof. We first remark that sincé, and L, are self-adjoint operators, their spectra lie
onthereal line. .

The spectra of.; and, are bounded from below. Indeed, for ale H*(RY), we
have

Low) = [ Vel + wlulbam = [ o hildo
RN

WV

] o 9 / e = {Lyu,w).
Sincep € L>(RY), there exist&> > 0, independent of, such that

p / ¢ < Cllulgen)

and therefore
(Lou,u) > (Lyu,u) > (w — C)HUH%Z(RN)'

Now, sincey is exponentially decayingl,; and L, are compactly perturbed ver-
sions of

~A+w: H3(RY) ¢ L2(RY) — LA(RY).
It is well known that the essential spectrum-ef\ + w iS gesd —A + w) = [w, +00),
thus, by Weyl's Theorem (see, e.g., [43]),

OesdL1) = oesd L2) = [w, +0).

Since, forj = 1,2, o(L;)\ oesd L;) consists of isolated eigenvalues of finite multiplic-
ity ando(L;) is bounded from below, this completes the proof of the lemma. ©

From now on, we considdr; and L, separately. We begin with,.

Lemma 4.15.There exist$, > 0 such that for ally € HX(R") with (v, ¢), = 0, we
have

(Lov,v) > 52”71”%2(11@)'

Proof. We remark thatl.,o = S’'(¢) = 0 sincey is a solution of (3.1). This means
that O is an eigenvalue df, with o being an eigenfunction. But > 0, and it is
well known (see, e.g., [11]) that this implies that O is the first simple eigenvaliig. of
Letv € HYRY) be such thatv, ), = 0. Then, by the min-max characterization
of eigenvalues (see, e.g., [11]), there exibts- 0 independent of (in fact, & is the
second eigenvalue df,) such that

(Lov,v) > SZH'UH%Z(RN)'
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Proof of Lemma 4.13The proof is carried out by contradiction. Assume the existence
of a sequencév,,) ¢ HY(RY) such that

9022w+ l0al Zaga) = L (0, ) = 0 NG (Lot v) — 0 @S0 — +00,

Since||vn|\§{1(RN) < max{w,wfl}(HanHiz(RN) + vanHiz(RN)), (vy,) is bounded in

H(RY) and there exists € H*(R") such that, possibly for a subsequence only,
v, — v weakly in HX(RY).
In particular, we havgv, ¢), = 0 and by Lemma 4.15
(Lov,v) > 0. (4.13)

By the embedding of7*(RY) into L2(RY) for ¢ € (1, (N — 2)/N), we havey,, — v
in £24(RN). In view of the compact embedding &f'(R") into LZL(R"), we also get
v2 — o2 in LY(RY). Sincey is exponentially decaying, we haye1 ¢ LY (RY),
whereq’ is the conjugate exponent @,f% + qi = 1. Therefore,

/ ¢p_1vidx — P~ ?%dz asn — +oo. (4.14)
RN RN

From (4.14) and by the weak lower semi-continuity of fiigR" )-norm, we infer that

(Lav,v) < liminf (Lavy,,v,) = 0. (4.15)

n—-+0oo

Combined with (4.13), (4.15) implied.,v,v) = 0. Since(p, v), = 0, we obtain by
Lemma 4.15

v=0. (4.16)
On the other hand,
0 =Iliminf (Lov,,v,) =1 — gop*lvzdx.
n—-+oo RN
Hence [, v ¢~ 1v?dz = 1, which is in contradiction with (4.16). O

We now turn our attention té;. The proof of Lemma 4.12 is more delicate, essen-
tially since the spectrum af; contains nonpositive eigenvalues. Furthermergs no
longer an eigenfunction. We first deal with the negative eigenvalués.of

Lemma 4.16.The operatorL; has only one negative eigenvalue\; with a corre-
sponding eigenfunctiom € H?(RY) such thates|| p2py) = 1.

Proof. Let S : HY(RY) — R be the restriction of to real-valued functions. It is not
hard to see thap is also a mountain pass critical point 6f Then it is well known
(see, for example, [3]) that the Morse index%ét ¢ is at most 1 (recall that the Morse
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index is the number of negative eigenvaluesStfy)). We remark that.,; = 57 ().
Therefore,L; has at most one negative eigenvalue. On the other hand,

2 2 1
(Lip. o) = IVollia@n) +wllelZzmy) —plel]agn

1
~(p = Dllelgn, <O,

where the second equality follows from the Nehari identity (3.3). Therefarbas ex-
actly one negative eigenvalue\;, and we can pick up an eigenfunctiene H?(RY)
such thaﬂelHLz(RN) =1 O

The following result originates from the work of Weinstein [76].

Lemma 4.17.The second eigenvalue bf is0and

:kerilzspan{a—@;j:1,...7N}.
8$j

It is out of reach in these notes to give a complete proof of Lemma 4.17. Therefore,
we only give a partial proof and refer to [2] for a complete one.

Partial proof of Lemma 4.17We remember thap satisfies
—DNp+wp — P’ =0. (4.17)
Differentiating (4.17) with respect te; gives

Op 90 109 _
A@xj +w8mj pe ox; °

This is allowed since € W32(RY) implies% € H?(R"). Hence 0 is an eigenvalue

of L, and
span{ai;j = 1,...,N} c kerLs.
&vj

We admit that the reverse inclusion also holds. O

Lemma 4.18.The spaceH*(R") can be decomposed @'(R") = E1 & Z @ E,,
whereF; = spar{e;} and E, is the image of the spectral projection corresponding to
the positive part of the spectrum bf.

Note that in the direct sum; ¢ Z & E, the spaces are mutually orthogonal with
respect to the inner product af(RY).

Proof of Lemma 4.18The assertion follows immediately from Lemmas 4.14, 4.16,
4.17 and the spectral decomposition theorem (see, e.g., [43, p. 177]). i
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Lemma 4.19.For all u € HY(RY) \ {0} satisfying

(u, )y = <u 8—99) =O0forall j=1,...,N, (4.18)
9z /,
we have
(Liu,u) > 0. (4.19)
Proof. Letu € HY(RY) satisfying (4.18). We first look for a function such that
L1y = —wep.

1

To do this, we use the scaled functiops defined by, (-) := A7-1p(A2:) for A > 0.
The functionsp, satisfy
—Dpy + wipy — § =0. (4.20)

Differentiating (4.20) with respect td gives athA = 1

—Ap + wip — ppP Tl = —wp
fory =58 =0+ 32 Ve. Note thaty € HY(RV) sincex - Vi € HY(RY)
by Proposition 3.2. Furthermore, singds radial,¢ is even in each:;. Thereforey
is also even in each; whereas$Z is odd inz;. This implies

(d,,a_@> —oforallj=1,...,N.
ox; /),

J

We decompose ands with respect taf}(RY) = E; & Z @ E,: There existy, 3 € R
and¢, n € E4 such that

u = aep+¢,
v = fer+n.
If « = 0then¢ # 0 sinceu # 0, and we have
(Lyu,u) = (L€, €) > 0.

Thereforeu satisfies (4.19). Now, we suppose# 0. We easily find:
(L) = — L oilv
19, = wlwpTar Ve ,

1 1
= —w (ﬁH@HLZ(RN) 5 /RN P - V@dw) ~

With integration by parts, it is easy to see that

[ e Vods = Nlelsam, - [ ox- Vods.
RN RN
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Therefore, [, x vz - Vpdz = _%WPHZLZ(RN) and

1 N
(L1, ¥) = —w (ﬁ - Z) ||SD||%2(RN)'

Sincew > 0 andp < 1+ + this implies
(L1, ) <O

and thuss # 0.
On E., L; defines a positive definite quadratic form, and we have the Cauchy—
Schwarz inequality

(La&, )% < (La&,€) (Lam, ), &1 € Ey.

Therefore, we find

2
(L, ) = a2\ + (L1€,€) > —aPAy + % (4.21)

On the other hand, we get
0=-w (907 U)Z = <L1w7 U> = _aﬂ)‘l + <L1£a 77>

and thus obtain
(Li€,m) = aBA1.

This gives
Lag,)® 0?3203
—a®)\; + (s m)” = —a®\+ L
! <L1777 77> ' <L1777 77>
2522
= —a®\ 4+ %
ST BN+ (a0, )
2
_ o )\1 <L11/1,1/1> > 0.
(Lan,m)
Combined with (4.21), this finishes the proof. ]
Proof of Lemma 4.12The proof of Lemma 4.12 follows the same lines as the proof of
Lemma 4.13. We omit the details. ]
5 Instability

In this section, we will prove that the standing waves are unstable by blow-up in finite
time if 1 + % <p< 1+ ﬁ. More precisely, for any ground statee G, we will
find initial data, as close tp as we want, such that the solutions of (1.1) corresponding
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to these initial data will all blow up in finite time. As in Proposition 2.3, our basic
tool will be the virial theorem (Proposition 2.4). However, since the energy of the
ground state is nonnegative, it is not possible to argue directly as in Proposition 2.3. To
overcome this difficulty, we follow the approach of [48], which is a recent improvement
of the method introduced by Berestycki and Cazenave in [6, 7]. At the heart of this
method is a new variational characterization of the ground states as minimizers of the
action S on constraints related to the Pohozhaev identity (3.4). Compared to [6, 7],
the mean feature of the approach of [48] is that we do not need to solve directly a new
minimization problem; instead, we take advantage of the variational characterizations
of the ground states obtained in Section 3.

Before stating our results, we give a precise definition of instability by blow-up.

Definition 5.1. Let ¢ be a solution of (3.1). The standing wawe®p(x) is said to be
unstable by blow-up in finite timiéfor all ¢ > 0 there exists.. o € H(RY) such that

ueo — @llar@y) < e

but the corresponding maximal solutiapof (1.1) in the interval(7,
Cin > —o0, T < +o00 and thus

in» T®) satisfies

lm (ue(0)ll sy = +oo and im [lue(0) e, = +oc.
We start with the simplest cage= 1 + %. The following result is due to Wein-
stein [75].

Theorem 5.2.Letp = 1+ %. Then for every solutio of (3.1) the standing wave
e™ty(z) is unstable by blow-up in finite time.

Proof. First, we remark that’(v) = P(v) (recall thatP was defined in (2.6)) for all
v e HYRY) sincep = 1+ =. From the Pohozhaev identity (3.4), we have

E(p) = P(p)=0.

Let u. o be defined byu. o := (1 +¢)¢. Then itis easy to see thai(u. o) < 0. In
view of the exponential decay of (see Proposition 3.2), we haygu. o € L>(RY).
The conclusion follows from Proposition 2.3. |

We consider now the general case.

Theorem 5.3Letp > 1+ +. For all ¢ € G, the standing wave™!,(z) is unstable
by blow-up in finite time.

Remark 5.4.Theorem 5.2 asserts the instability of standing waves corresponding to
any solution of (3.1) whereas Theorem 5.3 concerns only standing waves correspond-
ing to ground states. It is still an open problem to prove instability by blow-up for
any solution of (3.1) ifp > 1+ % (see [74] for a review of related results and open
problems).
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For the proof of Theorem 5.3 it is not possible to mimic the proof of Theorem 5.2.
Indeed, fop > 1+ =, the identity £(v) = P(v) does not hold any more. Moreover,
E(y¢) > 0for ¢ € G, which prevents to use Proposition 2.3.

The scalinguy(-) := AY/?y(\-) will play an important role in the proof. In the
following lemma, we investigate the behavior of different functionals under the scaling.

Lemmab5.5.Letv € HY(RY)\{0} be suchthaf’(v) < 0. Then there exists, € (0, 1]
such that

(i) P(vr) =0,
(i) Ao =1lifandonlyifP(v) =0,
(i) ZS(vs) = 1P(vy),
(iv) ZS(vx) > 0for A € (0,X) and & S(vy) < Ofor A € (Ao, +00),
(V) A +— S(vy) is concave orfAg, +00).

Proof. A simple calculation leads to

N(p—1)
P(0y) = X Voluen) ~ A5 S E= D ot

2(p+1)

Recalling thatw > 2 (because op > 1+ «), we infer thatP(v,) > 0 for \ small
enough. Thus, by continuity dP, there must exiskg € (0, 1] such thatP(v,,) = 0.
Hence (i) is proved. If\o = 1, it is clear thatP(v) = 0. Conversely, suppose that
P(v) =0. Then

v\ Np—=1)
Pun) = XP@)+(R2-A"7) 3 27D I e
_ it Np—-1), »+
= (A7) g e,

and, sincew > 2, this implies thatP(vy) > 0 for all A € (0,1). Hence (i)
follows. From a simple calculation, we obtain

0 _ 2 ooy g N(p—1),  ps
55(1})) - /\”VUHHl(RN)_/\ 2 m” ” p+1]RN)
= A 1P(wy).
Hence (iii) is shown. To see (iv), we remark that
_ Np-d_ N(p-1)
Pl = 2P+ (38 2 x ) ZE
= 2 (00 T ) T o
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Therefore, sincé2-Y — 2 > 0, P(vy) > 0 for A < Ag andP(vy) < 0 for A > Ao.
Combined with (iii), this gives (iv). Finally,

& 2 Np-1_, (N(p—1) N(p-1) 1
S = Vol - a2 (2 ) SOyt
-~ Np-1)_, (N(p—1
S R C e Ry PR
which |mpllesaAZS(vA) < OforA > X\ sincew > 2. Hence (v) follows. O

The proof of Theorem 5.3 runs in three steps. First, we derive a new variational
characterization for the ground states of (3.1). Then we use this characterization to
define a sef, invariant under the flow of (1.1), such that any initial datuntigives
rise to a blowing up solution of (1.1). Finally, we prove that the ground states can be
approximated by sequences of elementg.of

We consider the minimization problem

dM = 1;I£L S< )

where the constraimt1 is given by
M= {ve H{(RY)\ {0}; P(v) = 0,1(v) < O}.
Recall thatl was defined in Proposition 3.12.
Lemma 5.6.The following equality holds:
m = d,
wherem is the least energy level defined(B120)

Proof. Let » € G. Because of Lemma 3.3, we haligp) = P(yp) = 0. Thus it is clear
thaty € M. Therefore,S(yp) > da and thus

m > dm. (5.1)
Now, letv € M. If I(v) = O0thenS(v) > m by Proposition 3.12. Suppose that
I(v) < 0. We use the scaling, (-) := A\V/2p(\-). Then
N
I(va) = /\2HVUH2LZ(RN) "‘WHU||%2<RN) - A ||UHZ;%1 (RN

implies limy o I(vx) = w||v[|2, &~y > 0. BY continuity of7, there exists\; < 1 such
that(vy,) = 0. Therefore, by Proposition 3.12,

m < S(vy,). (5.2)
From P(v) = 0 and Lemma 5.5, we deduce that

S(vy,) < S(0). (5.3)



Standing waves in nonlinear Schrodinger equations 181

Combining (5.2) and (5.3) gives < S(v), hence
m < d. (5.4)
The conclusion follows from (5.1) and (5.4) i
Now, we define the sét by
7:={ve HYRY);I(v) <0,P(v) < 0,S(v) <m}
and use Lemma 5.6 to prove tiats invariant under the flow of (1.1).

Lemma 5.7.1f ug € Z then the corresponding maximal solutionin (Timin, 7™%) of
(1.1) satisfiesu(t) € Z for all t € (Tmin, T™).

Proof. Letug € Z andu be the corresponding maximal solution of (1.1 Tin, 77).
SinceS is a conserved quantity for (1.1), we find

S(u(t)) = S(ug) < mforallt € (Timin, T™). (5.5)
The assertion is proved by contradiction. Suppose that there esisth that
I(u(t)) = 0.
Then, by the continuity of andu, there exist$g such that
I(u(to)) = 0.
By Proposition 3.12, this implies
S(u(to)) = m,
which is in contradiction with (5.5). Therefore,
I(u(t)) < Oforallt € (Tmin, T™%). (5.6)
Finally, suppose that for sones (Trin, T7%)
P(u(t)) > 0.
Still by continuity, there exists, such that
P(u(t1)) =0.
From (5.6), we also havBu(t1)) < 0, and thus by Lemma 5.6
S(u(ty)) = m,
which is another contradiction. Therefore,
P(u(t)) < Oforallt € (Tyin, T™®),

and this completes the proof. i
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Lemma 5.8.Let up € Z and u be the corresponding maximal solution ¢f.1) in
(Tmin, T™®). Then there exists > 0 independent of such thatP(u(t)) < —¢ for all
t E (Tmin7TmaX).

Proof. Lett € (Tmin, T™) and set := u(t) andw, () := AN/?y(\-). By Lemma 5.5,
there exists\o < 1 such thatP(vy,) = 0. If I(vy,) < 0, we keep)o, otherwise if
I(vy,) > O there exists\o € (Ao, 1) such that(v5 ) = 0 and we replaceg by o. In
any case, by Proposition 3.12 or Lemma 5.6,

S(vxg) = m. (5.7)

Now, by (v) in Lemma 5.5, we get

0
S(v) —S(vy) = (11— Ao)as(m)bzl (5.8)
From (iii) in Lemma 5.5, we obtain that
5}
ES(UA)P:l :P(’U). (59)
FurthermoreP(v) < 0 and)o € (0, 1) implies
(21— Xo)P(v) > P(v). (5.10)

Combining (5.7)—(5.10) gives
S(v) —m > P(v).

Let —¢ := S(v) —m. Thend > 0 sincev € Z, and¢ is independent of sinces is a
conserved quantity. In conclusion, for ang (T, 7™,

P(u(t)) < =4
and this ends the proof. m|

Lemma 5.9.Let up € Z be such thatz|up € L?(RY). Then the corresponding max-
imal solutionw of (1.1) in (Tmin, ™) blows up in finite time, i.e7min > —oo,
T < 400,

Jim (1) |y = oo and Jim, [fu()] ) = +oo.

Proof. By Lemma 5.8, there exists> 0 such that
P(u(t)) < —d for all t € (Tyin, T™®).

Remembering from Proposition 2.4 thﬁ%”xu(t)”%z(w) = 8P(u(t)), we get by in-
tegrating twice in time

[z (t) |7y < —45t% + C(t+ 1),
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As in the proof of Proposition 2.3, this leads to a contradiction for l&igd herefore,
Tmin > —o0, TM® < 400 and, by Proposition 2.1,

Sim fu()ll) = +ooand m flu(®)]lae) = +oo.
m|

Proof of Theorem 5.3In view of Lemma 5.9, it remains to find a sequencé icon-
verging top in HY(RY). We definep,(-) := AN/2¢(\-). Then, by Lemma 5.5,

I(px) <0, P(pxr) <0,8(pr) <m,

thusy, € Z for all 0 < A < 1. Furthermore, by Proposition 3.2,is exponentially
decaying and so ig,. Therefore|z|py € L?(RY) for all 0 < A < 1. Itis clear that

©x — o when)\ — 1. Because of Lemma 5.9, the solution of (1.1) corresponding to
the initial datumey, blows up in finite time for any O< A\ < 1. This completes the
proof. m]

Remark 5.10.When the nonlinearity is more general, it may be impossible to use the
virial theorem to obtain a result of instability by blow-up. In such cases, a good al-
ternative to prove instability would be to follow the method introduced by Shatah and
Strauss in [69] and then developed further in [34, 35]. Other methods, based on modi-
fications of the original idea of Shatah and Strauss, are also available, see for example
[21, 22, 32, 45, 61]. Note that proving instability by these methods does not neces-
sarily provide information on the long time behavior (blow-up or global existence) of
solutions starting near a standing wave.

Remark 5.11.The type of method employed here to prove instability by blow-up of
standing waves is not restricted to nonlinear Schrodinger equations. See, for example,
[6, 39, 53, 62, 63, 68] and the references cited therein for results on the instability by
blow-up for standing waves of nonlinear Klein—-Gordon equations.

6 Appendix

The appendix is devoted to the proof of Proposition 4.10.
For ¢ being a solution of (3.1), we defingwbular neighborhooaf ¢ of sizec > 0
in HY(RY) by

Uelp) i={ve H'RY); _inf [ev(- —y) = ollmen) < e}
0eR, ycRN

Before proving Proposition 4.10, some preliminaries are needed.
Lemma 6.1.Lety be a solution of(3.1). For all § > 0 there exists > 0 such that
le® (- —y) — ollremny <e, 0€ER,ye RY,

implies|(6,y)| < 6. Here,| - | denotes the standard norm (R /27Z) x RY.
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Proof. The proof is carried out by contradiction. L&ét> 0 and assume that for all
n € N there existg0,,, y,,) such that

. 1
€ (- = yn) = @l 2wy < = and (6 yn) | > &

Possibly for a subsequence only, we hatfe o(- — y,,) — ¢ almost everywhere as
n — oo, and in fact everywhere by regularity ¢f (see Proposition 3.2). Suppose
that (y,,) is unbounded. Then, possibly for a subsequence oply,— +oo, but by
exponential decay af (see Proposition 3.2), this implies that for ale RY,

ewTLQO(x + yn) — 0,

which is a contradiction witkp # 0. Therefore(y,,) is bounded and converges, possi-
bly passing to a subsequence, to sgmeR?” . Since eaclt,, can be chosen i, 27),
we also have,, — 6 for somef € [0, 27). By hypothesis, we have

(6,y)] > 9, (6.1)

but for allz € RV

oz +y) = p(x). (6.2)
We claim that (6.2) can hold true onlyjf= 6 = 0. Indeed, letq be such thap(zg) #
0. If y # 0 then lim,_ o e™?p(z0 + ny) = ¢(x0) # 0, what is in contradiction with
the decay ofp at infinity. Thereforey = 0 and this immediately implieg = 0. This
is in contradiction with (6.1) and finishes the proof. m]

Lemma 6.2.Let ¢ be a solution of(3.1). There exist > 0 and two functionsr :
U.(¢) = RandY : U.(¢) — RY such that for allv € U.(yp)

[0 = ¥ (@) = plam = ,_inf [l =) = ez

Furthermore, the function := ¢“(")y(. — Y (v)) satisfies

(w, i), = <w a_@> —Oforall j=1,...,N. (6.3)
8$j 2

Proof. For the sake of simplicity, we assume thats real-valued and radial. Let
®:R xRN x HY(RY) — R be defined by

1, 1 »
®(0,y,v) = z”e “o(- —y) - <PH%2<RN) = QHU —e (- + y)”%Z(RN)
and letF : R x RY x HY(RY) — RN+1 be the derivative of® with respect tqé, y):

(ewv(' - y)’ i(p)z

. eiev(_ — ), 9o
F(0,y,v) = De’yCD(G,y,U) = ( . 8301)2
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We haveF (0,0, ) = 0, and the derivative of is given by the diagonal matrix

”‘P”Lz RN) 0
| 22112, gn
Dy, F(0,0,) = o AR

0

22 2o

Since ¢ is a solution of (3.1)y is not zero and, therefore, we haWeH%Z(RN) >0
andHa*" ||L2 &) > Oforall j = 1,...,N. Consequently, the matrik, , F'(0, 0, ¢)
is posmve definite and by the implicit function theorem there exists0, 6 > 0 and
(0,Y): V. — Q,where
Ve = {ve H(RY); ||v - ollmey) < e} andQ :={(6,y) € R x RY;|(6,y)| < 6},
such that for alb € V.

F(o(v),Y(v),v) =0 (6.4)

and
Hem(v)v(' - Y(U)) - <PHL2(RN) = (02 inf ”ewv(_ - y) - <PHL2(1RN)- (6.5)

Now we extend (6.5) to allf,y) € R x ]RN Assume that there exist8, )
R x RY such that(d, )| > § and

lev(- = §) = pll 2@y < € v(- = Y (v) = @ll o).

Forv € V,, we have
e o (=) =ll ey < lle? (p(-=F)=v(-=) s2@m) + 10 (=) =0l 2@ < 2=.

If ¢ is small enough, this implies by Lemma 6.1 th@ )| < &, which is a contradic-
tion. Therefore, we have, for alle 1,

io(v H i0
€000 = V(@) = pllzzmmy = 0 [l =) = @leen.

It remains to extendo,Y) to U.(¢). Letv € U.(p). Then there exist&*, y*) such
that

Hew*v(- —y*) — <PHL2(RN) <e.
Define
o(v) ==o(e? v(-—y*)) + 6*
and
Y(0) :=Y(e”o(-—y*) +y".
Then itis not hard to see that this definition is independent of the choi@# af*) and

allows us to extendo, Y') to U.(v). The orthogonality relations in (6.3) follow from
the relation (6.4). i



186 Stefan Le Coz

Recall thatp) was defined in (2.1) andl in (2.2).

Lemma 6.3.Under the hypothesis of Proposition 4.10, there exist 0 andC' > 0
such that for ally € U, () satisfyingQ(v) = Q(¢), we have

B S ; W0 N2 .
E(v) E(w)/C(M)lenﬂngNlle v(- = y) = ol

Proof. For the sake of simplicity, we assume thss radial. Lets > 0 andv € U, (y).
Fore small enough, leto, Y') be as in Lemma 6.2 and define

w = e Wy(- =Y (v)). (6.6)
Then by Lemma 6.2 the function satisfies
(w, i), = <w a_@> —Oforallj=1,...,N. (6.7)
8$j 2

Let A € Randz € HY(RY) be such that

(2,¢),=0 (6.8)
and
w—@=A\p+ z. (6.9)
Sincey is radial up to translations, we have
(%5—@> —0forj=1,...,N. (6.10)
i/ 2
Combining (6.7), (6.9) and (6.10) we get
<z,ai> —0forj=1,...,N. (6.11)
9/,

Moreover, we have
(i), = Re(_i”SDH%Z(RN)) =0,
and therefore
(z,i¢), = 0. (6.12)

From (6.8), (6.11) and (6.12), we see thasatisfies the orthogonality conditions in
(4.10) and therefore
(8"(#)2,2) = 8|l l3pn)- (6.13)

By a Taylor expansion, we obtain
Q(e) = Q(v) = Q(w) = Q(p) + (Q'(¢), w — @) + O([|w = @lf2szn))-
But Q'(p) = ¢ and therefore

(Q'(0),w =) = (pow =)y = (9, X + 2), = M@l 2
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where the last equality follows from (6.8). Consequently,
A= O(lw = ¢l @n))-
Now, another Taylor expansion gives

S(v) = S(p) = S(w) — S(p)
= (S'(0),w — ) + 5 (8" () (w — ), w — @) + o(w — @ Fp gy

Sincey is a solution of (3.1), we havé’(») = 0 and therefore

(S'(p),w =) =0.

Furthermore, from (6.9) we get

(S"(@)(w — @), w— @) = N2 (S"(@)p, p)+ 2ARe(S" (9)p, 2) +(S" ()2, 2) .

From (6.14) we have

N2 (8" (), ) = olw — @31 z))-
Since
1207y < 20w = @llp@y) + 232 @ll3aEy),
we have by (6.14) that
1211y = Olw = @l ey,

and therefore
2ARe(S" ()¢, 2) = o |lw — @lIZ g ))-
Combining (6.17), (6.18) and (6.20), we get

(5" (@) (w = p),w = p) = (5"(¢)z,2) + o(|w = || Fan))-
Together with (6.15)—(6.16), this gives

S(0) — S() > % (8"()7,2) + olw — @l 2an))-

But sinceQ(v) = Q(¢), we have
E(v) — E(¢) = S(v) = S(¢)
and with (6.13), (6.19) and (6.21), we obtain
)
E(v) — E(p) > §||w - @H%Il(]RN) +o(flw — 90||12Hl(RN))-

Therefore, we have far small enough

)
E(v) — E(p) 2 ZHU} - @H%Il(]RN)'

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)
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SettingC' := ¢/4 and remembering how was defined in (6.6) gives

EW) — E(p) > inf Bo(-—y) — 2
(v) = E(p) C(e’y)eRxRNlle v(- = y) — @l nwn)s

which finishes the proof. O

Proof of Proposition 4.10The assertion is proved by contradiction. Assume that there
existsu,, o ande > 0 such that

[tn,0 = @l reny — 0 asn — +oo (6.22)
but foralln ¢ N

sup inf eOun(t,- —y) — @l gy > €
te(T, Toe) (0.y)ERXRY Ieun )= el

wherew,, is the maximal solution of (1.1) iGZ %, T'®) corresponding tay ,,. By
continuity, we can pick up the first timg such that

inf Ot (b, —y) — =
(M)E]RX]RNH@ U ( y) 90||H1(1RN) €

In view of (6.22) and the conservation of charge and energy (see (2.3)), itis clear that

E(un(tn)) = E(un0) — E(¢)
Q(un(tn)) = Q(un,o) - Q(W)

. ualta)
Letu, = el loll o). Then

asn — +oo.

Q(vn) = Q(#), E(vn) — E(p) and|v, — Un(tn)”Hl(]RN) — 0.
Choosing: sufficiently small, we can apply Lemma 6.3 to get

; i 2
(0,y>lennngN levn(- —y) = @llney) < C(E(vn) — E(p)) — 0.

On the other hand, we have

= inf Oty — ) —
c (0,y)ERXRN le™un( y) = el
i 0
S (O,y)len]lngN le%on (- =y) = @llm@n) + llun = vnll rger),
which yields a contradiction fot large. .
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Multiscale methods coupling atomistic and continuum
mechanics: some examples of mathematical analysis

Frédéric Legoll

Abstract. Many numerical methods coupling a discrete description of matter with a continuum
one have been recently proposed in the mechanics literature. This contribution aims at introducing
this field in a mathematical perspective, at an elementary level. We first review some modelling
questions. We next carry on a mathematical analysis on a toy example of an atomistic to continuum
coupling method. This example presents the same coupling features as some more advanced meth-
ods. On the other hand, its simplicity makes its analysis easier. Specific difficulties linked with the
coupling of models at different scales are highlighted. We conclude these notes by reviewing some
general questions frequently debated in the field, pointing out the main directions that have been
followed at the front of research, and discussing some open problems.

Keywords. Atomistic to continuum coupling, error estimation, multiscale models, variational prob-
lems, QuasiContinuum method, materials science.
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1 Introduction

Many numerical methods coupling a discrete description of matter with a continuum
one have been proposed recently in the mechanics literature. Their developments stem
from the need to go beyond standard continuum mechanics models in materials science,
while still giving rise to computationally tractable methods.

This contribution, primarily written for applied mathematics students, aims at in-
troducing this field in a mathematical perspective and pointing out the main directions
that have been followed. We first review some modelling questions, focusing on the
key elements. Our aim here is not to describe the most up-to-date (or most accurate)
models, but to give somgualitativeunderstanding of the models we manipulate. We
next carry on a mathematical analysis on a toy example of such an atomistic to contin-
uum coupling method. This example presents the same coupling features as some more
advanced methods. On the other hand, its simplicity makes its analysis easier. Specific
difficulties linked with the coupling of models at different scales will be highlighted
along the text.

We conclude these notes by reviewing some general questions frequently debated in
the field, about modelling, setting of the problem and spurious effects at the interface
between two models written at different scales. We also briefly review the different
methods proposed up to now (based on a coupling between discrete and continuum
models or on some alternatives). We finally mention some open questions on how to
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Figure 1. Schematic representation of a nanoindentation experiment: close to the stiff
indenter, one expects a non-smooth deformation of the soft material, hence the need
of a fine model. Further away, the deformation is smooth, and a macroscopic model,
discretized on a coarse mesh (here quadrangles) provides a good enough accuracy.

take into account temperature and dynamical effects. We hope that this last section,
which addresses questions at the front of research, is of interest not only for students,
but also for experts in the field.

In this contribution, we only consider multiscale methods for materials science
(e.g., solid mechanics). However, a lot of other applied fields have also witnessed a
significant development of similar methods. See [91] for some examples of multiscale
systems, in fluids mechanics, computational chemistry, ..., and the recent numerical
methods to handle them. On the other hand, see [29] for a comprehensive review of
mathematical results on atomistic to continuum limits for crystalline materials.

The traditional framework in solid mechanics is the continuum description. State
variables are the displacement field, its gradient, the stress field, and possibly the plas-
tic deformation field. However, there are situations for which such a model is not
appropriate. A first example is hanoindentation, which consists of inserting a stiff in-
denter (made of a hard material, and which is often considered as non-deformable) into
a piece of soft material, such as aluminium (see Figure 1). One is often interested in
the forcef on the indenter as a function of its depthWhen the depth is small enough,
the response of the material is smooth (this is the regime of linear elasticity). However,
when the depth is increased, the response becomes highly nonlinear, and eventually a
singularity appears in the curvie— f. This corresponds to the appearance of a defect
in the atomic lattice of the soft material, such as a dislocation (see [40, 79, 97, 157] for
comparison between experimental results and numerical simulations of nanoindenta-
tion). Such defects cannot be described by a continuum model.

Another situation when nanoscale localized phenomena appear is crack propaga-
tion: in some materials, the crack moves because atomic bonds break [112] (see also
[15]). In addition, on the fracture lips, there is some reorganization of the lattice (called
surface relaxation), because of the presence of a free surface. Again, these phenomena
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cannot be described at the continuum stale

An important literature exists on the modelling of crack propagation (and disloca-
tions) by a continuum model. However, these theories are generally based on phe-
nomenological arguments (for instance, to decide whether a crack appears [95], on the
direction of its propagation, on how much it propagates, ...) and criteria (e.g., Griffith
or Barenblatt criteria). They are also unable to describe the precise structure of the
defects (the crack tip, or the dislocation core).

In all these situations, the atomistic nature of matter cannot be ignored. An appro-
priate model to describe the localized phenomena is an atomistic model, in which the
solid is considered as a set of discrete point particles interacting through given inter-
atomic potentials. In such a model, state variables are the positions (and momenta) of
all the particles, hence the possibility to describe complex deformations such as surface
relaxation, dislocation cores, . ..

However, the size of materials that can be simulated by only using an atomistic
model is very small in comparison to the size of the materials one is interested in. Let
us first recall that the mean distance between two atoms is of the order 8f 10
Hence, there are approximately?2@toms in a volume of 1 m#n Simulating such a
system with an atomistic model is hence computationally out of reach. This precise
and expensive model can only be used in small pieces of the material. On the other
hand, for some phenomena we have mentioned above, it is not possible to make ac-
curate computations by just considering a small piece of material, because large scale
or bulk effects have to be accounted for (or boundary conditions should not affect the
phenomenon under study)

Fortunately, it is often the case that the deformation is smooth in the main part of
the solid. So, a natural idea is to try to take advantage of both models, the continuum
mechanics one and the atomistic one, and to couple them. There are (at least) three
central issues one should be aware of: consistency, adaptivity, and coupling conditions.
Let us briefly review them.

Consistency means that the atomistic and the continuum models must be somewhat
related. Indeed, for loading conditions for which a completely atomistic model leads
to a smooth deformation, the continuum model should lead to a nearby solution. A
related question is to build continuum models on the basis of atomistic models.

Let us now turn to adaptivity and coupling conditions. Many multiscale methods
(but not all) are based on a domain decomposition paradigm: the fine scale model is
used in the subdomain where non-smooth deformations are expected, while the coarse-
grained model is used elsewhere (with possibly some overlapping between the two
subdomains, depending on the precise method at hand). This partition of the compu-
tational domain is usually a parameter of the method. The question arises on how to
choose this partition, how to adapt it to the loading conditions or the current computed
solution, so as to make the best possible compromise between accuracy and numerical
efficiency.

1See also [110] for a discussion of the smallest length scales at which classical elasticity theories hold.
2For instance, the stress field in a cracked material decaygds (wherer is the distance to the crack tip),
which is an extremely slow rate.
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Once a partition is chosen, coupling conditions at the interface (or in the overlap-
ping domain) should be chosen. Since the two models are written at different scales
and thus involve different variables, some care must be taken when writing these con-
ditions. In general, they indeed have an impact both on the accuracy of the solution of
the hybrid model, and on its computational complexity.

These notes are organized as follows. In Section 2, we briefly review the key ele-
ments of the models that we manipulate later on, that is continuum mechanics models
and atomistic models. As we seek for coupling these two models, we need to address
the consistency question. This is the purpose of Section 3, where we show how to de-
rive standard continuum mechanics models on the basis of atomistic models. Section 4
is dedicated first to the introduction of atomistic to continuum coupling methods, based
on a domain decomposition paradigm (see Section 4.1). In the sequel of that section,
we analyze a prototypical multiscale method and obtain error estimates, first in a con-
vex setting (Section 4.2), second in a nonconvex setting (Section 4.3). The last section
(Section 5) gathers some more involved discussion, both on the setting considered in
this contribution, and on how to go beyond.

Before proceeding further, let us emphasize that, in these notes, we adopt a varia-
tional viewpoint. The key notion of the models that we present below is the energy.
We also assume that we have at hand a fine scale model and its coarse-grained ver-
sion. We look for the global minimizer of an energy, which possibly blends terms
written at different scales. Hence, our aim is to compute equilibrium configurations.
This corresponds to a zero temperature setting. Note that, even for such static compu-
tations, there are alternatives to looking for global minimizers of an energy: one can
look for local minimizers, or critical points. Methods have also been developed in the
case when no coarse-grained model is known. We also note that inserting dynamical
effects or temperature effects leads to different approaches, for which there are still
many open questions. We prefer to postpone all these discussions to the end of these
notes (see Section 5), and present first the basic background material and one instance
of a multiscale method.

2 Models

We briefly describe the continuum mechanics model and the atomistic model we work
with. These models agmplifiedmodels in comparison to what exists in the literature.
More comprehensive discussions on continuum models can be read in, e.g., [154]. See
[41] for a mathematical analysis of these models, and [92] for details on the related
numerical methods and their analysis (finite element methods are often the methods of
choice, due to their ability to handle complex geometries). See [36, 46, 137] for a more
comprehensive description of atomistic models.

2.1 A continuum mechanics model

Let us consider a deformable solid body which occupies, in the abséaoy thading,
the smooth bounded domaih ¢ R2 (this is the reference configuration). When sub-



Atomistic to continuum coupling methods 197

mitted to body or surface forces, the solid deforms. We introduce thesma&p— R3,
which is such that the material pointate Q in the reference configuration moves to
o(z) € p(Q). The mapyp is called thedeformationmap. It is often useful to introduce
thedisplacement.(z) = ¢(x) — . Thedeformation gradienis the map

F=V¢:Q— R

Forces inside the body are described by $tress tensorr : Q — R3*3, By
definition, 7 (x) - n is the force per unit area (measured in the reference configuration)
that is applied on a surface located, in the reference configuratiors &, and normal
to the unit vector.® Consider a body submitted to body forges Q — R2 (such as,
e.g., gravity) and surface forcgs 9Q — R3 (such as, e.qg., pressure on the boundary).
The equilibrium equations (balance of forces) read

{—diwr = f inQ,

(2.2)
m-n = g 0ndQ,

wheren is the unit normal (outward-pointing) vector &8. The vector-valued equa-
tions (2.1) can be equivalently written as

3 (97Tij
&vj

(z) = filz) InQ, 1<i<3

j=1

3
ij(x)nj(a:) = gi(z) ondQ, 1<i<3
j=1

Kinematics are described by the deformatignvhereas forces are described by the
stress tensor. The link between these two quantities is dumstitutive lawwhich is
material dependent, and can formally be writterras F(z, ¢, Vo, .. .).

A material is said to belasticif = depends orp only throughV¢ (and not, for
instance, through higher order derivativesjz) = F(z, Vé(z)). An elastic material
is said to béhyperelastiavhen there exists a functidi’ = W (z, M) : Q x R3® — R,
the elastic energy density, such that

i (2) = %(x, Vo(z)). 2.2)

Then, formally, equations (2.1) are the Euler—-Lagrange equations of the variational
problem
inf {E1(¢); ¢ sufficiently regulaf,

where the macroscopic enefgg

EM(QS):/QW(x,V¢(x))dx—/Qf(x)-¢(x)dw—/mg-¢da. 2.3)

3We work here with the first Piola—Kirchhoff stress tensoiso that the equilibrium equations are written in
the reference configuration. We could alternatively work with the Cauchy stress tensor, defined in the current
configuration.

4The subscript\/ stands for macroscopic.
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Note that the variational space foshould be chosen such that, (¢) is well-defined.
In the following, we focus on hyperelastic materials which are also homogeneous,
so thatiW does not depend on but only onV¢.

Example 2.1.Linear elasticity corresponds to the choice

W(M) = 2 e(M) A2 (M),
where A is a constant symmetric 4th-order tensor, afd/) is the symmetric part
of the tensorM — Id. Hence, forM = V¢, we haves = 3(Vu + Vu?) (recall
é(z) = x4+ u(z), henceVe = Id + Vu). By definition of the contraction product, the
densityW (M) reads

3
Z EZ] M z]kl €lk(M),
J=1

I\)II—‘

i,j,k

whereA; i = Ajiu = Aijjie = Awij. In the special case of isotropic materials, the
tensorA depends only on two coefficients, the Young moduiuand the Poisson ratio
v, and the density is

ceRa (1 5, e+ <s<M>2>) |

When using continuum mechanics, we may face two difficulties. First, some de-
formations are difficult to describe, because they concern the underlying atomic lattice
(and atoms are not degrees of freedom of a continuum model). Second, postulating an
accurate constitutive law is not an easy task. A standard way is to introduce a para-
metric expression and determine the parameters on the basis of experimental results.
However, materials are used in loading conditions and temperatures that are more and
more demanding (think for instance of materials in nuclear power plants). Extrapolat-
ing a constitutive law that has been optimized in some loading range to another range
of loads may be dangerous. In addition, it is not always possible to perform experi-
ments at the interesting values of temperature, pressure, etc. This motivates the use of
other models.

W (M) =

2.2 An atomistic model

At the atomistic scale, we consider the material as a s¥tpdint particles (the atoms).
Variables are the position%, i = 1,..., N, of the particles. The energy of the system
is a function of{¢*} " . In the following, we assume that the atoms interact through
pairwise interactions, so that the energgads

Eu(¢%...,¢") = ZZV (2.4)

i=1 j#i
for a given interatomic potentidl.

5The subscripj: stands for microscopic.
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Remark 2.2.Physically reasonable potentials only depend on the distance between
atoms:V (¢7 — ¢*) = V(||¢? — ¢||) for some functionv : R* — R. We also expect that
lim,_o: V(r) = +oo (bringing two atoms to the same point costs an infinite amount
of energy), whereas lim,. ., V(r) = 0 (atoms do not interact when they are infinitely
far away). Some of these requirements create difficulties from the mathematical view-
point, mostly because they prevent the endfigyirom being a convex function af. In

the sequel, we will sometimes consider potentials that do not fullfill the above physical
requirements, in order to make the mathematical analysis simpler.

We have only considered here pairwise interactions. More realistic models include,
e.g., three-body interactions, and write

Eu(¢h....o") =D Va(¢',¢) + > Va(¢', ¢, 6").

i<j i<j<k

In practice, more complex potentials have to be used to obtain quantitatively meaning-
ful results. We restrain ourselves to the case (2.4) of two-body interactions.

Note that we do not consider any quantum effects. Electrons are not described in
an explicit way. Actually, electronic interactions are implicitly taken into accouft.in
For instance, a parametric expressionocan be postulated, and parameters can be
optimized so as to fit computations done with an ab initio quantum model, that involves
no parameter but only physical constants.

The energy (2.4) describes the self-interaction energy of the atoms with one another.
It is the analogue of the elastic energy W (V¢(z)) dz in (2.3). We now wish to
consider external forces applied on the atomistic system. We consider only forces that
are conservative, e.g., that come from a potential enétfgyWhen the material is
submitted to this external field, its energy becomes

N N
EMHka%ZXWW—M+ZmM- (2.5)
i=1 j#i i=1

Such an atomistic model is able to describe the interesting phenomena that we have
mentioned above. However, as noted in the Introduction, it is incredibly expensive.
Hence, we will try to couple it with a cheaper model. We explain in the next section
how to obtain such a hybrid model.

3 From an atomistic model to a continuum model

In this section, we show how one can build a continuum model on the basis of an
atomistic model. We hence address the issue of consistency between the models that
we raised earlier. We follow the approach proposed in [26, 27], which is a point-
wise approach: given a deformation, we study the limit of the atomistic energy when
the lattice parameter goes to zero. Note that a variant of this approach has been pro-
posed in [7]. An alternative to this pointwise approach is-Bmit approach, which
amounts to looking at the limit of the atomistic variational problem itself (see [31, 45]
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for introductory material o -convergence, and [32, 33] for some applications of this
methodology to discrete problems). We refer the reader to the recent review [29] for a
more comprehensive discussion on atomistic to continuum limits.

Our starting point is the expression of the atomistic energy. For the sake of clarity,
we consider here the expression (2.4) rather than (2.5), e.g., we do not take into account
any external loading. Taking into account this term is an easy generalization. On the
basis of (2.4), we want to build a functiafiy, = FE\(¢), where the variable is a
deformation fields. We are going to make two assumptions. First, we assume

In the reference configuration, the atoms occupy positions

H1
(H1) on a perfect periodic lattice (of parametgr
To simplify notations, we assume that this latticenig?, whereh is the lattice
parameter (of order T3° m), andd is the dimension of the ambient spade= 1, 2 or
3). Generalization to other lattices is straightforward. £’ebe the position of atom
in the reference (undeformed) configuration. We hence assume that

2t e Qpi=hZ¢NQ.

The energy in the reference configuration is

E, = % Z Z V(zd — 2.

21 €Qy, I €Qp AL

Such a material, where atoms are located on a periodic lattice, is catledacrystal.

Assumption (H1) is certainly a strong assumption. Indeed, in the best possible
case, a crystalline material is an aggregate of such monocrystals (one sppaks of
crystalg, where each monocrystal corresponds to a perfect lattice (see [93] and [94]
for an example of homogenization of polycrystals). Two monocrystals at least differ by
the orientation of the lattice. The lattice itself may be different from one monocrystal
to another. It may also be the case that, in the reference configuration, the atoms do
not occupy positions on a regular lattice but, for instance, on a random perturbation of
such a regular lattice. We also wish to mention that the assumption (H1) is somewhat
related to the so-called Cauchy—Born rule, which is discussed in [54, 70]. Note that
it is possible to derive continuum models from atomistic models without resorting to
the periodicity assumption (H1). See for instance [28, 30] for such a development in a
stochastic setting.

Let us now consider macroscopiaeformations. We want to compute the energy
associated to this deformation, based on the atomistic model. We hence need to know
what is the deformation at the microscopic scale, when the macroscopic deformation
is prescribed to bé. We make the assumption

When submitted to the macroscopic deformation

H2 :
(H2) the atoms positions becomiéz").

Hence, at the atomistic scale, the deformatioegjgalto the macroscopic deformation.
Again, (H2) is a strong assumption, which is discussed in details in [27, 66].
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Under the assumptions (H1) and (H2), the atomistic energy associated to a macro-
scopic deformationp is

E@)=5 Y ¥ V) -6

w1 €Qp 29 €Qp,jF#i

At this stage, it is important to realize that the interaction potemtiattually depends
on the lattice parametér. Indeed, in the reference configuration, the interatomic dis-
tance ish, and this equilibrium distance is dictated by the propertieg ofAs 1 is a
parameter that will go to zero, it is important to write explicitly hdidepends ork.

A simple scaling is to assume that

Vi) =1o (7). 3.1)

whereV; does not depend ol See [27] and Remark 4.2 below for a discussion of
this scaling.

The energyE,, is the energy of the whole system. We are going to consider a
thermodynamic limit, in the sense that the number of particles in the system will go
to +00. There are two equivalent ways to do this. Either we fix the lattice parameter
h to some value and let the volume of the system gé-¢0, or we consider a system
of given volume and let the lattice parameter go to zero. These two approaches are
equivalent, and we follow the latter one. As the number of particles in the system
diverges, we expect its energy to diverge as well (the energy is an extensive quantity).
Hence, we need to consider the enepgy particle which is

eu(cﬁ):%EM):% YooY W (M) (3.2)

ieQp xIEQy, ,JF1

The number of particled’, the atomic lattice parametgrand the solid voluméQ| are
linked by |Q| = Nh<.

The following theorem, which allows to go from the atomistic energy (3.2) to a
continuum mechanics energy, has been proved in [26, 27].

Theorem 3.1.Let us assume thdf is defined orR? \ {0}, and that it is a Lipschitz
function on the exterior of any balBr, centered at the origin and of positive radius
R > 0. We also assume that there exigg, C > 0 andp > d such that, for any
|z| > Ro, we havelp(z)| < Clz|~P. We assume th& is a smooth bounded domain
and thate is a diffeomorphism of clags?. Then the atomistic energ§.2) satisfies

fim c.(¢) = [ W(Vo(a))da.

where
W(M):ﬁ S Vo(Mk) forall M e RO, (3.3)
keZd,k#0
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Note that, in view of the growth assumption &g the densityiV is well-defined.
Indeed, consider a non-singular matfix, in the sense that there exists> 0 such
that, for allk € Z4, |Mk| > c1]k|. Then the growth assumption dfy implies that
> keza k20 Vo(ME) is a converging series, henté is well-defined.

Two remarks are in order:

« For aregular deformationg, the atomistic energy converges to a continuum me-
chanics energy. The elastic energy dengityis given as a function of the inter-
atomic potential’s. Hence, symmetries that are preseritjrfand that correspond
to crystal symmetries of the material) are naturally preservéd.in

« The quantity [, W(V¢(z)) dx can be understood in two different ways. First,
one can consider it as a continuum mechanics energy. However, depending on the
physical size of the sample (which may be small), one may argue about the valid-
ity of a continuum approach. Another viewpoint is to consifieiV (V¢(x)) dzx
as a good approximation of the atomistic enetgy), which has the advantage
of being easier to evaluate. Indeeg(¢) involves a sum over all atoms, which
can be computationally intractable.

Actually, e, (¢) can be considered as a function /ofand expanded in series in
powers ofh. Theorem 3.1 provides the leading order term of the Taylor expansion.
The next order terms have also been identified (see [26, 27] for more details). Note also
that the same strategy has been used to build continuum meclsariase energies
(as opposed tbulk energiediere) on the basis on atomistic models [22].

4 Atomistic to continuum coupling

We are interested in situations where the expected deformation is not smooth in the
whole domainQ. Hence, starting from the atomistic energy (2.4), we cannot apply
Theorem 3.1 everywhere dhand simply work with the associated continuum model.
For computational reasons, we cannot either work with an atomistic description in the
whole body. We hence seek for a coupled description.

For a given deformation, let us split the domaif according to

Q = Qu(¢) UQ,(¢) C RY,

whereQ,,(¢) is the domain where is regular (we expect to be able to use a macro-
scopic continuum model in this domain), afXj,(¢) is the domain where is not
regulaf. Based on this partition, we define a coupled energy by

1
. = z))dr + =— g g , 4.1
= ((b) /QM(¢) " (v¢( )) ! i 2N Tt €hZINQ,, (@) xd F#xt ( ) ( )

where W is defined fromV; by (3.3). Going from (2.4) to (4.1) hence consists in
introducing the scaling (3.1), considering the energy per particle (3.2), and passing to

6At this stage, we do not want to make more precise what we mean by regular.
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the limit » — 0 only in the domainQ,,(¢), where we expect that is sufficiently
regular to allow for Theorem 3.1 to hold. In the domé&lp(¢), we keep the original
atomistic expression of the energy.

In practice ¢ is unknown. One possibility is to define it through a variational prob-
lem, that is as the global minimizer of some energy (see Section 5.2 for a discussion of
this choice, and alternatives).

The gold standard energy is the atomistic energy (2.4). We assume that the gold
standard deformation is the solutiof,, of the minimization problem

inf {e,(¢); p eRN, pe X,}, (4.2)

where the variational spacg, includes the boundary conditions imposed on the defor-
mationg (see (4.8) below for a precise definition®f,). The huge number of particles
to consider makes (4.2) intractable. Based on the approximation (4¢l) of, it is
natural to approximate,, by the solution of the variational problem

. Ec(9);  djam (e is a sufficiently regular field
inf . . _ , , (4.3)
1, (¢) IS the set of discrete variablesh'} . @) € Xe

where the spacé&’. includes the boundary conditions.
Note that this approach is highly nonlinear: not only the energiesndW depend
nonlinearly on the unknown deformatiaf but also the partition of the doma@

depends orp. To fix ideas, let us choose the following naive definition oy (¢),

assuming thab € (C1(Q))":

Qu(¢) = {z € Q; [|[Vo(x)| < C}

for some threshold’. The functiong — Q,(¢) is highly singular. Consider indeed
the sequence of functions, defined o by

on(z) = (C—i—l) z, x€Q.
n

This sequence converges(iﬁ'l(Q))d to ¢(x) = Cz. Now observe tha® ;(¢,,) = 0
whereasQ); (¢) = Q. Hence, even if a sequengg converges in a strong norm to
somey, it is possible that the se®,, (¢,,) andQ,, (¢) remain very differerft Hence,
studying the problem (4.3) seems very challenging from the analytical viewpoint, as
well as from a numerical discretization viewpoint.

To simplify (4.3), we now remove the dependencyCdf; with respect tap. We
hence a priori fix the partitio®@ = Q,; U Q,,, and define the coupled energy by

6.0 = [ WEseat o Y S w(EE), @

2N h
Qum xt€hZiNQ, xiF#x?

"Problems of existence and uniqueness of minimizers will be addressed later on. We assume for the moment
that the variational problems we consider are well-posed.

8Note that the same issue ariseQif; (¢) is defined byQ,; (¢) = {z € Q; |[Vo(z)|| < C}, with a strict
inequality on||Vé(x)||. Consider indeed the sequengg(z) = (C — 1/n) x.
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where nowQ,, is a parameter, and is a mixed variable. If,,, ¢ is a (sufficiently
regular) field, whereas i, ¢ is the set of discrete variables, for i such that:® €
hZiNQ,.

Remark 4.1.Note that the energies (2.4), (4.1) and (4.4) are all consistent with the
continuum energy, W(Ve(z)) dz.

The variational problem associated to the energy (4.4) is

. E.(¢,Qum);  dla,, is a sufficiently regular field
inf . . i , , (4.5)
¢|q, Is the set of discrete varlable{s#}miehzdm“ , € X,

where again boundary conditions are imposed by the constrank .. Problem (4.5)

is easier to solve than problem (4.3) since the partition is fixed. However, this parameter

now has to be specified. Ideall®,, is included in the domain where the solutiop

to (4.2) is “regular”, and the largest possible in order to reduce the computational cost.
A possibility is to defineQ,, in an iterative way, that is:

(i) for a givenQ,,, solve (4.5);

(if) update the partitio2 = Q,, U Q,, on the basis of the computed solution, and go
back to step (i).

This is the idea followed by the QuasiContinuum method (see Section 5.3).
We now consider a simple setting that allows us to prove some estimates on the error
between the solution of the atomistic problem and the solution of a coupled problem.

4.1 A simple setting

Let us consider a one-dimensional material occupying in the refermndeyuration
the domainQ = (0, L), submitted to an external potentidl In the atomistic model,
the solid is considered as a set/f+ 1 atoms, whose current positions g} .
Recall that the atomistic lattice paramekesatisfiesNh = L. The energy per particle
of the system is given by (see (2.5) and (3.1))

™) = g DS (T )+ o)
1=0

i=0 j#i

We assume that, although the deformation may be irregular, it remains small. Writing
¢' = 2’ +u’, whereu' is the displacement of the atonaround the reference configu-
rationz® = ih, we assume that' is small. Hence, we can make the approximation

G(¢')

Q

G(z") + G (%)’
= G(2°) — G (22" + G/ (z%) "

The quantity—G’(z) is identified as the forcg(z) imposed by the external field at
the positionz. In addition, the termy~ , (G(«") — G’ (2%)z") does not depend ap.
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Since we minimize the energy, this term plays no role, so we omit it. The atomistic
energy hence becomes

en(®,... V) = ZZVO<¢J >——Zf

i=0 j#i

We make the further approximation of nearest neighbour interaction. Note that this is
a strong assumption (see Section 5.1 for some discussion). On the other hand, it allows
us to pursue the analysis quite far. The atomistic energy hence becomes

N-1

i+1 ’L
eu(¢°,...,¢N)=%Zvo<¢’+ ) 1me (4.6)

=0

Remark 4.2.Assume thaty = Vp(r) attains its minimum at a unique value, that is

r = 1. When the material is submitted to no body forcgs=(0) and no boundary con-
ditions, e,, attains its minimum for configurationssuch thap** — ¢* = h. Hence,

the reference configuration corresponds to atoms located on a periodic lattice of pa-
rameterh. This shows, at least in this simple case, that introducing the scaling (3.1) is
consistent with the assumption (H1).

We consider here that the microscopic equilibrium configuration is a solution of the
variational problem

I, =inf{e,(4%...,0"); o € X,.}, 4.7)
where the variational space is

={pe RV ¢ =0, ¢" =a}. (4.8)

Note that we have imposed fixed displacement boundary conditions. We look for a
global minimizer of the energy (see Section 5.2 for some alternative approaches).

In the continuum mechanics model, the solid deformation is described by the map
¢ : Q= (0,L) — R. Following the same arguments as in the proof of Theorem
3.1, one can show that, for sufficiently regular deformatigremd potentiald, the
atomistic energye, (¢(0), ¢(h),...,#(Nh)) converges to the continuum mechanics
expression

1k 1k
Bn(0) =7 [ Va(d(@)do— ;[ (@) o(a)do. *9)
0 0
We define the macroscopic configuration as a solution of the minimization problem
Iy = inf {E]u((b), ¢€XM} (410)
with
Xy ={¢ € HYO,L); $(0) =0, (L) =a}. (4.11)

We assume here that the enetgy; (¢) is well-defined as soon asc H*(0, L).
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J;Vh

Figure 2. Partition ofQ = (0, L) according to (4.12).

Atomistic model Continuum model

0 Ph

We expect that solving (4.9)—(4.10) gives a good approximation of the solution of
the atomistic problem when the equilibrium deformation is smooth. When non-regular
deformations are expected to appear, we approximate the solution of the atomistic
problem with the solution of a coupled model. In the spirit of (4.4), we introduce a
partitionQ = (0, L) = Qu, U Q,, of the domain, and we consider the coupled energy

Bo) = 7 [ (6 (@) = F(@)ola)] da
1 ¢1+1 ¢1
+ — _— - = f Zh
N N ih,ihz-&-:heQ ( ) i, zhzegl

To simplify notations, we assume th@, andQ,, are connected subdomainsf To
fix ideas, we make the choice

Q, = (0,Ph], Qu = (Ph,L), (4.12)

for someP that depends oh such thatPh is constant. Similar results are obtained
without making assumption (4.12) with more technical proofs (see [23, 24]).
The coupled energy hence becomes

E(¢) =+ / Vo(d (2)) — f(2)d()] de

Ph

1 P i+1 i 1 p ) )
+ Z (¢ —¢ ) -2 fh)e (4.13)
=0 4
and is defined on the variational space

Y. — { ¢; dlay € H(Qum), b, = {¢'}ocicp € RFT, }

(4.14)

¢° =0, ¢(L) = a, ¢ = ¢(Ph)
The expression of the boundary conditiopfs = 0 and¢(L) = a reflects the fact
that 0c 0Q,, andL € 0Q,,. The interface condition between the macroscopic and the
microscopic domains readé’ = ¢(Ph). We hence enforce a continuity-like condition
on the deformation at the boundary.
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Remark 4.3.In a two-dimensional situation, writing down the interface condition is
less straightforward. Actually, there are several possibilities. One can first decrease
the mesh size i, down to the atomistic lattice size for mesh elements close to the
interface and enforce equality of displacements of atoms and mesh nodes. Since the
mesh size can only evolve smoothly (to keep good mesh qualities, hence accuracy, on
the domainQ,,), this strategy is expensive. Another possibility is to request that the
positions of the atoms along (or close to) the interface are obtained from interpolation
from the positions of the mesh nodes on the interface. This constraint can also be
implemented in the spirit of mortar finite element methods [21].

Hence, the coupled problem we consider is

I =inf{E.(¢); 6 € X.}. (4.15)

The questions we address here are:

« Is the definition (4.13) of the coupled energy always the most appropriate? We
require that the coupled energy is consistent with the atomistic energy, and that it
leads to an efficient and accurate variational problem. The definition (4.13) is a
natural choice, but it is certainly not the only possible one.

« How to (adaptively) define the partitidd = Q,; U Q,, such that the solution of
the coupled problem (4.13)—(4.15) is a good approximation of the solution of the
atomistic problem (4.6)—(4.7)?

« Can error bounds be obtained?

We study both the general case of a convex energy density and a specific example
of nonconvex energy, the Lennard—Jones case. See [23] and [24] for an analysis of a
very similar problem. In [23] and [24], we followed a proof strategy to obi&ih>-
estimates. In this contribution, we present a different proof strétegg obtain/ -
estimates (see Theorem 4.15 below).

4.2 The convex case

We assume here thdg is a convex potential. In this case, we show that we can
propose an a priori definition for the partition which is only based on properties of the
body forcesf. Vaguely stated, the subdomd, (in which the continuum mechanics
model is used) is the part of the dom&nwhere the body forcg and its derivativef’

are small.

With this definition, we show that the solution of the coupled problem (4.13)—(4.15)
is a good approximation of the solution of the atomistic problem (4.6)—(4.7): when
the atomic lattice parametér goes to zero, the deformation and the strain given by
the coupled model converge to the deformation and the strain given by the atomistic
model. The main result of this section is Theorem 4.15 below.

9This strategy is actually the one mentioned in Remark 1.3 of [23].
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We now proceed in details. We make the convexity assumption
(H3) Voe C3(R), V(1) =0, 3a,BERVz € R: 0< a < V{'(z) <,
and the regularity assumption
(H4) feC(R).

Note that (H4) is required in order to give a sense to the atomistic energy (4.6). From
(H3), we deduce that, for all andy,

E(x -1)2% < Vo(z) - (D), (4.16)
alr—y)? < (Vg(z) = V5(y)) (= —v), (4.17)

Vo(z) = Vo(y)l < Blz—yl, (4.18)
Vo) < VoDl + Gle — 1P (4.19)

Vo(z) = Vo(y)l < Ble—y| (=] + |yl +2). (4.20)

We first consider the macroscopic problem (4.10), where the macroscopic energy is
(4.9), and the variational space is (4.11). In view of (4.19),(¢) is well-defined for
o€ X

Theorem 4.4.Under the assumptions (H3) and (H4), the macroscopic variational
problem(4.10)has a unique solutiog,,.

Proof. We first prove existence of a minimizer. Qt,,, the energyE,, is lower-
bounded. Indeed, making use of (4.16), we obtain

«

L
, 1
En(¢) > Vo(1) + Z/o (¢/(z) — 1)?da — E”f”LZ(O,L) 19l 22(0,1.)- (4.21)

Using a Poincaré inequality for the functign: = — ¢(x) — az/L, which belongs to
H}(0, L), with the Poincaré constank, which only depends of = (0, L), we find

A

2
IelZn0r < (||¢HH1<0,L>+C)
2[9l1220,1) + 2C2
2
203 ¥/ ||72(0.1) + 2C?

IN A

IN

. _
4C3 ¢ — 1320 + C.

where(C is the HY(0, L)-norm of the functionz — az/L. In the above bound, the
constantC only depends o and L. We now insert this estimate into (4.21) and
obtain .

(@]
En(¢) > C+ w”ﬁﬂ\%{l(o@ - z”f”LZ(O,L) 91l a1 (0,1) (4.22)
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for some constan€. Since the function € Rt — C + sfcg,tz — +1flz20,r) is

lower-bounded, we obtain that,, is lower-bounded oiX ;.

Let us consider a minimizing sequence of functiens By definition, £y, (¢, ) is
bounded, hence, in view of (4.22), we obtain that || ;1 (o,z) IS bounded. Sinc® =
(0, L) is bounded, we infer from Rellich’s theorem (compact embedding &0, )
into 2(0, L)) that there exist® € X, such that, possibly for a subsequence only,
converges t@ weakly in 71(0, L) and strongly inZ.2(0, L).

The energyE,, is continuous for the strong topology &f(0, ). Indeed, ford;
andé, in H(0, L), we have, using (4.20),

Exi(01) — Ex(0)] < /0 Vol04(2)) — Vo(Bh(x))| de

+ / 1F(@)] 161(2) — ba(x)]| da

IN

0
8 / 104(z) — 03(2)| (184(x)| +103(x)] +2) da

+ 1 fllz20,2) 162 — 02|l L2(0, 1)

IN

Bl161 = 02l 10,1 11161] + 102] + 2| 20,1
+ 1 flz20,) 162 — 02 m1(0,1) -

This inequality yields the continuity of,;. SinceE,, is also convex, it is weakly
lower semi-continuous i#*(0, L) (see, e.g., [34, Corollaire 111.8]). We hence infer
from ¢, — ¢ in H(0, L) that

B (9) <liminf Eyr(6,) = lim Ear(¢,) = Inr.

Since¢ € X, we also havey; < Ey (¢). As a consequencéy; = Ey (¢), andg
is a minimizer of (4.10).

Sincely is strictly convex, the energ¥,, is a strictly convex function on the con-
vex setX s, hence the minimizer of (4.10) is unique. i

In order to write the weak formulation of (4.10), we introduce the forms
L
Au(00) = [ V(6 (@) v/ (o)

0
Bu(y) = f(@) () dz,

0

defined on71(0, L) x H*(0, L) andH*(0, L), respectively. Note that,, is nonlinear
with respect tap.

Lemma 4.5.The macroscopic solutiof,; defined by Theorem 4.4 satisfies

Vip € H3(O,L),  An(dar, ) = Bar(¥). (4.23)
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In addition, the functionyy,; : = — ¢ (x) — ax/L is in H?(0, L) and satisfies the
estimate

Q

a2,y < — Il z20,.L) (4.24)

=a
for someC' that only depends on the domdh= (0, L).

Proof. Equation (4.23) is the weak formulation of the variational problem (4.10). It
implies that, inD’(0, L),

—V5'(dhr) D = — (V8 (6hr)) = F.

SinceVy'(z) > a > 0 and sincef € C°(0,L) c L?(0, L), we obtain thaw,
L?(0,L), and

193l z20,0) = 100l £2(0,2) < _HfHLZOL (4.25)

Hencey), is in H3(0, L). Let us now upper-bound this function in tfi£-norm. We
first note thatyy, € H2(0, L). In view of (4.17) and (4.23), we have

2

e /L(vo<¢M< D=V (%)) (i) - £ do
= [ Vet (o)~ ) o
= An(ém,¥m)
= Bu(um)

< Wfllzzoz) 1¥all o r) »

where we have used, in the second line, tfja{#), () — ) da = 0 sinceyas (z) =
¢ (z) — ax/L vanishes forr = 0 andz = L. Using a Poincaré inequality for the
function,,, we obtain

Q

19aell o) = 2 I N0,

Q

for a constant that only depends o = (0, L). This bound, combined with (4.25),
yields (4.24). m]

We now consider the microscopic problem (4.7), where the microscopic energy
is (4.6) and the variational space is (4.8). The following theorem is the microscopic
counterpart of Theorem 4.4.

Theorem 4.6.Under the assumptions (H3) and (H4), the microscopic variational prob-
lem(4.7) has a unique solution,,.
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We skip the proof of this theorem which follows the same lines as the proof of
Theorem 4.4. In order to write the weak formulation of (4.7), we introduce the forms

, ¢1+1 ¢1 ¢1’+1_,¢i
Au(0.0) = hZV( ) —

B.(y) = hZf(z’hw
i=0

defined onRV*1 x RN+1 andRM*1, respectively, and the homogeneous microscopic
space
{w ERN+1 wo O ,(/}N 0}

Lemma 4.7.The microscop|c solution,, defined by Theorem 4.6 satisfies

V¢ € X/u Au(¢u7 1/1) = BM(Z/J) (426)

We now introduce a coupled problem based on a given partitidd of (0, L) =
Qyr UQ,. We recall that, in order to simplify the notations, we work with the choice

Q, = (0,Ph], Qun = (Ph,L),

for someP that depends oh such thatPh is constant (see (4.12) and Figure 2).
The following theorem is the coupled counterpart of Theorem 4.4.

Theorem 4.8.Under the assumptions (H3) and (H4), the coupled variational problem
(4.15)has a unique solution...

We skip the proof of this theorem, which again follows the same lines as the proof
of Theorem 4.4. In order to write the weak formulation of (4.15), we introduce the
forms

P-1 ¢¢+1 _ (bi wi-&-l i L
adow) = 3w (Tt ) ot [ @ @) e
i=0

Ph

Buw) = hY_ e+ [ (@) () de
i=0 P

defined onX. x X, and X, respectively, and the homogeneous coupled space

={y € X¢; ¥°=0, y(L) =0}. (4.27)
Lemma 4.9.The coupled solution, defined by Theorem 4.8 satisfies
Vi € X0, Ac(¢e,¥) = Be(¥). (4.28)

In addition, the function. : 2 € Qs — ¢.(z) —ax/Lisin H?>(Q,,) and satisfies the
estimate

C
el 2@y < 7 1 l20un) (4.29)
for someC that only depends on the domdn
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Proof. The proof of (4.28) follows the same lines as the proof of (4.23) of Lemma 4.5.
The proof of (4.29) follows the same lines as the proof of (4.24): we make use of a
Poincaré inequality o@,,, with a constanCy,,, which is next upper-bounded by the
Poincaré constant @ = (0, L). mi

We now aim at estimating the distance betweerand ¢,,. We introduce an aux-
iliary problem, which is the discretization of the coupled problem by a finite element
method, using a mesh d,; of mesh sizeh. Of course, the resulting problem is as
expensive to solve as the full microscopic problem (both problems involve as many
variables), but it helps us in the numerical analysis.

We hence introduce the space

Xh=1{0¢c Xx.; 0ispiecewise affine o), on a mesh of sizé},

and its homogeneous version
X% = xhn x0.

We introduce the discretized coupled problem
inf {E.(¢); ¢ € X"} (4.30)

As for the coupled problem (4.15), the above problem has a unique soltiavhich
satisfies the weak formulation (see Lemma 4.9)

v e X' Ac(ol¥) = Be(). (4.31)

To estimate the difference between the solutjgnof the coupled problem and the
solutiong,, of the atomistic problem, we first estimate the distance betweamndg”,
solutions of the non-discretized and discretized coupled problem, respectively. Next,
we estimate the distance betweghandg,,.

To measure distances K., we introduce the mixed semi-norm (rec&ll, =

(Ph, L))
|w|§11( / ¢/2 d33+ h Z (¢1+1 wl)

We have the following estimates for the foun:

Lemma 4.10.Assume that (H3) holds. For all and g in X., we have the strong
monotonicity
Ac(u,u—g) — Ac(g,u—g) > alu — g|§{1(Xc). (4.32)

For all u, g andé in X, we have the Lipschitz-continuity
|Ac(u, 0) — Ac(g,0)] < 28w — glpix.) 10 g x.)- (4.33)

Proof. The bound (4.32) is a direct consequence of (4.17). The bound (4.33) follows
from (4.18). m]
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The above lemma shows that fulfills the assumptions (of strong monotonicity
and Lipschitz continuity) of the theorem of Zarantonello [160, Theorem 25.B], which
is a generalization of the Lax-Milgram theorem to the nonlinear setting. The following
lemma provides an estimate of the distance betweeand¢”, and is a generalization
of the Céa lemma.

Lemma 4.11.The coupled solutiow., which is defined by Theorem 4.8, and its dis-
cretized counterparg”, solution of (4.30), satisfy

2p
h

‘(bc - ¢c |H1(XC) < ?
for someC that only depends of.

Proof. Using (4.32), (4.28) and (4.31), we have

C |02l L2(@ar)

O‘|¢c_ }cl|§{1<xc) < AC(¢C7¢6_¢2)_AC(¢25¢C_ ?)

= Ac(fes b — O + 1) = Ac(l, e — B + )
for any+ € X% . With (4.33), we therefore obtain for anyc X"

2
a‘¢c_¢Z|Hl(Xc) S Ac(¢ca¢c_'¢) —Ac(¢?,¢c—¢)
< 26 |¢C_¢?|H1(XC) |¢c_"/}|H1(XC)'
Hence, 5
h ﬂ H

We have shown in Lemma 4.9 that € H%(Q,,). By a standard approximation result,
we thus have

wien)];g |ge — ¢|H1<Xc) <Ch ||¢Ic/HL2(QM)7 (4.35)
whereC only depends o®,, and can be bounded by a constant that only depends on
Q. Collecting (4.34) and (4.35), we obtain the claimed estimate. i

We now estimate the distance betwegraend ¢". We make use of the weak formu-
lations of the corresponding variational problems (see Lemma 4.7 and equation (4.31)).
To compare the configurations, and¢”, that belong to different spaces, we introduce
theevaluation operator

E:X, — X,
Y = EY

defined by(Evy)? = ¢ for 0 < i < P, and(Ev)* = (ih) for ih > Ph. We also
introduce thanterpolation operator

X, — X.
I ()
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defined by(Iy)" = ¢’ for 0 < i < P, andIvq,, is the piecewise affine interpolation
of ¢q,,. We note thaf (X,,) ¢ X/ and

Vo, € Xy, A ¥) = Ac(19, 1Y). (4.36)
Lemma 4.12.Assume that (H3) and (H4) hold. Then

|08 — Touyn(x,) <

T
O/

where

r=  sup |Be(¢) — B;L(Eib)l. (4.37)
PEX, 0 V] m1x.)

Proof. Let+ € X%, Using (4.31) and (4.26), we obtain
Ac(gt,v) = Be(¥)

Bu(Ev) + Be(¢) — Bu(EY)

Au(

Pus BY) + Be(v) = Bu(EY)
= Ac(I¢u, ) + Be(v) — Bu(Ev),

where, in the last line, we have used (4.36) and the factithat= 1 for anyy € X",
We hence obtain, for any € X%,

Ac( fvw) —Ac(Idu, ) < T|'¢’|H1(X )

wherer is defined by (4.37). We now chooge= ¢ — I¢,, and use (4.32):

12

14

2 3 3
alge —Ioulyny, < A9, 00 —I6u) — Acldy, 9 — 18,)
T ‘¢Z - I¢“|H1(Xc) )

IN

which yields the claimed bound. m]
Combining Lemma 4.11 and 4.12, we obtain the following result:
Theorem 4.13 Assume that (H3) and (H4) hold. Then

2
6~ 10l < =+ 22 O h 16! @)

wherer is defined by4.37)and C only depends of.

We now address the question of how to define the partfiea (0, L) = Q;,UQ,,.
Our aim is to upper-bound that appears in the estimate of Theorem 4.13. We use the
following result, which can be proved by Taylor expansion:
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Lemma4.14.Let g € W10, L) with L = Nh. Then

L N
/0 g(z)dz =Y g(ih)| < hllg' | o).
=1
Lety € X% Recall thatQ,, = (Ph, L) with L = Nh. Then
Nh N
Be(¥) = Bu(Bv) = | f(e)w()de—h > fih) ¥ (in).

i=P+1

We want to use Lemma 4.14 with = fv. In view of assumption (H4), we have
f€C°(Qu). Sincey € X", we havey € C° (Qy) andy’ € LY(Quy).

Let us now make the additional assumption that the body f@reatisfiesf’ e
LY(Qyr). Then

|Be(v) = Bu(EY)l < BII(f¥) |l reu)
< R (1Yl Lr@u + 1FY @)
< R (1 @ 1l Loe@ury + 11 Lo @un 19| L)) -

We work with¢ € X%, so thaty(L) = 0. Therefore, we havéy| ;«(q,,) <

c ! =

191l 12@0r) < VI 12000y < VL [¥]g1(x.)» @nd find

|Be(v) — Bu(E)| < VL (||| aang) + 1 noe(@nn)) [ an(x,)-

In view of the definition (4.37) of, this yields

7 < WL (1 [ sa@un) + 1 llz=(@un) - (4.38)
We thus obtain the following result.

Theorem 4.15.Assume that (H3) and (H4) hold, and that the partit@n= Q;; UQ,,
is such thatf’ € L}(Qx/). We also assume that

Q, = (0,Ph], Qun = (Ph,L),
for someP that depends on such thatPh is constant. Then

|¢c - I¢/L|Hl(xc) <Ch (HfIHLl(QM) + HfHLOQ(QM)) ,
whereC only depends o, « and 5.

Proof. In view of Theorem 4.13 and equation (4.38), we have

hvV'L

29
9 = Touliiy < o= (1 D) + 1o~ (@u) +

«

C ¢l La@y)s
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whereC only depends o2 = (0O, L). In view of Lemma 4.9, we also have

C CVL
1661 2@ = 19¢ | 2@un) < 1¥ell i@,y < 21 li@n) € == I lp<@u),
wherey,.(z) = ¢.(z) — ax/L, and where” only depends o®. We hence obtain the
claimed bound. O

Theorem 4.15 provides a bound on the first derivatives of the deformations. This
is hence a bound on strains, inZ&-kind of norm. Using a Poincaré inequality, we
deduce from it a bound on the deformations, e.g., a bourf@or ¢, 2 x,), Where
the norm|| - || .2(x,) is defined onX.. by

L P 2
Vo Xe Wl = [ 930 oty ()"

Remark 4.16.We observe that, if we choose the partition according to the assump-
tions of Theorem 4.15 witty and f' small onQ,, (in the L>- and theL*-norm,
respectively), then the coupled problem is a good (and converging, wherD) ap-
proximation of the microscopic problem. Hence, we can define an appropriate partition
based on the knowledge of the body forces only. This is related to the convexity as-
sumption. Indeed, due to the convexity of the problems, the Euler—Lagrange equations
of the problems are uniformly elliptic, hence their solutions are "singular" only where
the datumy is singular. In the nonconvex case, the situation is different, as is shown in
Section 4.3.

Remark 4.17.The above estimates involv&-bounds on the deformation and its first
derivative. It is also possible to obtaili*°-bounds, as is shown in [23, 24], where a
different strategy is followed. See also [42].

4.3 A nonconvex case: the Lennard-Jones case

We now consider a particular example of nonconvex potential, namely threate-

Jones potential
1 2
Vis(z) = pei

We observe that lim o Vij(z) = +oo and lim,_ o VL3(x) = 0, which are physically
relevant properties (see Remark 2.2). Actually, the property that we use in the sequel
is lim,_ 1o Vis(z)/z = 0, rather than lim_ ;.. Vi3(z) = 0 (see Remark 4.19 for the
mechanical implication of this property). Note also thgtattains its uniqgue minimum

atx = 1.

(4.39)

28’

Remark 4.18.The particular choice of exponents ¥, (6 and 12) has no influence
on the following analysis. Similar results hold for the potentigk) = -4 — £ with
p>q>0.
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Remark 4.19.For a one-dimensional solid described by the continuum energy

En(é) = /0 W (' (x)) da,

the behaviour oiV (z)/x whenxz — +oc is related to the cost of making a fracture in
the material. Consider indeed a nonnegative energy densitiyat attains its unique
minimum atz = 1, and for whichc = lim,_, ;.. W(z)/z exists,c € [0,4oc]. Let

a > L and 0< ¢ < L, and consider the deformationg defined byg,, (0) = 0 and

o 1 on (0,6—-)u(LL),
%(x)—{ n(a—L)+1 on(¢-1),

which all satisfy the same boundary conditiong(0) = 0 and¢, (L) = a. This
sequence represents configurations with a strain larger and more localizea when
creases. In the limit — +oo, it represents a fractured material. The energy of the
configurationg,, is

Eni(60) = (L _ %) W(L) + %W(n(a _I)+1),

hence
im By (o) = LW(1) + c(a— L).

If ¢ = +o0, then making a fracture costs an infinite energyc K 0, then making

a fracture costs no energy: lim. ., Ex(¢,) is equal to the energy of the reference
configurationp(z) = z. If ¢ € (0, +00), then making a fracture costs a finite amount
of energy.

In this nonconvex case, we show that expression (4.13) for the coupled energy might
be inappropriate, and we describe several ways to circumvent this difficulty. The com-
plete analysis of this case can be read in [23]. Here, we briefly summarize it (see also
[155]).

We consider a material that occupies the donfaia (0, L) in the reference config-
uration and that is put in tension. We focus on the case when there are no body forces:
f = 0. Taking into account body forces does not change the qualitative conclusions
of the analysis. If the material is compressed rather than extended, then the analysis is
very similar to the convex case analysis (see, for instance, [23, Theorem 2.1]).

We first look at the macroscopic problem (4.10) with the macroscopic energy

Bul0) =7 [ Vulo @) do

and the variational space

Xy = {¢ e wtio,L); € L¥(0,L), (0) =0, ¢(L) = a} : (4.40)

1
¢'(z)
We consider here the tension cases L.



218 Frédéric Legoll

Lemma 4.20.The minimuml,, in (4.10) is equal tanf V7 ;. In addition, the infimum
in the problem (4.10) is not attained: there existsgna X, such thatly, (o) = Iny.

Proof. For anyg € X, we have tha¥,, (¢) > inf V3. Hence,E,, is lower-bounded
andI,; > inf1; > —oo. Consider now the following sequence of continuous func-
tions:

B T on [0,L — 1],
%(JE){ a+n(a—L+%)(x—L) on (L—%,L}.

The function¢,, is piecewise affine, satisfies the boundary conditign&d) = 0,
¢n(L) = a, and

¢, (z) =1on <0,L - %) , o (x)=n <a -L+ %) elsewhere.

We find
1. 1
EM(qbn) = (1 — E) inf Vig+ EVLJ (n(a — L) + 1) .

Since lim._ 1 Vig(z)/x = 0, we obtain lim,_ ;o Far(én) = inf V. As Eps(éy) >
Iy, this yields infll; > I,. Therefore, we gefy; = inf 11;.

Let us now assume that there exigts X, such thaty;(¢) = I,,. This implies
fOL V(@' (z))dz = Linf1i; and thusVi(¢/(z)) = infVL; almost everywhere on
(0, L). We concludep’ () = 1 almost everywhere, which is in contradiction with the
boundary condition®(0) = 0, ¢(L) = a > L. Hence, the infimum in the problem
(4.10) is not attained. m]

If the variational space is enlarged (in (4.40), replaicé*(0, L) by SBV (0, L),
whose definition is recalled below), then the problem (4.10) has an infinite number of
solutions with jumps. They are of the form

o(z) =z + Z viH(z — y;), (4.42)
jed

whereJ C N, y; are any points if2 = (0, L), 3, v; = a — L, andH is the Heaviside
function: H(¢t) = 1if t > 0, H(¢t) = 0 otherwise. This statement can be shown by
arguments similar to the ones used to prove Theorem 2.1 of [23]. We recall (see [3, 5])
that the selS BV (0, L) of special functions of bounded variation is

weD(0,L); v =Dyu+) . U‘577,DQ1I,EL10,L,
SBV(QL):{ (0.L) Ssen Uiy ( )}7

y; € (0,L), 3 ey lvj| < +o0

whereo,; is the Dirac distribution centered g} (note thatH'(- — y;) = J,, in the
distributional sense).
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Note that, with the above continuum model, neither the number nor the locations
of the fractures are determined. All the configurations (4.41) have the same energy,
whateverJ, v; andy; are.

The fully atomistic model can be analyzed with methods similar to the ones used in
[23, Section 2.2]. It turns out that the minimizers of this model havaiquefracture,
whose location isotdetermined (the energy is the same whatever the fracture location
is).

Hence, working with the Lennard—Jones potential and tension boundary conditions
is interesting, since it leads to a deformation with a singularity (here, a jump, which
represents a fracture in the one-dimensional bar). Our aim is thus to design a multi-
scale method able to describe this singularity by an atomistic model, while keeping a
continuum description where it is accurate enough. Since the location of the fracture is
not prescribed by the atomistic model, we can afford to fix a priori the partitid®, of
with the aim to find the singularity i,,.

Let us now follow the strategy explained in Section 4.2. We consider a given parti-
tion of Q, and, to simplify notations, we again assume that this partition is (4.12). In
the spirit of the coupled energy (4.13) and the coupled space (4.14), we consider the
energy

Ec(¢) = 1 VLJ( Ydr + = Z W <¢l+l ¢Z> , (4.42)

L Jpn
defined on the variational space
_ { (b; (b\QM € SBV(QM)7 1/¢/ € le(QJW)a }
dl0, = {#'tocicp € RFTL, ¢° =0, ¢(L) = a, ¢¥ = ¢(Ph)

We consider the tension case:> L. Following the arguments of [23, Lemma 2.3],
one can show that the minimizers of

inf{E.(¢); ¢ € Xc}

(4.43)

are of the form

¢ = ih, 0<i<P,
o(r) = x—l—Zvj (x —vyj), Vx> Ph,
JjeJ

whereJ C N, y; are any points i), and}_, v; = a — L. Therefore, as in the com-
pletely macroscopic description, the material breaks. However, the fractaheadgs

in the domair,,, in which the deformatiom is assumed to be regular (since we use a
macroscopic model in that domain). Hence, we do not reach our aim with the coupled
method (4.42)—(4.43).

Proving the above statement is quite technical. The following calculations help
to understand why the fracture systematically occurs in the continuum domain. We
consider two configurations, the first one with a fractur€iry and the second one
with a fracture inQ,,, and compare their energies.
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1 .

Qu L

Ph Ph

Figure 3. Configurationsp; (with a crack inQ,,) and¢, (with a crack inQ,,).

Let us definep; € X, by

¢ = ih, 0<i<P

¢(z) = z+(a— L)H(z —vyo), Vx> Ph, (4.44)

whereyg is any real numberPh < yo < L (see Figure 3). The mag, represents a
deformation with a fracture i@ ,,, located aty. We also considep, € X, defined by

¢ = ih, 0<i<Qo
(;5%2 = ih+(a—L), 14+Qo<i<P, (4.45)
¢2(x) = x+(a—L), Vx> Ph,

which represents a deformation with a fractur&@inon the atomic bondQo, 1+ Qo),
with arbitrary integeiQo € [0, P — 1].
Their energies are

E.(p1) = Vu(),

Ec(¢2) (1 — %) V(1) + %Vu (a - L, 1)

- (- B (2)

Hence,E.(¢2) > E.(¢1): a configuration with a fracture i,, has a lower energy
than a configuration with a fracture @,,. Actually, the energy cost for a fracture in
Q, is 2 [VL5(1)| + o (&), whereas the cost for a fracture@y, is zerd®. Hence, even
if the differencel.(¢2) — E.(¢1) is small, the minimization of’. leads to locating the
fracture inQ,,.

There are several ways out of this difficulty: First, it is possible to modify the
definition of the coupled energy. More precisely, the idea is to modify the elastic energy

10we define the cost of a fracture by the difference between the energy of a configuration with a fracture and
the energy of the reference configuration.
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Qum

P
Figure 4. Configurationg, (with a crack inQ,,).

density that is used iQ,, in such a way as it remains consistent with the atomistic
model, and such that making a fractureQn, costs more than making a fracture in
Q,,. See [23] (in particular, Section 2.4) for details. Introducing this modified coupled
energy is possible because we have a very detailed understanding of the difficulties
associated with the coupled energy (4.42).

Second, we notice that, in practice, one does not work with functions in the space
(4.43), but within a finite dimensional subset of it. Consider for instance the Galerkin
approximation

X" ={¢ e X.; ¢is piecewise affine o®,, on a mesh of sizél} . (4.46)

Let us again compare the energies of cracked configurations. We seg tiefined
by (4.45) belongs to( /. However,¢; defined by (4.44) does not belong x&g’. Let
us define its discretized versign € X by

0

¢, = ih, 0<i<P,
¢(z) = =z, Ph<zx<L-H,
a—L

Bie) = ato-1)(

+1>, L-H<z<L.

The mape, belongs toX and represents a deformation with a fractureigy,
located in the last finite element (see Figure 4). We find

E.(¢1) = (1— %) V(1) + %VLJ (aI—{L + 1) i

If H is chosen such thaf > h (which makes the problem defined off’ cheaper
to solve than the fully atomistic problem, since it involves fewer degrees of freedom),
thenE, (¢1) > E.(¢2). Actually, one can prove that the minimizers of the coupled
energyE,. on X have a fracture which occurs in the atomistic donjn

Let us summarize our observations:

« Minimizing the coupled energy (4.42) on the space (4.43) leads to issues, since a
fracture appears in theontinuumdomain.
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« Introducing a (coarse enough) mesh in the continuum domain regularizes the
problem: when minimizing the coupled energy (4.42) on the space (4.46), a frac-
ture appears, which is contained in gtemisticdomain.

The situation is hence saved by the fact that we look at a discretized version of the
problem, for a sufficiently large discretization paramédier

This discussion shows that the nonconvex case is much more challenging than the
convex case, and that unexpected difficulties appear, although the general setting is
extremely simple (a one-dimensional system with nearest-neighbour interactions). We
expect to meet similar difficulties in more general settings (problems in higher dimen-
sion or long-range interactions).

5 Discussion

In this section, we review some general questions about the modelling and setting of
the problem. We also review some methods recently proposed and discuss some open
questions at the front of research.

5.1 The nearest-neighbour assumption

We gather here some remarks concerning the atomistic model (2.4)¢hsied:

Eu(oY...,o") = ZZZV

i=1 j#i

In general, the potential enerd@y(¢’ — ¢') tends to zero when the distance between
atomsi andj goes totoco (see Remark 2.2). Hence, one often simplifies the expres-
sion (2.4) (which is a sum ak?/2 terms) by introducing a cutof®'t > 0inV: we
approximateZZ, (¢t, ..., ¢™V) by

B¢ o) = Z > V(Y -4Y), (5.1)

i=1 j#i,||¢7 — ¢t || <reut

which is cheaper to evaluate than (2.4), in general (indeed, only a finite number of
atoms; are within the cutoff radius of any atofrfor reasonable deformations). Ana-
lyzing a model such as (2.4) is difficult due to the long-range interactions (whose range
increases whetV increases!). Analyzing a model based on (5.1) is also challenging,
because we do not know a priori which atoms interact with each other. Hence, for
analysis purposes, a further simplification is often made: instead of considering the
energy (5.1), with a finite range of interaction in terms of distance between atoms

we consider an energy with a finite range of interaction in ternaahs indices

ER(¢h ... oN) = Z Yo V(¢ (5-2)

i=1 j#i,|j—ill<Ir
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for some cutoffigz. In a one-dimensional setting, the extreme cask;is= 1, corre-
sponding to nearest-neighbour interactions.

When making the above assumption of working with (5.2), we implicitly assume
that the ordering of the atoms in the deformed configuration is the same as the or-
dering in the reference configuration. Consider indeed the case of nearest-neighbour
interactions for a one-dimensional model:

N-1

EFR( Z V i+l 1' (53)

=1

If the ordering in the current (deformed) configuration is not the original one, then we
have one of the following situations:

« There existindicesand;j, 1 < 4,j < N, with j > i+1, suchthat®’ < ¢/ < ¢'*L.
The interaction between atorhand; is not taken into account in (5.3), although
they are closer to each other than atanasd: + 1, whose interaction is taken
into account in (5.3). This does not make sense.

« There existindicesandj, 1 < i,j < N, withj < i—1, suchthat’ < ¢/ < ¢*+1.
Again, it does not make sense not to consider the coplet+ 1) whereas the
couple(i,i + 1) is considered.

So, when working with (5.2), a natural assumption is that the ordering of the atoms is
preserved by the deformation. A simple way to enforce this is to impose the constraint
¢t > ¢ for all i in the variational space.

For pedagogical purposes, we have not included this constraint in the atomistic
variational space (4.8). See [23, 24] for an analysis of the same models as in Section
4, where the variational spaces include this ordering constraint. We show there that, if
the boundary value is large enough (recall that, in (4.8), we impase = a), then
the constraint is not attained, and the analysis is exactly the same as the one without
constraint that we perform here. On the other hand,i# not large enough, then the
variational problems do not have any solution.

5.2 Beyond global minimization

In these notes, we have adopted a variational viewpoint: we have defimsditiion

of the various models as tigdobal minimizerof the respective energies (as we did

in [23, 24]). This approach was also followed in [102], where problems similar to
the one studied here were studied. More precisely, a finite one-dimensional atomistic
chain is considered, with the energy (2.4), and the Lennard—Jones interaction potential
(4.39) forV. There are no body forces and no boundary conditions (except a Dirichlet
condition to remove translational invariance). The reference problem is hence written
as

1 & o . ,
inf EZZVLJW —¢'); PpeRN, ¢t =0, ¢t > ¢

i=1 j#i
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The influence, on the solution of the above variational problem, of introducing a cutoff
radius inV 3, as well as the influence of making a QuasiContinuum like approximation
(see Section 5.3) are analyzed.

An alternative approach to global minimization is to look limeal minimizerqsee,
for instance, [63, 64, 66]). A difficulty linked to this approach is that there are in
general many local minimizers. In that setting, one often proves that, close to a given
atomistic solution, there exists a solution of the hybrid model.

Another possibility is to try and seleohelocal minimizer by some criterion. For
instance, one can consider a gradient flow dynamics [128, 138], which writes, in its
simplest formulation,

do
% - _VEM(¢)~

In the long-time limit, the solution of the above dynamical system converges to a con-
figuration which is a local minimizer of the energy, and which is considered as the
reference solution of the atomistic model.

Yet another option is to studgritical points of the energy rather than local mini-
mizers. See [129, 130] for such a choice in an atomistic to continuum setting (and also
[103] for a study in a two-dimensional setting, under some simplifying assumptions,
reminiscent of convexity assumptions). Note that critical points are also considered in
[12, 153], where the authors go beyond standard continuum mechanics models by con-
sidering elastic densities that depend on second derivatives of the deformation, hence
obtaining a continuum model with a small parameter (see Section 5.5, and energy
(5.11) in particular).

5.3 The QuasiContinuum method and the ghost forces

The method that we have analyzed in Section 4 is a toy example for morecadva
methods such as the QuasiContinuum method (QCM). In its initial version [150, 151],
this method starts from the continuum scale, with a standard continuum mechanics
model, discretized by a finite element method. The multiscale feature of the method
appears when the elastic energy of an element is computed. Depending on some crite-
ria, some elements are declared to be too heterogeneously strained for a macroscopic
description to hold, and they are considered as a set of discrete particles. The energy
of each element is computed according to the scale at which the element is described:
either the element is too heterogeneously strained, and its energy is computed on the
basis of an underlying atomistic model, or a standard continuum mechanics formula is
used.

In the second version of the method [146], that we describe below, the opposite
viewpoint is adopted. The starting point is a multibody atomistic energy, which is such
that it is possible to define the ener@y(¢) of the atom:i when the current configura-
tion of the atomistic system is. We start from the energy

E,u(¢) = Z Ei(9). (5.4)
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Let us assume here that we look for the global minimizer of (5.4)¢faubjected to
boundary conditions BC that we do not make precise:

inf {E,,(¢); ¢ € RN, ¢ satisfies BC} , (5.5)

whered is the space dimension. There are two difficulties with such a model: there are
too many degrees of freedom, and the sum (5.4) involves too many terms.

To circumvent the first difficulty, a few atoms are identified as representative atoms.
We denote them as the so-calleghatoms There areV,. of them, withN,, < N. Let
10, 1 < o < N,., denote their indices. Their current positio{’tsia}fj;l are the de-
grees of freedom of the reduced system, whereas the positions of the non-representative
atoms are obtained by interpolation (the idea of interpolation is related to the Cauchy—
Born rule; see [70] for a seminal paper on the validity of this assumption for a spring
lattice system, [54] for an enhanced version of this rule, and [65] for some analysis of
this rule in a dynamical setting). More precisely, a mesh is built upon the repatoms in
the reference configuration. Le be the reference position of ataimandS, (z) be
the piecewise affine function associated to the noqere hence consider B -finite
element method). In a one-dimensional setting, we thus have

To—1

T =P e e o
G — ot if g5 <z < g7,
o — %o
Sa (x) = xr — bl : ;
0 £ in o

W if ¢gr < < g,

o — %o

0 otherwise

The position of any atomin the system is obtained from the positions of the repatoms
by

N,
¢' = Saldh) o™ (5.6)
a=1
Otherwise stated, we make a Galerkin approximation of (5.5):
inf {E,(¢); ¢ € RN, ¢ satisfies (5.6) and BG. (5.7)

The second difficulty (the number of terms in (5.4)) is solved by the fact that, due
to the above reduction in the number of degrees of freedom, and due to the use of a
Py-interpolation, many atoms actually have the same energy. Assume indeed that the
energy of atom reads

E(p)= >, = V(-9
G710, ||¢7 — gt || <reut

for some interaction potenti& with some cutoff radius®". Consider an atomsuch
that all the atomg with which it interacts are in the same finite element. Then, in
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view of (5.6), £;(¢) does not depend o Hence, all atomg of a finite element
¢ satisfying the above condition have the same endfgyhat only depends on the
current positions of the repatoms (actually, only on the ones on the vertices of the

finite element): E;(¢) = E, ({q&l}f:l . For the other atoms, which interact with

atoms belonging to different finite elements, agproximatetheir energy by the same
quantity. We hence approximate (5.7) by

inf {Ej(a;); ¢ € R | ¢ satisfies (5.6) and Bc}, (5.8)

with E,(¢) = 3, neEs {qsiw}g;l), wheren, is the number of atoms included in

the finite element. The problem (5.8) can be solved in practice since it involves a
reasonable number of degrees of freeddm & N) and energieﬁ(g&) that actually

can be computed. So, in its second version, the QuasiContinuum method somewhat
consists in an efficient quadrature rule to compute (5.4). Following this viewpoint,

a reportedly more stable quadrature rule has been proposed in [86], based on cluster
summation rules. Some analysis of such rules can be read in [109].

The QuasiContinuum method has been applied on a number of practical examples
(see, e.g., [117, 145, 152]). A review of its current status can be read in [118]. See also
[6] for an application of a similar idea to another context. Note that an interesting fea-
ture of the QuasiContinuum method is the use of some criteria to introduce (or remove)
repatoms. Hence, the accuracy of the model is adapted, on the fly and automatically,
to the loading conditions.

An interesting application for the QuasiContinuum method is the computation of
deformations with dislocations that are atomistically localized phenomena. The Fren-
kel-Kontorova model is a one-dimensional model that somewhat describes disloca-
tions. Some numerical analysis of the QuasiContinuum method for this model can be
read in [8, 9, 10].

Let us conclude this section by addressing the issue of ghost forces (this notion has
been first introduced and discussed in [146], see also [51, 52] for another presentation
and [148]). Consider a one-dimensional chain with second-nearest neighbour interac-
tions (this is the simplest case when such ghost forces aris®¥)-pfl atoms, whose
current positions arg®, .. ., ¢~ . The energy per particle reads (see (4.6))

o= 5 () ()

for some interaction potential§ andV,, and withNh = L (we consider the case of
no body forces). Forall Z i < N — 2, we obtain

8EL - 1 ¢1+1 ¢1 ¢1+2 (bl
o = |4 () 4 ()

7 i—1 i Ji—2
() ()]
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It is easy to check that any homogeneously deformed state, gt is- a + bi for any

a andb, satisfies%(quD) =0forall2<i < N — 2. Hence, up to boundary effects
(responsible for what is callezlrface relaxatioly any homogeneously deformed state
is a critical point of the energy.

Let us now consider a coupled energy, in the spirit of (4.13), but with no external
body forces, and taking into account second-nearest neighbour interactions. Recall that
the partitionQ = Q;,UQ,, is defined by (4.12), that the variational spateis defined
by (4.14), and its homogeneous versitfi is defined by (4.27). For any € X, we
consider the coupled energy

Eo) = [ (@) + Va2 )] do

1 pP-1 (bi-‘rl _ (bl 1 pP-2 ¢i+2 _ (bl
x5 vy Hﬁ(T)-
We calculate the Gateaux derivativeof for any € X0

(¢+w) Ec(¢)

(DE:(¢),4) = lim

t—0

= 1 [ VO @)+ 2320 @) o () da

1 P— ¢1+1 ¢1 wi+1 _ wi
+N,Z ( I ) h

i=0
_2 ) . . .
N i P V/ ¢z+2 _ ¢z ¢z+2 _ wz
N &2 h hoo

Consider now a homogeneously deformed configuratigs (e.g., there exists such
thatngD( ) = cforallz € (Ph, L) andgi3 — ¢ip = ch for 0 < i < P—1). Denoting
C1 = V{(c) andCy = V§(2c), we find

CL+2C, [*
(DE.(¢Hp),v) = % Phlb/(x)dw
w%-‘rl wz w%-‘rZ wz
+W 2 I N ; I

= Sty

where we have used that Ph) = . We see thaDE,.(¢pp) is not equal to zero,
due to forces on atom 1 (this was already the case for the fully atomistic problem; here,
it again gives rise to surface relaxation), and due to forces on afvarsl P — 1, that
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is at the interface between the two models. Hence, some spurious forces (called ghost
forces) appear at the interface between the atomistic and the continuum ddmains
This is also the case with the QuasiContinuum method. Even up to effects on the
boundary of the computational domain, a homogeneously deformed configuration is
not a critical point of the hybrid energy.

Two possibilities are at hand. The first one consists in going on working with the
hybrid energy and the forces derived from it. This method is for instance analyzed
in [53] and also in [52], where the influence of the ghost forces is studied: estimates
between the solution of the hybrid model and the solution of the atomistic model are
derived, and the size of the domain (around the interface) which is impacted by these
ghost forces is estimated. The second one consisisriectingthe forces such that a
homogeneously deformed configuration makes the forces zero. An extra term is hence
added to the forces to compensate for the spurious effects at the micro-macro interface.
As aresult, these forces are not the gradient of any energy. See [51] for some numerical
analysis of such a method.

5.4 Multiscale methods without a coarse-grained model

Some methods have been developed in the literature that do not need aih evgaio-

scopic model. The idea is to design a macroscopic-like method, which is used in the
wholecomputational domain, and to resort to microscopic computations each time the
constitutive law has to be used. Hence, in a continuum mechanics setting, the method
consists in bypassing an analytical formula that provides the macroscopic stress as a
function of the macroscopic strain by solving a fine scale problem. The macroscopic
strain is used to design appropriate boundary conditions for that fine scale problem.
The macroscopic stress is obtained by postprocessing its solution.

A first endeavour of such a method is the?RfEethod proposed in [67], where
the fine scale model is a continuum model with some small length scales (see also
[119]). See [4, 75, 76, 77,82,111, 113, 144] for some mathematical analysis of related
methods, namely numerical homogenization methods for elliptic partial differential
equations.

Note that the coarse and the fine scale models can be different in nature. See [58]
for some mathematical analysis in a general setting of such a method, [114] for an
application to granular media equilibrium, and [59, 60, 61, 62, 98, 99] for some ap-
plication to elastodynamics, where the constitutive law is computed from molecular
dynamics (in order to take into account finite temperature effects, molecular dynamics
is run with a thermostatting method [37]).

5.5 The Arlequin method and other methods for equilibrium conputation

In a similar spirit as the QuasiContinuum method, we mention the Arlequin method
[16, 17, 18, 19], which is based on a domain decomposition idea: on each subdomain,

INote that, for nearest neighbour interactiols,= 0, henceC, = 0 for any deformation rate, and there
are no ghost forces.
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Qny

Figure 5. The three domainQ;, Q,, and Q,, are strictly embedded one in each other:
Qr ¢ Q, & Qp. The gluing domain i€, = Q,, \ Q.

different models are used. The method was originally developed to be used with differ-
ent continuum mechanics models. However, it can also be used to couple continuum
mechanics with a discrete model [13, 136] (see also [126, 135] for goal-oriented a pos-
teriori error analysis in such a multiscale framework).

Let us briefly present the method when it is used to couple two different linear
continuum mechanics models in dimensidén We follow the presentation of [17].
Consider a domaif);, strictly embedded in the domai®,, which is itself strictly
embedded in the computational dom&lj, (see Figure 5). 1), we want to use a
precise and expensive model (dengteahodel), for instance because of the complexity
of the expected deformation. On the contrary, a coarse and cheap model (defoted
model) is enough o, \ Q,,.. The domairQ, = Q,, \ Q helps to make the transition
between the two models. We assume for simplicity that we impose homogeneous
Dirichlet boundary conditions ofQ ;.

Let us consider smooth nonnegative weight functiopsandg3,,, defined o,
anda, andg,, defined orQ2,,. We now introduce the bilinear forms

G,M('U,M,U]w) / aM(x) E(UM) :/\M :g(uM) dx,
Qs

ap(up,v,) = / ay(x) e(vy) 1N, te(uy,) de,

”w

with
1

e(u) = 5 (Vu+ vu™), (5.9)
and where\; and/\,, are the two symmetric 4th-order tensors that correspond to the
two models that we consider (see Example 2.1 for some details on linear elasticity).
These two bilinear forms are defined an, x X, and X, x X,,, respectively, with
Xu = (H}(Qum))? (recall that we impose homogeneous Dirichlet boundary condi-
tions ondQ,y) and X, = (H1(Q,))<.
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Let f € (L?(Qas))¢ be a body force and let us define &n, and X, respectively,
the linear forms

by (om) = A B (z) f(x) - var(z) de,

bulvy) = /Q Bu(x) £(2) - v (x) da.

The standard problem (associated to Aiiemodel) would be to find:;; € X, such
that

Vou € Xar, anm(unr,var) = bar(onr)

with ayy = B = 1 onQyy. The Arlequin method consists in finditg s, u,, P) €
Xum x X, x X, such that, for all test function®x,, v, ¥) € Xar x X, x X, we have

an (unr,vnr) + ap(ap, v) + C(@ v —v,) = bar(onr) +bu(vp), (5.10)
C(W,upy —uy) = 0, '

whereX, = (H(Q,))% and where the bilinear fori is defined onx, x X, by

O, 0) = / (kots(x) - v(z) + kae(¥) : e(v)) da

Qq

for two positive parameterky andk;. Hence, the two displacemenis,; andw,, are
coupled through the bilinear ford, which penalizes their difference (both in term of
displacement and strain, throughandk;) in the gluing domair2, = Q,, \ Q.

The weight functions are chosen such that = Ga = 1in Qu \ Q, andaas +
a, = PBu + By = 1inQ,. We can hence choosg, = 3, = 0in Qy \ Q,. So,
in the exterior domaif,; \ Q,, only the M-model is taken into account. A natural
choice would be to choosey, = 5y = 0in Q. In the interior domairfds, only the
u-model would be taken into account, and both models would be taken into account in
the gluing domairQ), = Q,, \ Q; with a smoothly varying proportion. However, it is
shown in [17] that such a choice is not a good one. A better choice is to ensure that

am(z) > oo and a,(z) > ag in Qf

for someag > 0. Hence, even in the interior domain, themodel should be taken into
account. Under these assumptions, well-posedness, stability and consistency results for
the Arlequin method are proved in [17].

A particular feature of the Arlequin method is that, on the dongain both mod-
els coexis{(see Section 5.6 for another example of a multiscale method, dedicated to
dynamical simulations, with the same feature). Note that this is not the case with
the QuasiContinuum method. See [11] for some discussion on various possibilities to
couple atomistic and continuum models by using a blending zone, where both mod-
els coexist. For such methods, based on an overlapping domain decomposition idea,
alternating Schwarz schemes are often the methods of choice for parallel computing.
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See [133] for some numerical analysis of these schemes in an atomistic-to-continuum
framework.

Let us conclude this section by noting that the methods mentioned above all start
from a fine scale model, which is computationally used in different ways. An alter-
native to multiscale methods is to try and homogenize the fine scale model under
sufficiently weak assumptions, so that the resulting macroscopic model can be used
everywhere in the domain, even if the deformation is not smooth. Along these lines,
we mention the articles [12, 87, 153], where a continuum mechanics model is built, in
which the elastic energy depends not only on the strain, but also on higher derivatives
of the displacement. For instance, a one-dimensional setting is considered in [153]
with the energy

En(é) = / (W (& (2)) + W& () (" (2))?] da (5.11)

for some function$?” andW, and some small parametier In the same vein, for some
justification on the basis of atomistic models of the physical foundations of a class of
continuum models, namely microcontinuum theories, see [38].

The energy (5.11) is a bulk energy. Some works have also lead to the consideration,
in addition to such a bulk term, of surface energy terms [47] or terms that penalize
displacement discontinuities [32].

See also [131] for the derivation, from an atomistic model, of some continuum mod-
els predicting phase transitions. Note th&tBmit approach is often the mathematical
method of choice for such challenging homogenization questions (it was employed,
e.g., in [32] and [131]).

Itis not possible in such notes to describe all the recently proposed coupling meth-
ods in details. We just mention here the LATIN method [89, 90], the BSM method
[132, 158], and the Virtual Internal Bond method [71, 72, 83, 84, 85, 105, 156, 161].
Note that several methods have also been proposed in a fluid mechanics context, which
share many features with the methods described here, see [80, 81] and [106, 124, 125]
(with also an application to solid contact modelling [108]). The question of atomistic
to continuum coupling also arises for magnetic forces computation [120, 143]. Here,
the idea is to start from an atomistic model for magnetic forces and pass to the con-
tinuum limit, hence obtaining expressions that only depend on macroscopic variables.
More details on atomistic to continuum coupling methods in materials science can be
read in [29] from a mathematical perspective, and in the review article [44] and in the
monographs [36, 107, 137] from a materials science perspective.

5.6 Temperature and dynamical effects in multiscale methods

Taking into account temperature (that brings in fluctuations and randssinaed dy-
namics (that brings in inertial effects) in an atomistic to continuum coupling method is
a very challenging issue for which a lot of questions are still open.

One viewpoint to take into account temperature is to consider statistical mechan-
ics averages in the canonical ensemble. Consider a systéfrpafticles at positions
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¢ = (¢oh,...,¢") € R¥ and letE, (¢) be its energy. The finite temperature thermo-
dynamical properties of the material are obtained from canonical ensemble averages,

) =27 [ A0) el =01, (¢)) do. (5.12)

whereQ c R? is the macroscopic domain in which the positiafisvary, A is the
observable of interest3 = 1/(kgT) is the inverse temperaturd (is the physical
temperature andp is the Boltzmann constant), attl= [, exp(—GE,(¢)) d¢ is the
partition function [37, 46].

The difficulty for computing (5.12) comes from tté-fold integral, whereV, the
number of particles, is extremely large (say’L0One method, among others, is to
compute (5.12) as a long-time average

(A) = lim /Aqsf (5.13)

T—+o00 T

along the trajectory generated by the stochastic differential equation

d¢t = —VEM(¢,5) dt + \/ Zﬂfl th, (514)

whereW, is a standard N-dimensional Brownian motion.

It is often the case that observables of interest do not depend on the positadhs of
the atoms but only osomeof them (for instance, because these atoms are located in a
region of interest). We assume that this set of interesting atoms (also mi@dms
as in the QuasiContinuum method terminology) is given a priori, and we denate by
their positions. We hence write

p=(¢"....0") = (6. 0c), ¢ eR™ g e RN, N =N, +N,

and our aim is to compute (5.12) for such observables, that is

-1 / A(¢,) exp(—BE,(¢)) do. (5.15)
QN

The objective is to design a computational method that is cheaper than (5.13)—(5.14),
building upon the specificity of the observable.

The QuasiContinuum method has recently been extended to handle such cases [57],
building upon previous works [69, 96] (see also [43] for a similar approach as well as
[48, 49, 50, 159]). The approach described in [57] is based on a low temperature
asymptotics. More precisely, one first performs a Taylor expansion of the energy with
respect tap. around a state that is a function of the repatoms positipn8Ve write

(bc = 50(@) + gc
for some functionp,. Assumingé. is small, we find by expanding,,

E/L((bm(bc) = /L((bﬁ ((bT) +£(‘)

~ Eﬂ((bﬁac((bT))—’_ N(¢T7$c(¢7’)) §F+ 5(‘

Do e

8(;52
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We consider the case where the atoms varQis= R?. Due to the above harmonic
approximation (which is reminiscent of a low temperature approximation), we can
analytically compute

Beolér) = =50 [ | eX=BE, (6r.00)) ds.. (516)

Hence (5.15) reads

<A> fRde ¢7’ exp( ﬂECG((bT))dﬁﬁr
f]RdN7 exq_ﬂECG(gbr)) dfbr .

This formulation is more amenable to numerical computations than the expression
(5.15) since the dimension dramatically decreased fidfio dN,. < dN.

Taking a different route, namely a thermodynamic limit, an alternative method has
been recently proposed in [25, 134]. It first aims at computing the limit of the ensemble
averages (5.15) wheN,, the number of non-representative atoms that we want to get
rid of, goes to infinity. Second, it allows to efficiently compute free energies. More
precisely, whenv, — +oo, the free energ¥cc(¢.) defined by (5.16) diverges. This
reflects the extensiveness of the free energy with respect to the number of particles that
have been integrated out. Hence, the meaningful quantity is the free energy per (re-
moved) particle, and its thermodynamic limit i+ o, Ecc(#,)/N., which can be
efficiently computed following the method proposed in [25]. Note that the advocated
approach is restricted to the one-dimensional case. In this simple setting, it provides a
computational strategy that is accurate and efficient. This approach can also be consid-
ered as a first step towards the numerical analysis, in a simple setting, of more advanced
methods.

To conclude on the temperature issue, we wish to mention the work [74], which
aims at coarse-graining atomistic systems, in relation to thermalization and molecular
dynamics. See also [68] for another work in that setting.

Dynamics seems to be an even more challenging issue than temperature. Meth-
ods based on hybrid Hamiltonians (relying on a domain decomposition paradigm with
some overlap) have been proposed in [1, 2, 35] (see [140, 141, 142] for applications as
well as [14];in [100, 121, 122, 123, 127, 147] the method has been applied for the sim-
ulation of extremely large systems). They are based upon the coupling of an atomistic
model with a linear continuum mechanics model, whose parameters are predetermined
by fine scale computations. Let us formally describe the idea.

The dynamics of atomistic systems is often a Hamiltonian dynamics derived from
an underlying Hamiltonian function. Assuming pairwise interactions for the simplicity
of exposition, this microscopic energy reads

e ()2
(D D) = ZZV CARDD o (5.18)
i=1 )

i=1 j#i

(5.17)

The first term is the potential energy (2.4) that depends on the current posifiafs
the atoms. The second term is the kinetic energy that depends on the momenta
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the particles whose massris At the macroscopic scale, dynamics is often modelled
by the Navier elastodynamics equation. Consider its linear version in the absence of
any external loading:

O v (A =0 5.19
poi — AV (A e (w) =0, (5.19)
whereu = u(t, z) is the displacement fielgh, = p(z) the volumic mass, anl = A(z)

a 4th order tensor (recall thatu) is defined by (5.9); see Example 2.1 for some details
on linear elasticity). After a spatial discretization, we obtain a system of ordinary
differential equations that form a Hamiltonian system with the Hamiltonian function

1 1
Har(unr, par) = > uy Kup + > P M pa, (5.20)

wherewu,,; are the macroscopic displacement variabjgg,are the macroscopic mo-
mentum variablesk is the stiffness matrix and/ is the mass matrix (which is often
assumed to be diagonal through the so-cdlledpbed masapproximation).

We observe that (5.18) and (5.20) have the same structure. The authors of [1] took
opportunity of that observation to couple the two models through the definition of a sin-
gle Hamiltonian function. The aim is to give rise to a method that is more efficient than
using the atomistic model (5.18) in the whole domain and more accurate than using
the continuum mechanics model (5.19)—(5.20) everywhere. First, the computational
domain is split into two overlapping subdomais, andQ,,. Let Qus = Qu N Q,,
be the overlapping region (see Figure 6). The degrees of freedom of the hybrid method
are as follows:

- in Q, \ Qus, an atomistic description is used, based on atom positignand
momentagp,,;

+ in Qs \ Qus, a continuum mechanics description is used. After spatial discretiza-
tion, the variables are the displacements and the momenta,, at the mesh
nodes;

- in the hand-shaking regio@us = Qa N Q,, both descriptions are used and
coincide: the mesh nodes correspond to the reference positions of thé%atoms
Let x* be the displacement and the momentum of the node

The method proposed in [1] includes no adaptation of the partition along the compu-
tation. Since dinear continuum mechanics model is used(n,, this zone should

be located where the reference deformation (given by the atomistic model used in the
whole domain) is smooth and small. Some consistency between both models is pro-
vided by the fact that the continuum mechanics tersof (5.19) is precomputed from

the atomistic model, by a molecular dynamics simulation, using (5.18).

12For elements further away fro@ys, the mesh size increases(n,; to reach dimensions of 4 to 8 atomistic
lattice parameters.
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Figure 6. Degrees of freedom in the hand-shaking redips.

The hybrid Hamiltonian is defined by

1 j i (piL)Z
H((b;up/uuM7pM7X,w) - § Z V((bil, _¢/1') + Z 2';n
i!jeQM\QHSr Z#J Z‘GQM\QHS

i\2

b G ulimu o+ V00 + Y WX )
1€Qus

whereVHS is some weighted average between the atomistic potential energy and the

continuum mechanics one. The weight function is a parameter of the method, which is

similar in spirit to the weight functions used in the Arlequin method (see Section 5.5).

From (5.21), Hamiltonian equations of motion are derived for the evolutia#, 0p,,,

UMy PMy+ X andw.

Actually, in a dynamical setting, the consistency question is already a difficult one:
what is the limit of the dynamics of an increasingly large system of discrete parti-
cles? The previously described method makes the implicit assumption that this is an
elastodynamics equation, but this is not clear from a rigorous mathematical viewpoint.
Some analytical answer is provided in [20] for a linear system (see also [115]). More
precisely, the authors work in dimension 3 and consider the Newton equations

>
m d“uy,
" dt2

for a system ofV particles with mass:;, (along with initial and boundary conditions).

In the above equation, is the displacement of the particlef;, is the potential energy

of the system, andl is a small parameter that represents the atomistic lattice parameter.
The particle masses depend loaccording tom: = M;h3 for someM; independent

of h (note that this scaling is consistent with a finite macroscopic volumic p)a3$e
potential energy reads

En(u) = 5 3w, — uf) Y (u, — )

1,

1 N .
:—VU;LEh(uh,...,uh), 1<i<N,
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for some symmetric matrlce(s‘” that again depend ol The energy is invariant by
translation, and, due to the structure@f’ it is also invariant by rotation. Using
compactness arguments, based on a discrete Korn inequality, the authors of [20] prove
that, whenh goes to zero andV goes to+oco with NA* fixed, {ui}j\il converges,
in some weak sense, to a functiorthat solves (5.19), supplemented by initial and
boundary conditions, with the macroscopic volumic masand 4th order tensoh
being derived from the microscopic mass;e?§ and matrices>;’.

The question for nonlinear problems is much harder. The propagation of waves in
a one-dimensional chain with a simple doublewell potential is analytically investigated
in [39, 149]. See [55, 73, 116] for some studies with general interaction potentials,
and also [139]. In [56], the problem is addressed in a somewhat different way (see
also [78]). The starting point is again Newton’s equation for a syste discrete
particles of mass: and potential energy,,:

. dz(bl -
S dt2

V4B (¢h....¢"), 1<i<N, (5.22)

supplemented by initial conditions, whefeis the current position of atom Introduce

next a nonnegative smooth window functign=x(t, z), with [o, x(t,z) dt dz = 1.

A natural choice is to choosg with a compact support, which is macroscopically
small and microscopically very large (hence, in that support, there are many discrete
particles). For each particlewe define

xi(0,t,x) = x(0 —t,¢"'(0) —z), O,tcR xec R3,

so that [, x:(0,t, z)df represents the probability of finding the parti¢lat positionz
at timet¢. It is next natural to define the macroscopic mass depsityd momentum
densitypv by

p(t,z) = /RZmXi(H,t,a:)dH,

i

p(t,x)v(t,z) = /RZm@(H)Xl(H t,x)do.

i

The macroscopic energy densjty is defined similarly. A simple computation shows
that
dp o 0(pv)
N +div(pv) =0 5t

for some flux functiorP that depends ofi¢* (¢) }fvzl and cannot be exactly expressed as

a function of the macroscopic variables ande (the same issue appears on the energy
conservation equation). Hence, at this point, one needs to make an approximation
and postulate an expression fBras a function ofp, v and e (a so-calledclosure
relation). In [56], several closure relations are proposed, and numerically tested: the
macroscopic problem (5.23) is simulated and its results are compared with the results

(5.23)
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of the microscopic, fully atomistic, problem (5.22). It turns out that none of the tested
closure approximations is fully satisfactory.

We finally mention [88] for some studies on how to transmit a pulse from an atom-
istic domain to a continuum domain (and back), when the continuum model is dis-
cretized by a discontinuous Galerkin scheme. See also [101, 104] for some numerical
studies taking into account that, since interacting potentials are neither convex nor con-
cave, the nonlinear wave equation, which is formally obtained from Newton’s equation,
can be either hyperbolic or elliptic, which creates theoretical and numerical difficulties.
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Maximal regularity and applications to PDEs

Sylvie Monniaux

Abstract. We present here a survey of results on parabolic maximal regularity and applications to
partial differential equations such as uniqueness of integral solutions of the Navier—Stokes system.
The subject started in the 1960’s with the case of Hilbert spaces. Certain progress has been made in
the late 1980’s, and the real breakthrough on the theory goes back to 2000.
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parabolic equation, Navier—Stokes equation, non-autonomous Cauchy problem.
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1 Introduction

The purpose of this lecture is to give a flavor of the concept of maximal regularity.
In the last ten to fifteen years, a lot of progress has been made on this subject. The
problem of parabolic maximal LP-regularity can be stated as follows.

Let A be an (unbounded) linear operator on a Banach space X, with domain
D(A). Let p €]1,00[. Does there exist a constant C' > 0 such that for all f €
LP(0, 00; X), there exists a unique solution u € LP(0, 00; D(A))NW (0, c0; X)
of ' + Au = f, u(0) = 0 verifying

||U/HLP(0,oc;X) + ||A“HLP(0,OO;X) < ”fHLP(O,oo;X)?

This problem, in its theoretical point of view, has been approached in different manners.

(i) If —A generates a semigroup (7'(t));>0, then the solution u is given by u(t) =

fot T(t — s)f(s)ds, t > 0, and therefore, the question is whether the operator R
defined by

Rf(t):/o AT(t —s)f(s)ds, t>0,

for f € LP(0, 00; X), is bounded in L?(0, co; X ). In the favorable case where the
semigroup is analytic, R has a convolution form with an operator-valued kernel,
singular at 0. The study of boundedness of R in LP(0, c0; X) then leads to the
theory of singular integrals.

(i) One way to treat this convolution (in ¢) operator is to apply the Fourier transform
to it. The problem is now to decide whether M(t) = A(isI + A)~!, s € R,
is a Fourier multiplier. This has been studied by L. Weis in [41] who gave an
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equivalent property to maximal regularity of A in terms of bounds of the resolvent
of A.

(iii) Another approach is to see this problem as the invertibility of the sum of two
operators A + B where B is the derivative in time. G. Dore and A. Venni in [16]
followed this idea, using imaginary powers of A and B..

All these characterizations are not always easy to deal with when concrete examples
are concerned. To verify that a precise operator has the maximal LP-regularity property
needs other results. This has been the case for operators with Gaussian estimates (see
[21] and [12]) and more recently for operator with generalized Gaussian estimates (see
[24]). Among a very large literature, let us mention the surveys by W. Arendt [4] and
P. C. Kunstmann and L.Weis [25] where the theory of maximal regularity is largely
covered.

The first part of these notes is dedicated to the study of this problem from a the-
oretical point of view. In a second part, we will give examples of operators having
the maximal LP-property: generators of contraction semigroups in LP(Q), generators
of semigroups having Gaussian estimates or generalized Gaussian estimates. Appli-
cations to partial differential equations, such as the semilinear heat equation or the
incompressible Navier—Stokes equations, are given in a third part. Finally, in a last
part, we give some results on the non-autonomous maximal LP-regularity problem.
Many results proved in the autonomous case are also true in the non-autonomous case
provided we assume enough regularity (in ¢) on the operators A(¢). This condition
may be removed if the operators A(t) have the same domain D, and in that case, only
continuity is required. This non-autonomous maximal LP-regularity is far from be-
ing understood, but is nonetheless important for applications to quasilinear evolution
problems.

2 Theoretical point of view

2.1 Statement of the problem

Let X be a Banach space and A be a closed (unbounded) linear operator with domain
D(A) dense in X. Let f : [0,00[— X be a measurable function. We consider the
problem of existence and regularity of solutions to the problem

uw'(t) + Au(t)
u(0) = 0.

|
~
—~
~
—
~
V
=

2.1)

Definition 2.1. Let p €]1,00[. An operator A is said to have the (parabolic) max-
imal LP-regularity property if there exists a constant C' > 0 such that for all f €
LP(0, 00; X), there is a unique u € LP(0,00; D(A)) with v’ € L?(0, co; X) satisfying
(2.1) for almost every ¢ €]0, o[ and

Jull Lo (0,00:) F 14| Lo (0,00:%) + 1A% Lo (0,00:x) < Cllf Il Lr(0,00:) (2.2)
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Not all operators have this property. In particular, there holds
Proposition 2.2 (Analytic semigroup). Let A be an operator on a Banach space X with
the maximal LP-regularity property for one p €]1,00[. Then —A generates a bounded

analytic semigroup on X.

Proof. Let z € C with Re(z) > 0. Define f, € L?(0, c0; C) by

and  f.(t)=0 if t>Rel(Z).

Step 1. Let x € X and denote by u, the solution of (2.1) for f = f, ® z. Define then

1
=e i <t<
f(t) =¢e if O_t_Re(z)

R,z = Re(z)/ e, (t) dt.
0

Then the following estimates hold:

[R.z)x < Re(z)”uZHLp((LOQ;X)”t'_)e_ZtHLP/(Qm)

< Re(2) C Il romylallx it — €l 000
1
el —1)»
< 07
P

The first estimate comes from the Holder inequality applied to the integral form of
Rz, p' denoting the conjugate exponent of p:  + - = 1. The inequality (2) is
obtained by estimating u, by f via the maximal LP-regularity property of A; note that
Il £1l2r(0,00:x) = Il f2llL2(0,00:0) l|2]| x - The last estimate comes from the calculations of
the different norms of the previous line. By writing R,z as

R,z = 7Re(z) / e "l (t) dt
0

z

(by performing an integration by parts), the same arguments as before give the estimate

1
1 el —1)»
IRl < 0 =D g,
‘Z| p/p’
Therefore, we get
M
R, [ 2.3
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Step 2. Let now = € D(A). We have

R.(z2I+A)x = zR,x+ R,Ax

— Re() /0 " et/ (£) dt + Re(2) /0 e A (1) dt

— Re(2) /0 T et (e dt

= X.

The first equality is straightforward. The first term of the second equality comes from
the integration by parts as in Step 1, whereas the second term comes from the fact that
Au, € LP(0,00; X) by the maximal LP-regularity property of A. The third equality
follows from (2.1) and equality (4) is obtained by a simple calculation, reminding that
f=fo

Step 3. The equality R, (21 + A)x = z for all z € D(A) together with (2.3) ensure that
R, is the resolvent of —A in z. Therefore, the spectrum o(A) of A is included in C. =
{z € C;Re(z) > 0} and there exists M > 0 such that for all z € C with Re(z) > 0, we
have (2.3). This implies that — A generates a bounded analytic semigroup in X. O

Let us consider for a moment a slightly different problem. We might ask what
happens if the initial condition in (2.1) is not equal to zero.

Remark 2.3. Once we know that —A generates a semigroup (7°(¢));>0 on the Banach
space X, we can study the initial value problem
"(t) +Au(t) = 0, t>0
W)+ Ault) = 0, 120 o
u(0) = wup.

It is known that the solution w is given by u(t) = T'(¢)ug, ¢ > 0. This solution u
belongs to LP(0, co; X) if and only if (see [30, Chapter 1]) the initial value u( belongs
to the real interpolation space (X, D(A)) .1 .
Proposition 2.4 (Independence with respect to p). Let A be an operator on a Banach
space X with the maximal LP-regularity property for one p €|1,00[. Then A has the
maximal Li-regularity property for all q €]1, co|.

To prove this fact, we need the following auxiliary theorem due to A. Benedek,
A. P. Calderén and R. Panzone.

Theorem 2.5 (Theorem 2 in [7]). Let X be a Banach space and let p €]1,00[. Let
k:R — £(X) be measurable, k € L} (R \ {0}; £(X)). Let S € L(LP(R; X))
be the convolution operator with kernel k, Le., for all f € L*(R;X) with compact

support, one can write Sf for all t ¢ suppf as

SF(t) = /IR k(t — 5)f(s) ds. 2.5)
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Assume that there exists a constant ¢ > 0 such that the Hormander-type condition
/ Ik(t — 5) — kD)l zpodt < Vs R, 2.6)
[t]>2]s]

is fulfilled. Then S € £ (L9(R; X)) for all ¢ €]1, cc|.

Proof. We prove that S is bounded from L'(R; X) to L! (R; X) where L! stands for
L'-weak and is defined as the space

LI (R; X) = {f : R — X measurable ; sup « - ‘{t eRf()]x > a}‘ < oo},
a>0

endowed with the norm
1712 ) = supac- |{ € B |7 (1) x> o}
a>

Let f € L'(R; X) and fix A > 0. By the Calder6n—Zygmund decomposition applied
toR > ¢ — ||f(t)||x (see Theorem A.8 below, in the case n = 1), we may decompose
f into a “good” part g and a “bad” part b = ), by. We then have Sf = Sg + >, Sy
and therefore

{te®ls7(0)x > 2} € {reRIso@x > 3 o {te R spolx > 3}

The measure of the first set is easy to estimate. Since g € L'(R; X) N L>=(R; X), we
have g € LP(R; X) and since S is bounded in L?(R; X ), we have

) 15012, s,
{remilsolx >3} < —pe

21 - ()P

220181 (1o (o)

< ) g
2v ||S||p L(LP(R;X)) L -2 p

= # (HgHLl(R;X)HgHLOO(R;X))
220181 (Lo (o))

< #Hf”LI(R;X)(Z)‘)p_I

and therefore
. A P P
A {t eR; HSg(t)”X > E} <4 HS”;g(Lp(R;X))||fHL1(R;X)~ 2.7

The first inequality is obvious. The second one follows from the fact that .S is bounded
in L?(R; X') by hypothesis. The third inequality results from the Holder inequality. The
last inequality comes from the fact that ||g|| L1 . x) < ||l 21 ®:x) and [[g]| Lo (r;x) < 2A
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by construction in the Calderén—Zygmund decomposition. It remains now to estimate
the quantity

‘{t € R: ||Sh(t)[x > ;}’

We decompose the set as

{t € R; [|Sb(t)]x > %} CEU {t e R\ E;|1Sb(t)] x > %}
where £ = (J,cn Q1. with Qy, being the double of the cube @}, arising in the Calderén—
Zygmund decomposition. We already have, by the Calder6n—Zygmund decomposition,
|E| < 2A7|fll21(®;x)- The last term that remains to be estimated is the measure of
the set {t € R\ E;|Sb(t)||x > 3}, and that is where the assumption (2.6) comes in.
Denoting by s, the center of Q, k € N, we have

/R\E 18b(1)||xdt < %A\J/@ k(tfs)bk(s)dsuxdt
< %A\E\’Ak(k(t—s)—k(t—sk))bk(s)dsHth
<y . /Q K = 8) = bt = 30l )
< Yo Il

keN
< 2CHf||L1(R;X)~

The first inequality comes from (2.5) since t € R\ E and thus ¢ ¢ supp b = Q. The
second inequality is in fact an equality since |, o bids = 0 by construction of the by,’s.
The third inequality is obvious and the last but one inequality comes from the fact that,
fort € R\ Qy and s € Qy, we have |(t — sy )| > 2|(t—s) — (¢t — s )|. We can then apply
(2.6). The last inequality is obvious taking the Calderén—Zygmund decomposition into
account. Therefore, we have

A A
‘{t € R ||Sb(¢) ]| x > 2}’ < |E|+ ‘{t e R\ E;||Sb(t)]x > 2}’
2 2
< = 1(R- —
< Ml +5 [ IS0t
< 2(142¢)

3 I £l 2t s x)-

Together with (2.7), this gives

A{t e RelIsF@Ix > A} < e, 28)
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where C' = 47 HS”DP?(LP(R;X)) +2(142c¢), which means that S is of weak type (1, 1) (see
Definition A.5 below). By the Marcinkiewicz interpolation theorem (see Theorem A.6
below), the operator S is of strong type (g, ¢) (see again Definition A.5 below) for all
q €]1,p[. Moreover, it is easy to see that S’, the adjoint operator of S, is of the same
form as S: S’ is bounded in L?' (R; X) (where L+ = 1) and of weak type (I,1)
by the same arguments as before, which implies by the Marcinkiewicz interpolation
theorem that S’ is of strong type (g, q) for all ¢ €]1, p[, and therefore, by duality, S is
of strong type (g, q) for all ¢ €]p, co[. We now have proved that S is a bounded operator
in L9(R; X) for all ¢ €]1, oo o

Proof of Proposition 2.4. Let A be an unbounded operator on a Banach space X such
that — A generates an analytic semigroup (7(¢));>o. Define k : R — £ (X)) by

k(t) = AT(t)ift >0 and k(t)=0if¢<0.

Then k is measurable with k € Ll (R \ {0}; Z(X)). For any s € R, we have

t—s
k(t —s) — k(t dt = / AT (1) dr dt
/lt o T ) @l .y @,

t—s 1
< C / — dr |t
t>2|s| ' Jt T
1 1
= C —f‘dt
t>20s) 1T =58t
< Clh2.

The first equality comes from the fact that & vanishes on | — oo, O and that an analytic
semigroup is differentiable on |0, +oc], its derivative at a point ¢ > 0 being equal to
AT(t). The second inequality is due to the property of analytic semigroups that, for
all n € N, there holds sup,. [[t" AT (t)| »(x) < co. As for the third equality, it is
obtained by calculating the integral f:_s % dr. The last inequality comes from the
exact integration of ft>2|8‘ |7~ — 1| dt, which gives In2 if s > 0,0if s = 0 and In 3 if
s < 0. Therefore, we can apply Theorem 2.5 to conclude that the property of maximal
LP-regularity is independent of p €]1, oo|. O

2.2 Maximal regularity in Hilbert spaces

In the special case where the Banach space X is actually a Hilbert space, the reverse
statement of Proposition 2.2 is true.

Theorem 2.6 (de Simon, 1964). Let — A be the generator of a bounded analytic semi-
group in a Hilbert space H. Then A has the maximal LP-regularity property for all
p €]1,00].
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Proof. This theorem is due to de Simon [15]. Denote by (7(¢)):>o the semigroup
generated by —A and let f € L?(0,00; D(A)). Then it is easy to see that u given by

u(t) = /tT(t—s)f(s)ds, £>0, (2.9)

0

is the solution of (2.1), and Au has the form
Aut) = / k(t— ) f(s)ds, t>0,
R

where we have extended f by 0 on | — 00,0 and k(¢t) = AT (¢) ift > 0, k(t) = O if
t < 0. Applying the Fourier transform .# (in t), we obtain for all z € R

F(Au)(o) = /R =117 Au(t) dt

_ /R /]R =1kt — 5)f(s) ds dt
_ /R /R e~k (1) £ (s) ds dt

_ /0 e /R e~ Af(s) ds) dt

= (io+A)TAZ(f)(0)
= A(ic+ A Z(f)(0).

Since — A generates a bounded analytic semigroup, we have

sup |A(io + A) Y () < o0,
o€

and therefore
|7 (Au)|| ooy < e 7 (F)|| 2oy

Since .7 is an isomorphism on L?(R; H ), this implies that
lAull 2 mmy < el fll o2

This proves that A has the maximal L?-regularity property. By Proposition 2.4, the
proof is complete. o

The question now arises, whether every negative generator of a bounded analytic
semigroup in any Banach space X has the property of maximal LP-regularity. This
question, posed by H. Brézis, was first partially answered by T. Coulhon and D. Lam-
berton in [13]. To describe their result, we need to define the notion of UMD-space
(a space in which martingale differences are unconditional). Actually, we give here
a property of UMD-spaces equivalent to the original definition. For more details on
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this subject, see [9] and [10]. The Hilbert transform H f of a measurable function f is,
whenever it exists, the limit as e — 0" and T — +oo of

1 t—

Herf(t) = —/ ft=s) ds, teR.
T Je<|s|<T s

Definition 2.7. A Banach space X is said to be of class UMD if the Hilbert transform

'H is bounded in L?(R; X) for all (or equivalently for one) p €]1, co].

Example 2.8. (i) A Hilbert space is in the class UMD.

(ii) If X is a Banach space in the UMD-class, then LP(Q; X), for Q@ € R? and p €
]1, 0], is also in the UMD-class.

Theorem 2.9 (Coulhon-Lamberton, 1986). If the negative generator of the Poisson
semigroup on L*(R; X) (see (2.10) below) has the maximal LP-property, then the
Hilbert transform is bounded in L*(R; X).

This theorem implies that if X is a Banach space with the property that every neg-
ative generator of a bounded analytic semigroup has the maximal LP-property, then
necessarily X is of class UMD. The converse was an open problem until the work
of N. Kalton and G. Lancien [22] where it was proved that such a Banach space is
“essentially” a Hilbert space.

Theorem 2.10 (Kalton—Lancien, 2000). On every Banach lattice which is not isomor-
phic to a Hilbert space, there are generators of analytic semigroups without the maxi-
mal LP-regularity property.

Proof of Theorem 2.9. The Poisson semigroup (P(t));>0 on L*(R; X) is defined as

(p(t)f)(;c):/RWf(zy)dy, r€R, t>0, feLX(RX). (2.10)

This semigroup is bounded analytic and its generator —A satisfies

2 — 4
AP(t = | ——55 fla—y)d R, t>0 L*(R; X).
(UPONE) = [ ot fa sy, zeR >0, feX(R:X)
This relation is obtained by taking the derivative in ¢ of P(t) f. As we have already seen,
the assumption that A has the maximal LP-regularity property in L?(IR; X ) implies that
the operator

$2 4P

fo (]O,oo[xRa (t,2) Ot(/RWf(t—s,x—y)dy) ds)

is bounded in L?(0,00; L?(R; X)) = L?(]0, o[xR; X). By the change of variables
y—s=uy+s=wvx—t=u and x +¢ = v/, and the change of the function

F(u,v) = f(%5%, ©5*), we see that the operator K, defined by

e —uv / 1 o
(u mF(u—u,v—v)dv)du, (u',v") € E,

(KF) ) = [

R
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is bounded in L?(E; X ), where E = {(u,v) € R%;v > u}. This means that there exists
a constant C' > 0 such that

+o0 +oo
/(/ ||KF(u’,v/)||§(dv'> du' < C / (/ ||F(u,v)||§(dv) du,  (2.11)
R u’ R u

forall F € L*(E; X). Letnow a > 0 and ¢ € L*(R; X) and take

F(u,v) = ¢(u)Xo<v—u<1-
Then we have .
/R ( / 1P (o) ) du = 116 222 (2.12)
Computing K F', we get
viuu —uv
KF(u',v') = /]R (/rnax{u,u+(v’—u’)—l} (CEaE dv) o(u' —u)du
and therefore, if 0 < v/ — v’ < 1, we have

KF@,v) = /]R (2[(1}’ — ﬁu)z +u??2 ﬁ)qﬁ(u’ —u)du

- (/R 2[(v" — —T—LU)Z T 22 p(u" —u) du) - %H((b)(u’),

or equivalently if 0 < v —u' < 1

2u
v = + u)z + UZ]

H(O)(W) = — > KF(u) + (/R T 6 — ) du) .

We take the norm in X, square it and integrate then with respect to v’ from v’ + % to
u’ + 1. We then obtain

! , , 16
3 [ I <2 <7T2||KF||2Lz(E;X) L ¢”iz(m>) ot
since )
U
A o ) = (o ),
where ,
aw(u) = Y u € R,

m[(w + u)? + u?)?’

with a,, € L'(R) for all w € [%7 1]. Putting (2.11), (2.12) and (2.13) together, we con-
clude that the Hilbert transform is bounded in L?(R; X) and therefore X is of UMD-
class. O
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2.3 R-boundedness

All the details about the following results can be found in [41]. For a Banach space
X, let #(R; X) be the space of rapidly decreasing functions mapping R into X. As
before, .% denotes the Fourier transform (in ¢).

Definition 2.11. Let X and Y be Banach spaces. A function M : R\ {0} — Z(X,Y)
is said to be a Fourier multiplier on LP(R; X) if the expression Rf = .Z (M 7 (f))
is well-defined for f € .%/(R; X) and if the mapping R extends to a bounded operator
R:LP(R; X) — LP(R;Y).

It has been observed by G. Pisier that the converse of Theorem A.7 is true: if X =Y
and all differentiable functions M = M(¢) : R\ {0} — Z(X,Y) satisfying for some
constant C' > 0 the estimates

M) #xy)<C and [tM'(t)]| ¢(x,y) < C forallt € R\ {0}

are Fourier multipliers in L?(IR; X), then X is isomorphic to a Hilbert space. Therefore,
to decide whether a particular M is a Fourier multiplier, some additional assumptions
are needed. Such assumptions were studied by L. Weis in [41] in 2001. His result
gives also an equivalent property to maximal regularity in terms of the so-called R-
boundedness of the resolvent of the operator.

Definition 2.12. A set 7 C .Z(X,Y) is called R-bounded if there is a constant C' > 0
such that forallm e N, Ty,..., T, € rand z1,...,z, € X

Al H g'f‘j(s)zjj Jds < C/Ol H ;m(s)%

where (r;);=1,..» is a sequence of independent {—1, 1}-valued random variables on
[0, 1]; for example, the Rademacher functions r;(¢) = sign(sin(2’/t)). The R-bound
of 71is

ds, (2.14)
X

R(7) = inf{C > 0;(2.14) holds}.

Remark 2.13. If X and Y are Hilbert spaces, a set 7 C .£(X,Y) is R-bounded if and
only if it is bounded.

We have already seen that the maximal L?-regularity property of an operator A on
a Banach space X is equivalent to the boundedness in LP(0, co; X) of the operator R
given by

t
Rf(t):/OAT(tfs)f(s)ds, te 0,00, fe LP(0,00;X). 2.15)

When taking (formally) the Fourier transform of Rf, we get
F(Rf)(0) = A(iocl + A~ Z(f)(0), o€cR.

Therefore, if M denotes the operator-valued function M (o) = A(icl + A)~!, our
problem is now to find conditions on M (and therefore on A and its resolvent) assuring
that M is a Fourier multiplier in LP(R; X).
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Theorem 2.14 (L. Weis, 2001). Let X and Y be UMD-Banach spaces. Let
M :R\ {0} - Z(X,Y)
be a differentiable function such that the sets
{M(t);t ER\ {0}} and {tM’(t);t ER\ {0}}
are R-bounded. Then M is a Fourier multiplier on LP(R; X)) for all p €]1, o0].

References for the proof. This theorem can be found in [41, Theorem 3.4]. O

Applying this theorem to our problem of maximal LP-regularity, we get the follow-
ing result.

Corollary 2.15 (L. Weis, 2001). Let X be a UMD-Banach space and A be the negative
generator of an analytic semigroup on X. Then A has the maximal LP-regularity
property if and only if the set {io(icl + A)~'; o € R} is R-bounded.

Idea of the proof. This result can be found in [41, Corollary 4.4]. Denoting as before
M(o) = A(icl + A)™', o €R,
we have M (o) = io(icl + A)~! — I. Therefore, if
My : 0 io(iol + A)~!

is a Fourier multiplier, so is M. The first part of Theorem 2.14 applied to M, holds by
the assumption that

{ia(io[ +A) s oe R}

is R-bounded. For the second part, we must show that {ocM/(c);0 € R} is also R-
bounded. For that purpose, note that o M(0) = Mo(o)(I — Mo(0)). mi

3 Classes of operators with maximal regularity property

In this section, we present three classes of operators in L?-spaces having the maximal
LP-regularity property. We consider analytic semigroups in L*(Q), which can be ex-
tended to LP(Q) (with an underlying measure space (L, 1)) for p in a subinterval of
]1, oo[ including the case p = 2. In the sequel, if there is no ambiguity, we always
denote the L?(Q)-norm by || - |,

3.1 Contraction semigroups

The result presented here is due to D. Lamberton [28].
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Theorem 3.1 (D. Lamberton, 1987). Let (Q, 1) be a measure space and A the negative
generator of an analytic semigroup of contractions (T(t));>o in L*(Q). Assume that
for all q € [1, 00, there holds the estimate

1T fllg < fllq forallt>0andall f € L*(Q)NLY(Q).
Then the operator A has the maximal LP-regularity property in L1(Q).

Reference for the proof. The proof of this theorem can be found in [28]. The idea
is first to observe that A has the maximal LP-regularity property in L?>(Q) by Theo-
rem 2.6. The strategy then is to show that the convolution operator R defined by

Rf(t):/o AT(t = s)f(s)ds, t>0, fe LP(0,00; LP(Q)) = L7(]0, 50[x ),

is bounded in L?(]0, co[x€2). We already know that this is true for p = 2. To prove
the result for other values of p €]1,00[, D. Lamberton uses the so-called Coifman—
Weiss transference principle (this is the core of the proof). Once this is proved, by
Theorem 2.4, we conclude that A has the maximal LP-regularity property in L4(Q). O

This theorem can be applied to show that certain operators have the maximal LP-re-
gularity property, such as the Laplacian in LP(Q) (Q C R™ sufficiently regular) with
Dirichlet, Neumann or Robin boundary conditions.

Proposition 3.2. Let Q C R" be a domain such that the Stokes formula (integration by
parts) applies. We denote by v the outer unit normal at Q. Let A; (j = D, N or R)
be the unbounded operator defined in L*(Q) by
D(4;) = {uec H'(Q);Au € L*(Q) and bj(u) = 0 on 0Q}
Aju = —Au,
where bp(u) = u, by (u) = dyu and br(u) = au + dyu for a > 0.

Then the operators A; (j = D, N or R) have the maximal LP-regularity property
in LY(Q) for all p,q €]1, 0.

Proof. Thanks to Theorem 3.1, we only need to show that —A; generates an analytic
semigroup (7} (t))s>o in L?(Q) and that this semigroup satisfies the estimate

T3 fllg < I1fllgs =0, f e LXQ)NLIQ). G.D
Case j = D. This case corresponds to Dirichlet boundary conditions. The first as-

sumption to verify is that —Ap generates an analytic semigroup (7 (t));>0 in L*(Q).
Let ap be the sesquilinear form

aD(u,v):/Vu~de, u,v € Hy(Q;C).
Q
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This form ap is continuous and coercive. It is easy to show that Ap is associated to
the form ap and therefore generates a bounded analytic semigroup. It remains to show
that (3.1) holds for j = D. Let g € [1, oo[ and let

u(t) =To(t)f, t =0,
be the solution of the Cauchy problem
u'(t) + Apu(t) = 0, u(0) = f € L*(Q) N LY(Q).

We first consider the case 1 < ¢ < 2. Multiplying the equation by v = |u|?2uy 20
and integrating over €, we obtain for all t > 0,

0 — / ()()d:z:f/g o(t)Au(t) da
- édﬁ /\u de) + [ O u(0) o da

()~ 2 ) - Vuxuzo dz

\

- **(nuuq)u (0 1) [ WOPI9u0 P

and therefore

< (i) 1y <0

which implies that ||u(t)||, < || f|lq- As the operator Ap is self-adjoint, we obtain by
duality the same result also for the case 2 < ¢ < oo. Passing with ¢ to co, we obtain
[lu(t)]loo < |If|loo- This shows (3.1) for j = D.

Case j = N. This case corresponds to Neumann boundary conditions. It goes more
or less as the previous case. The integrations by parts can be performed and give 0 for
the boundary terms since d,u = 0 at the boundary. As before, the first assumption to
verify is that — Ay generates an analytic semigroup (T (t))¢>0 in L*(Q). Let ay be
the sesquilinear form

aN(u,v):/Vu-Wda:, u,v € H'(Q;C).
o

This form ay is continuous and coercive. It is easy to show that Ay is associated to
the form a and therefore generates a bounded analytic semigroup. It remains to show
that (3.1) holds for j = N. As in the previous case, for

being the solution of the Cauchy problem

u'(t) + Ayu(t) =0, u(0) = f € L*(Q) N LY(Q),
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we have

0 — /u’() ()dgc—/Q () Au(t) dz
/|u ) de) + [ O V(0o de

4
d
/ (t)]772) - Vuxuxzo dz
4
q dt

1
q

= 1 ||)<> (4= 1) [ 1O 2Vu(t)Pxupoda

and therefore

2 (ulg) ) <o,

which implies that |[u(t)[|; < ||f]l4- Passing with ¢ to oo, we obtain ||u(t)||s < || f]lco-
This shows (3.1) for j = N.

Case j = R. This case corresponds to Robin boundary conditions. The first assumption
to verify is that —Ar generates an analytic semigroup (T (t))¢>o in L*(Q). Let ar be
the sesquilinear form

a(u,v) = / Vu-ﬁdx—l—/ auvdo, wu,ve H'(Q;C).
Q 0
This form ap is continuous and coercive. It is easy to show that Ap is associated to

the form a and therefore generates a bounded analytic semigroup. It remains to show
that (3.1) holds for j = R. As in the two previous cases, for

being the solution of the Cauchy problem
u'(t) + Apu(t) = 0, u(0) = f € L*(Q) N LY(Q),

we have

0 = /Qu’(t)v(t) dx—/gv(t)Au(t) dx
= é%(/ﬂ@(tﬂq dx) —I—/Q|u(t)\q72\Vu(t)|2Xu¢0 dx
+ / WV ([u(6)]92) - Vo da — /a (D) u(t) do

= L (1) @+ @ 1) [ O 2Tu(0 P da

+/ au(t)|?de
o0
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and therefore J
= (lulig) ) <o,

which implies that ||u(t)||; < ||f]l4- Passing with ¢ to co, we obtain ||u(t)||s < [|f]lco-

This shows (3.1) for j = R.
It suffices now to apply Theorem 3.1 to obtain that the operators A; (j = D, N or R)
have the maximal LP-regularity property in L7(Q) for all p, ¢ €]1, co[ (Proposition 3.2).
]

3.2 Gaussian bounds with pointwise estimates

The result presented here is due first to M. Hieber and J. Priiss [21] and was some-
what extended by T. Coulhon and X. T. Duong [12]. The theorem below is adapted to
semigroups with Gaussian estimates (so, not stated in the full generality).

Theorem 3.3 (Hieber—Priiss 1997, Coulhon—-Duong 2000). Let Q C R"™. Assume that
(T(t))i>0 is an analytic semigroup in L*(Q) with the representation for all f € L*(Q)
and z € C with |arg z| < e by

1)) = [ oo f)dy, 2 <9
where the kernel p, for t > 0, satisfies the estimate

p(t,z,y)| < cg(bt,z,y), =,y €Q, (3.2)
T—y 2
with ¢,b > 0. Here g(t,z,y) = (4nt)~% e~ Then the semigroup (T'(t))i>o0
can be extended to an analytic semigroup in L1(Q) for all q €]1, o[ and its negative
generator A, has the maximal LP-regularity property for all p €]1, col.

Lemma 3.4. Under the assumptions of Theorem 3.3 there exist 6 €]0, 5] and constants
c1,b1 > 0 such that

Ip(z,z,y)| < cig(biRe(z),2z,y), z,y€Q, z€ Cwith|argz| <e (3.3)

and, consequently, there are two constants cy, by > 0 such that

0

Stay)| < Dglbatiay), t>0,2yeQ (3.4)
Proof. This result is well known (see, e.g., Davies’ book [14]). The estimate (3.4)
follows from (3.3) using the Cauchy integral formula for the holomorphic function
2 p(z,2,y). i

Idea of the proof of Theorem 3.3. Let Q = [0, 00[xQ. The space (Q, u, d), where p is
the Lebesgue measure on R™*! and d is the quasi-metric defined by

d((t,z), (s,9)) = |z — y|* + [t — s,
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is of homogeneous type (has the doubling property: there exists a constant C' > 0 such
that 1(B(&,2r)) < cu(B(&,7)) where B(&,7) = {n € Q;d(£,n) < r?}). Let K be the
operator with kernel

oplt — s, a
k((t,x),(s,y)):w, ts>0, 2,y € Q.

We know that the operator K defined by
K5(€) = [ Mem Tt dutn), aein@>e=(t.0)

is bounded on L?(Q). This is only a reformulation of the maximal L?-regularity prop-
erty on L2(Q). The strategy is to prove that K is of weak-type (1, 1). By interpolation,
we can then prove that K is a bounded operator on L4(Q) for all ¢ €]1,2]. A dual-
ity argument is then used to prove that K is bounded on L% (Q) (where it =1
with ¢ € [2,00[). Therefore, using the p-independence of the maximal LP-regularity
property (see Theorem 2.4), we finish the proof. Of course, the core of the proof is
to show that K is of weak-type (1, 1). For that purpose, since the kernel & has a be-
havior like (3.4), we have to study a singular integral. We will use a (regularized)
Calderén—Zygmund decomposition (see Theorem A.8) adapted to the problem. For
any f € L'(Q) and o > 0, there exist g, b; € L'(Q) with the properties

(1) 19(8)] < kaae.inQ 3 &;

(ii) there existballs B; = B(&;,7;) C Q (i.e., (t,x) € B(&,m) if |z — x> + [t —t;] <
r? and &; = (t;, z;)) such that supp b; C B; and

/Q 1b:(6)| du(€) < mop(By);

(iii) Y- n(B) < = f]h:
i=1

(1v) any £ € @ belongs to at most Ny balls B;,

where x and Ny only depend on the dimension 7.
We “regularize” the functions b; by applying an operator R; defined by a kernel

pi: Q= R, pi(§,n) = @i(t=5)X((t—r,). 0 (8)kr, (2,y),  where { = (t,z),n = (s,y)

lo|
and where p;(0) = ri s ¢ - This idea was first applied by X. T. Duong and
A. M¢Intosh in [17]. We can show that the norm of >":°, R;b; € L*(Q) is controlled

by a2||f|1. Therefore, if we write

Kf=Kg+Y KRib;+» (K—KR)b,

i=1 i=1
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only the last term is still to be investigated, the first two coming directly from the fact
that K is bounded in L?(Q). It remains to show that

oo

> (K- KRi)bi(g)‘ > 04}) < Cal/flr.

n({eew

1=

This can be done once we prove that

/ k() — ko€ m)ld(€) < C,
d(§777>ZCTi

where k;(¢,n) = fQ k(€,¢)pi(¢,m)du(C) is the kernel of K R;. Indeed, the proof at this
step is very much like the proof of Theorem 2.4, using this last estimate. O

Example 3.5. Consider the elliptic differential operator L = —divAV of second or-
der in divergence form with Dirichlet boundary conditions in a domain Q C R"™ with
A € L*°(Q;C™*") with antisymmetric imaginary part. Then it has been proved by
E. M. Ouhabaz (see [36] and [37]) that — L generates an analytic semigroup in L?(€)
with Gaussian estimates. Therefore, L has the maximal LP-regularity property on
L1(Q) for all ¢ €]1, oo, by Theorem 3.3.

3.3 Generalized Gaussian bounds

It is sometimes not clear, or not true, whether a semigroup in L?(Q) has Gaussian
estimates of the type (3.2). However, it is sometimes possible to prove a weaker form,
namely a local integrated bound of the following form. To make the notations shorter,
we will use

|-l 2ao@),ca@) = |- lo—a

and
Az, p, k) = B(z,(k+ 1)p) \ B(z,kp), z€Q, p>0,keN.

Definition 3.6. Let Q C R"™ be a domain. Let A be the negative generator of an analytic
semigroup (7°(t));>0 in L%(Q). We say that A has generalized Gaussian estimates
(q0,q1) (where 1 < g9 < g1 < o0) if one of the following properties holds:

(1) the semigroup (T(¢))¢> satisfies

X0 TOX w0l < 1Bl )70 (k) (3.5)
fort > 0,2 € Q, k €N, and (h(k))r> satisfying

1
h(k) < cs(k + 1)7? for some § > 2y —
q0 9o

(2) the resolvent of A satisfies

HXB(.r,t)(I+ZA)71XA(m,t,k)”qo*>Q1 < |B(l’7t)‘_(%_a>h(k) (36)
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for z € £y = {w € C\ {0}; | arg(w)| < 7w — @} with 6 € [0, T, t = |2| "3,z € Q,
k € Nand (h(k))x>1 satisfying
1

h(k) < cs(k + 1)~ for some § > 2y .
q0 9

Remark 3.7. A semigroup satisfying the Gaussian estimates (3.2) satisfies the two
bounds above forall 1 < gy < ¢; < oc.

These kinds of bounds for gy = 2 are easier to prove than the pointwise Gaussian
estimates (3.2), in particular, the second one (3.6). Indeed, it is, for instance for diver-
gence form elliptic operators, only a matter of partial integration, as we will see below
for the Navier—Lamé operator (see Theorem 3.9).

Theorem 3.8 (Kunstmann, 2008). Let Q C R"™ be a domain. Let A be the negative
generator of an analytic semigroup (T(t));>o in L*(Q) satisfying (3.6) with q1 > qo =
2. Then A has the maximal LP-regularity property in LY(Q) for all q € [2,q1].

References for the proof. This resultis due to P. C. Kunstmann [24]. The original state-
ment uses (3.5) instead of (3.6), and is presented in a more general context: instead of
Q C R”, Qis assumed to be a space of homogeneous type. O

In the following, we study the Navier—-Lamé operator
L=—pA— A+ p)Vdiv, p>0, A+p>0,

supplemented by homogeneous Dirichlet boundary conditions, which appears in linear
elasticity theory. To be precise, let L be the operator in L?(€; R") associated with the
sesquilinear form

E(u,v):,u/Vu~ﬁdz+()\+,u)/divudivvdx, u,v € HY (Q;RY).
Q Q

Since ¢ is symmetric, continuous and coercive, the operator L is self-adjoint and gen-
erates a bounded analytic semigroup in L?(€; R™).

Theorem 3.9. Let Q be a Lipschitz domain in R"™ (n > 3). Then the Navier—Lamé
operator with Dirichlet boundary conditions has the maximal LP-regularity property

in L1(Q) for all q G]nz—fz, nzfz [-

Proof. Fix an arbitrary point x € Q,
z€Xp={we C\{0};|arg(w)] < m— 6},
t = |z|~2 and an arbitrary partition of unity {n;;7 € N} of R” such that

m € 62°(B(w,2)iR), 15 € 62°(B(w,2714)\ B2, 27 ) R),

| o 3.7
0<n; <1, |Vl <5 2520mi =1
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where B(x,r) is the ball in R with center at * € R* and radius r > 0, decompose
f e L*(Q,R")as

F=Y "t fi=nif andsetu=> u;, u;=(zI+L)"'f; € D(L). (3.8)

Jj=0 Jj=0

We will prove that for all p € |2, %}, there exist two constants C, ¢ > 0 such that

|z|[/ juglPdy)” < oe—cz”'t”%*%[/ Pdy] vieN  (9)
QNB(z,t) Q

This will be done in three steps.

Step 1. Pick a new family of functions (¢;);>1 such that §; € €>°(B(z,2/~1t); R).
Taking the L2-pairing of §j2-1Tj with both sides of zu; + Lu; = f;, and keeping in mind
that &; f; = 0 for each j > 1, we may write, based on integration by parts,

z/g§|uj|2dy+u/§§|vuj|2dy+(A+u)/g§|divuj|2dy

° @ e (3.10)
= [ O(I9 lluslis a5l + O+ wldivs | ).

Q

From this, via the Cauchy—Schwarz inequality and a standard trick that allows us to
absorb similar terms with small coefficients in the left-hand side, we get

2| / &lu,l*dy < C / V&5 |uj|*dy 3.11)
Q Q
and, since A + u > 0,
/g§|vuj\2dy < c/ IV V) 2dy. (3.12)
Q Q

Step 2. Similarly as in [6], we now replace the cutoff function £; in (3.11) by another
cutoff function e®7% — 1 (which has the same properties as £;), with

2|

o=t >0,
T 2VO| Ve
In a first stage, this yields
1
| tusPlenss < 1Py < 5 [ uPlenssPay,

then further
/ uj|? e Pdy < 4/ |u;|dy, (3.13)
Q Q
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in view of the generic, elementary observation

1 _—
I —gll < 5IIfIl implies [|£]] < 2{ig]l.

If we now assume that the original cutoff functions (¢;),>> also satisfy

0<¢& <1, &=1lonB(x,t) and ||vgj||oog%,

it follows from the definition of «; that a; > ¢27 and from (3.13) that

o C
e 2 /Q oy Py <4 /Q Py < /Q £ Py,

the second inequality coming from the fact that — L generates an analytic semigroup.
This gives then

|z\2/ fu; Py < ce—d”'/ 15 2dy. (3.14)
QNB(z,t) Q

The same procedure allows to estimate Vu on B(z,t) using (3.12) as follows

z Vu,; Pdy < Ce=? [ |f;|2dy. (3.15)
) J o J

QNB(z,t

Those two estimates are also valid if j = 0 since the resolvent of L is bounded in
L*(Q;R™).

Step 3. Letp = 2% = % and D C R™ (n > 3) be a Lipschitz domain of diameter
R > 0. The continuous embedding of H!(D) into LP(D) then reads, after rescaling,

as
Rn<£;>(/D|u|pdy);’ < (J[(/D|u|2dy)é +R(/D|VU|2dy);]~ (3.16)

Combining this inequality with (3.14) and (3.15), and keeping in mind that |z| = t%,
we have forall j € N

n—2 1
2n on 1 —ei 2
|z\(/ |uj‘n72dy) <Ot le (/ |fj\2dy) . (3.17)
QNB(x,t) Q

By interpolation, using (3.14) and (3.17), the generalized Gaussian bound (3.9) is
proved forall 2 < p < %

By Theorem 3.8, we may conclude that L has the maximal LP-regularity property
in the space L1(Q;R™) for all ¢ € |2, nzfz [. By duality (since L is self-adjoint), we
can prove that L has the maximal L?-regularity property in LI(Q;R") also for all
q €] nz—fz, 2], which proves Theorem 3.9. o
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4 Applications to partial differential equations

In this section, we will apply maximal LP-regularity results to show the uniqueness of
solutions of certain partial differential equations. We start with a toy problem, studied
by F. Weissler [42]. This will show the way to prove uniqueness of mild solutions of
the incompressible Navier—Stokes system.

4.1 Existence and uniqueness for a semilinear heat equation

We are interested in the initial-boundary value problem

% —Au = u* in ]0,T[xQ,
u(t,z) = 0 on ]0,T[x0Q, “.1)
U(O) = U in Q,

where 7' > 0 and Q C R" is a domain with no particular regularity at the boundary.
We assume that n > 4. The critical space where we are looking for solutions is L” ()
with p = %. This space is critical in the sense that if p > 7, then the nonlinearity u?
is a “small” perturbation of the linear part —Au and if p < 7, then the nonlinearity
“wins” and the methods applied here are not appropriate. Our purpose is to show that
a solution u € €([0,7]; L (Q)) of (4.1) (in an integral sense defined below) is unique

in the space € ([0,T]; L> (Q)).

Definition 4.1. A function u is said to be an integral solution of (4.1) with ug € L? (Q)
on [0, 7] if u € €([0, 7]; L% (Q)) and if u satisfies

w(t) = T(t)uo + A T(t— $)(u(s)) ds, t € 0,7,

where (T(t)):>0 is the semigroup generated by the Dirichlet-Laplacian in L% (Q),
which we denote by —A.

We first study the question of existence.

Theorem 4.2 (F. Weissler, 1981). Let n > 4. For any initial value vy € Lz (Q), there
exists T €]0,T| and an integral solution u € €([0,7]; L* (Q)) of (4.1) in [0,7]. If
luol| 2 is sufficiently small, then 7 =T.

Proof. We will show the local existence of an integral solution of (4.1) via a fixed
point method. We reformulate the problem as to find a Banach space £&r containing
([0, T); L= (Q)) such that a = T(-)up € Er and there exists u € Er verifying

u=a+ B(u,u),

where B is the bilinear operator defined by

Blu, v)(t) = /O Tt — s)(u(s)o(s)) ds, t € [0,T).
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We need B to be continuous on £ x Er. We choose
&r = {u e €([0,T): L3 (Q)):t — thu(t) € €((0, T|; L¥ (@) },

and we define the norm in this space to be
(3 + sup tifu(t)z ueér.

luller = sup flu

0<t<T 0<t<T

This space Er endowed with its norm is a Banach space. We remark first that (7'(¢)):>0
is a bounded analytic semigroup in LP(Q) for all p €]1, oo[, which implies, in particu-

lar, that for all « > 0, there exists a constant ¢, , > 0 such that
[t* AT ()] (e (@) < Cpas  t>0.

Therefore, it is easy to check that a € £p. We will show next that
B: ST X ET — 5T

is continuous. Let u, v € Ep. Then we have
t t2u(t)o(t) € €([0,T); L¥ (Q))

with norm bounded by ||ul||¢,||v|ler. Therefore, we obtain
1l
182 A72 (u(t)v(®)llg < cllullerllvller

for all t € [0, 7] because of the continuous embedding W5 (Q) c L% (Q). We then

have

/0 T(t — s)(u(s)o(s)) ds
¢ 1 _1 1
/0\/7157514 Tt = 5) A (VR u(a)n(s)) =z ds

B(u,v)(t)

which gives, for all ¢ € [0, T], the estimate

b
CCg,%HUHETH”HET(/O mds)

ch%éHquTHUHfT

<

n
2

1B (u, v)(t)

IN

2

since
t 1
/ ! ds ! d dr
- = —_—— do = —_— =TT
o VI—s/s o VI—oyo V=47
z. For u,v € Er, we have

The same arguments are used to estimate ¢4 || B(u, v)(t)
.3
[ A75 (u(t)v ()2 < clluflerlv]ler

=
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because of 12 A~z (u(t)v(t)) € L?(Q) and the continuous embedding W+ (Q) C

2 . . .
L7 () in dimension n. Therefore, we have

£ B, v) (1)l

IN

t
coxe ylulle loller (¢4 [ (¢ o) ts ! as)
’ 0

IN

1
_3 _1
cey ylullerolles ([ (1= a) ot do).
0

We can finish the proof of existence by applying the Picard fixed point theorem (see
Theorem A.1 below) as long as |jalle, < m. This is the case if [lug||» is small
enough. The argument must be adapted a little if |[ug|| = is not small by adjusting 7" so
that the result remains true. O

We now turn to the question of uniqueness.

Theorem 4.3 (F. Weissler, 1981). Assume that n > 5. Let uj,uy € €([0,T]; L? (Q))
be two integral solutions of (4.1) for the same initial value uy € L3 (Q) on some
interval [0, T of local existence. Then u; = uy on [0,T).

The proof of the foregoing theorem will be prepared by the following result.
Lemma 4.4. The bilinear operator
B:L%0,T;L%(Q)) x €([0,T]; L? (Q)) — L*0,T; L% (Q))
is bounded for all q €]1, c0|.

Proof. For u € L(0,T;L%(Q)) and v € €([0,T]; L?(Q)) the product uv is in
L(0,T; L% (Q)). Therefore,

frte AN u(t)u(t)) € LU0, T; LE (Q)).

Since the Dirichlet-Laplacian enjoys the maximal L?-regularity in L (Q) (see Propo-
sition 3.2), we have

t
1B poraz@ = oA [ ATC= 95

< COlfull

L9(0,T:L7% (Q))
rao,r% @) 1Vl o. 1103 0
the constant C' coming from the maximal L?-regularity property of Ain L (Q). O

Proof of Theorem 4.3. With the same notations as in the previous proof, u; and u, are
both solutions of the equation

u=a+ B(u,u).
If we denote by v the difference between u; and u,, then v must satisfy the equation

v = B(v,u; + uy),
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with uy,up,v € €([0,T]; L= (Q)) and u; (0) = u2(0) = up, v(0) = 0. To prove that

v = 0 on a small interval [0, 7] (which implies then that v = 0 on the whole interval

[0,77]), we need the following auxiliary lemma, which proof lies below, and this is

where we use the maximal regularity property for the Dirichlet-Laplacian in L% (Q).
Let ¢ > 0 be fixed. Choose ug . € €°(Q) such that

HUQ — Uoe|lz <E.
We decompose B(v,u; + uy) into three parts:
B(v,u; +uz) = B(v,u; + uz — 2ug) + 2B(v,ug — uo.e) + 2B(v, up¢).

We can estimate the first two parts thanks to Lemma 4.4. This gives then for any
7 €]0,T)

| B(v,u; 4+ up — 2up)||

La(0,7,L% (Q)) 4.2)
< Clolpaort o) (”“1 = olleg o113 () T 112 = “‘)”wo,f];ﬁ(m))
and
1B, u0 = u0.e)ll oo rr3 (@) < CENVl oo 0% (@) 4.3)

Since ||u; — ug

(o103 @) 0as 7 — Ofori = 1,2, it remains to estimate the last
part B(v,up.). Since up . € €>°(Q), we have vuy € L1(0,7; L? (Q)) and

_1
1B(v,u0.e) (1) 3 < Mt'

| 0o

La(0.r: % (@) 10,2

It is now obvious that || B(v,ug ) — 0 as 7 — 0. Combining this last

I Logorr®
1(0,mL2 (Q))
result with the estimates (4.2) and (4.3), we obtain that for € and 7 small enough,

1
1B(v, ur +ua)| < 5 Il

La(0,m:L 7% (Q)) La(0,mL % (Q)

Since v is solution of v = B(v,u; + uy) on [0,77], and then in particular on [0, 7],
this implies that v = 0 almost everywhere on [0, 7]. Since moreover v is continuous
on [0, 7], we conclude that v = 0 (everywhere) on [0, 7]. These arguments show that
{t € [0,T]);v = 0} is an open set in [0,7] and by continuity of v, this set is also
closed. Since it is not empty, it is necessarily equal to the whole interval [0, 7] by
connectedness. O

4.2 Uniqueness for the incompressible Navier-Stokes system
The incompressible Navier—Stokes equations in the whole space R™ reads as

@7AU+V7T+(U'V)U = 0 in ]0,T[xR"™,

ot
divu = 0 in ]0,T[xR", (4.4
w(0) = wy in R",
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where
w:[0,T] x R" - R™ and «:[0,7]xR"—R
denote the velocity of a fluid and its pressure. The notation (u - V)v for u and v vector
fields stands for Z;’;l u;0;v. We assume that there is no external force. Throughout
this section, we also assume that n > 3.
We can reformulate this system in a functional analytic setting as follows: Let A be
the operator with domain W2 (R"; R") (for a p €]1, oo[), given by

Au = P(—Au) where P = I + V(—A)~'div,

IP is the Leray projection and is bounded in L?(R"™; R™) since the Riesz projections are
bounded. As in the case of the semilinear heat equation above, there is a critical space
for (4.4). In the scale of Lebesgue spaces, the critical space here is L™ (R™; R"™), which
means that if p > n, then the nonlinearity (u - V)u appears as a “small” perturbation of
the linear part P(—Au) and if p < n, then the nonlinearity “wins”.

The existence of integral solutions of (4.4) (see Definition 4.5 below) for an initial
condition uy € L™(R™;R™) has been proved by T. Kato in 1984 in [23]. The proof
is similar to the proof of the existence of solutions for the semilinear heat equation
(Theorem 4.2). A good reference for this problem is the book by P. G. Lemarié—
Rieusset [29].

Definition 4.5. A function v is said to be an integral solution of (4.4) on [0, 7] for
ug € L™(R™;R™) with divug = 0 if u € € ([0, 7]; L™(R™;R™)) and if u satisfies
t
u(t) = eup — ]P’/ e =IAY . (u(s) @ u(s))ds, tel0,7],
0

where (e/2);> is the semigroup generated by the Laplacian A.

Remark 4.6. (i) Since v is a divergence-free vector field, we have
(u-V)u= Zui(’?iu = Z@Z(ulu) =V (u®u),
i=1 i=1

which explains the form of « in Definition 4.5.

(44) In the previous definition, we want the semigroup (e*);> to act on a distribution
V(u®u) € W~1%, This makes sense since in the case of the whole space R",
the heat semigroup acts on all W*?(R"™;R"™), s € R, p €]1, q].

Theorem 4.7 (T. Kato, 1984). Let uy € L™(R™;R"™) satisfy divug = 0. Then there
exists T > 0 and an integral solution u € €([0,T]; L™(R™;R") of (4.4). If ||uol|» is
small enough, then the solution v is global (i.e., we can take T = c0).

Idea of the proof. The proof follows the line of the proof of Theorem 4.2 by working
on the space

Er = {u € ¢([0,T]; L™ (R™;R™); dive = 0 in R™ and

t— \/iVu(t) AN T];L”(R”;R”Xn)}’
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endowed with the norm

lullez = sup [Ju(t)lln+ sup V[ Vu(t)|l,.
o<t<T o<t<T
We are looking for u € Ep solution of u = a + B(u,u) where B is defined by

Blu, v)(t) = —P A e(t_S)A(%V-(u(s)@v(s)-f—v(s)@u(s))) ds, te[0,T], (45)

and a(t) = e'®ug, t € [0, T]. i

Theorem 4.8 (G. Furioli, P. G. Lemarié-Rieusset, E. Terraneo, 2000). Let u;, ur be
two integral solutions of (4.4) for the same initial value uy € L™(R™;R"™) satisfying
divug = 0. Then uy = uy on [0, T].

Proof. This result was first proved by G. Furioli, P. G. Lemarié—Rieusset and E. Ter-
raneo in [18] (see also the very nice review on the subject by M. Cannone [11]). The
proof presented here is based on [33] and of the same spirit as the proof of Theo-
rem 4.3. The basic idea is to reformulate the problem of uniqueness as to show that
u = u — uy is equal to zero on the interval [0, T']. The function v satisfies the equation
u = B(u,u; + uy) where B is defined by (4.5) above. As shown by F. Oru [35], the
bilinear operator

B :€(]0,T]; L"(R™; R™)) x €([0,T]; L"(R™; R"™)) — €([0,T]; L"(R™; R™))

is not bounded. Had it been continuous, the proof of uniqueness of an integral solution
of the Navier—Stokes system would have been straightforward. The idea of [18], in
dimension n = 3, was then to lower the regularity of the space L*(R* R?) and to
consider a Besov space E instead (or, as shown by Y. Meyer in [31], the weak L3
space, namely L>>°(R?; R?)) to obtain a bounded bilinear operator B in €' ([0, T]; E) x
%([0,T]; E).

The proof of [33] relies on a slightly different idea: instead of weaken the regularity
of the space in the x-variable, we consider a Lebesgue space LP in time instead of the
space of continuous functions in time. As in the proof of Theorem 4.3, we write

u = B(u,u; —ug) + Blu,uz — ug) + 2B(u,up — up ) + 2B(u, up¢),

where g . is chosen in €>°(R™;R"™) close to ug in the L™-norm. To be able to show
that v = 0 on a small interval [0, 7] (= > 0) with the same method as in the proof of
Theorem 4.3, we only need a result of the same kind as Lemma 4.4, see Lemma 4.9
below. At that point, the argument goes exactly as before. O

Lemma 4.9. The bilinear operator
B:L?(0,T,L™(R™";R")) x €([0,T]; L"(R™;R™)) — LP(0,T; L™ (R™;R"™))

is bounded for all p €]1, 00[. More precisely, for all p €]1, co|, there exists a constant
¢p > 0 such that for all uw € LP(0,T; L™ (R™;R™)) and all v € € ([0, T]; L™ (R™;R™)),
we have

1B (w, )| e 0,750 e )y < Epllwl| e o, e ey 10l (0,77 (R7 87 ) -
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Proof. To prove this lemma is exactly where the maximal LP-regularity property of the
Laplacian comes in. We rewrite B(u,v) as

B(u,0)(t) = P(~A) / e~ =8 (_A) T f(s) ds,

where f = —%V - (u® v+ v ®u). What we only have to prove then is that we
can estimate (—A)~!f in the LP(0, T; L™(R"; R"))-norm with respect to the norm of
win LP(0,T; L™ (R™;R™)) and the norm of v in ([0, T]; L™ (R™; R™)). Indeed, since
we know that —A has the maximal LP-regularity property, this would imply the result.
Employing the continuous embedding W' (R"; R™) ¢ L"(R™; R"), we find

1(=A) " Flloo.1snn®rirn)) < OH(_A)_lfHLp(O’T;WI%(Rn;Rn))
< CHf”LP(o,T;W*"%(Rn;}Rn))
< Clwevtvou) 2o 0,7:0.3 (mrmn)
< Cllullgemllvlle o, @rze))
and therefore we have proved Lemma 4.9. O

5 Maximal regularity for non-autonomous
evolution problems

In this section, we consider non-autonomous problems of the form

u(t)+ A)u(t) = f(t), t>s,
u(s) = us,

5.1

for some s > 0. Compared with the problems studied before, the difference is now
that the operator A itself depends on the time ¢. The main consequence is that the
d

operators 7; and A do not commute anymore. We will present here results without

proofs (references for the proofs are however given).

5.1 Operator families depending smoothly on time

We will here assume that the operators (A(t));c[o,7] defined on a Banach space X are
uniformly (in ¢ € [0,77) sectorial for all ¢ € [0, 7] (see Definition A.10 below). This
implies in particular that — A(t) is the generator of an analytic semigroup in X for all
t € [0,T]. Moreover, we assume the so-called Acquistapace—Terreni condition: there
exist constants ¢ > 0, « € [0, 1] and ¢ €]0, 1] such that

clt — s°

_ 5.2
2x) " T+ A\l- (5-2)

A0 O+ A [AD " - A()7]
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holds for all ¢,s € [0,7] and A € Xy = {z € C\ {0}; |arg(z)| < m — 6} for some 6 €
[0, 3[. This condition implies in particular Holder continuity in time of ¢ — A(t)~'.
Let us point out that the Acquistapace—Terreni condition allows however the domains
D(A(t)) to depend on t. This condition has been first used by P. Acquistapace and
B. Terreni in [1] (and in a somewhat more abstract form by R. Labbas and B. Terreni
in [26] and [27]) to prove the existence of an evolution family (U (t, 5));>, ,¢co,1) (for
allt > s > 0, U(t, s) is a bounded operator in X) so that u(t) = U(¢, s)us, t > s, is
the solution of (5.1) with f = 0. The general form of a solution of (5.1) is then given
by the formula

zm):U@me+/%xamﬂmdn >

Definition 5.1. The family of operators (A(t)),c[,7) is said to have the maximal L?-
regularity property if, for all f € L?(0,T'; X), there exists a unique solution u of (5.1)
(with s = 0 and ug = 0) satisfying ' € LP(0,7"; X) and

u(t) € D(A(t)) a.e.in [0, 7] >t and ¢+— A(t)u(t) € LP(0,T; X).
As in the autonomous case (see Proposition 2.4), the property of maximal LP-
regularity is independent of p €]1, co[ under the condition (5.2).

Theorem 5.2. Let X be a Banach space. Let @/ = (A(t))icpo,1) be a family of uni-
formly sectorial operators on X satisfying the Acquistapace—Terreni condition (5.2).
Assume that of enjoys the maximal LP-regularity property for one p €|1,c0|. Then <
has the maximal Li-regularity property for all q €]1, co|.

Reference for the proof. The proof of this theorem is due to M. Hieber and S. Monni-
aux and can be found in [20, Theorem 3.1]. The idea of the proof is to show that the
condition (5.2) implies a Hormander-type condition for the operator .S defined by

Sf@):lAtAﬁﬁz“”Amf@ﬂd& te0,7],

which is the singular part of the operator f — A(-)u(-) for u being the solution of (5.1)
with s = 0 and uyp = 0. Therefore, we can apply Theorem 2.5. Since S is bounded in
LP(0,T;X) for one p €]1, 00], it is also bounded in L?(0,7; X) for all ¢ €]1,00[. O

In the case of Hilbert spaces, we have the following result.

Theorem 5.3. Let X = H be a Hilbert space. Let of = (A(t))icjo,r) be a family
of uniformly sectorial operators on H satisfying the Acquistapace—Terreni condition
(5.2). Then < enjoys the maximal LP-regularity property for all p €]1, oo].

Reference for the proof. The proof is due to M. Hieber and S. Monniaux and can be
found in [20, Theorem 3.2]. It appears as a corollary of Theorem 5.2 and Theorem 5.4
below with the symbol a defined by

A0)(iTI + A(0))~!,  t<O,
a(t,7) =< A@)(rI+ A(t))~',  tel0,T],
A(T)(irI + A(T))™!, t>T.
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Indeed, it suffices to show that a satisfies the conditions of Theorem 5.4 to get the
maximal L?-regularity property of <7 and it remains to apply Theorem 5.2 to obtain
the maximal L?-regularity property for all p €]1, ool. o

Theorem 5.4. Let H be a Hilbert space and a € L™ (R x R; £(H)) such that £ —
a(x, &) has an analytic extension (with values in £ (H)) in Sp = {£z € C;|arg(z)| <
0} for one 6 €0, %[ and

sup sup [|a(z, 2)|| () < .
z€Sp z€R

Let uw € . (R; H) and define
Op(a)u(z) = le? /]R ¢i7q(z, ) F (u)(€) dE, T € R,

Then Op(a) extends to a bounded operator on L*(R; H).

Reference for the proof. The proof of this theorem is due to M. Hieber and S. Monni-
aux (see [20, Theorem 2.1]). This can be viewed as a parameter dependent version of
the Fourier-multiplier theorem in Hilbert spaces. O

A version of Theorem 5.4 was proved by P. Portal and Z. Strkalj in UMD-spaces
(see [38]). This allows to prove the following result, similar to Theorem 5.3 in the
case of UMD-spaces (see also [41] for the autonomous case). The idea is to replace
boundedness of the resolvent in the case of a Hilbert space with R-boundedness of the
resolvent in the case of a Banach space with the UMD-property.

Definition 5.5. Let X be a Banach space. Let &/ = (A(t));c(0,7) be a family of uni-
formly sectorial operators on X . Then 7 is said to be a family of uniformly R-sectorial
operators on X if it satisfies

R({(l ST+ A) A esyte [O,T]}) < 0,

where the R-bound R(r) of a set of bounded operators 7 has been defined in Section 2
(Definition 2.12).

Theorem 5.6 (Portal-Strkalj, 2006). Let X be a UMD-space. Let o7 = (A(t))iejo,1) be
a family of uniformly R-sectorial operators on X satisfying the Acquistapace—Terreni
condition (5.2). Then <f enjoys the maximal LP-regularity property for all p €]1, co|.

Reference for the proof. The proof of this result can be found in [38, Corollary 14 in
Section 5]. O

The first theorem about maximal regularity in the non-autonomous setting was
proved by S. Monniaux and J. Priiss in 1997 (see [34]) and is a generalization of
the theorem of Dore—Venni (see Theorem A.14 below) when the operator A depends
on ¢ and satisfies a condition of Acquistapace—Terreni-type (see (5.2)).
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Theorem 5.7. Let X be a UMD-Banach space. Let o/ = (A(t));cio,1] be a family
of uniformly sectorial operators with bounded imaginary powers on X satisfying the
Acquistapace—Terreni condition (5.2) such that

sup sup{i 1n||A(t)1‘S||$<X)} € [o,g{.

te[0,T] s€ER ||
Then </ enjoys the maximal LP-regularity property for all p €)1, oo|.

Reference for the proof. This result is due to S. Monniaux and J. Priiss and its proof,
in a slightly more general setting, can be found in [34, Theorem 1]. Remark that in
particular, the bound on {A(#)**; s € R} implies by Theorem A.14 that every operator
A(t) has the property of maximal LP-regularity. O

The result presented now is a generalization of Theorem 3.3 in the non-autonomous
setting.

Theorem 5.8. Let Q C R™ and o/ = (A(t)).c(0,1] be a family of unbounded operators
defined on L*(Q) such that —A(t) generates an analytic semigroup in L*(Q). We
assume moreover that </ satisfies the Acquistapace—Terreni condition (5.2) in L*(Q)
and that for all t € [0,T) the semigroup (e=**") 5o has a kernel p:(s,x,y) with
uniform Gaussian upper bounds, more precisely,

efSA(wf(I) - /pt(57x7y>f(y) dy, weQ, tel0,T], s>0,
o)

and there exist constants c¢,b > 0 (independent of t) such that
|pt(5,x,y)| SCg(bS,I,y), Ivyega te [07T]a 5207

where g was defined in Theorem 3.3. Then </ enjoys the maximal LP-regularity prop-
erty in LY(Q) for all p,q €]1, c0|.

Reference for the proof. This result is due to M. Hieber and S. Monniaux and its proof,
though in a slightly more general setting, can be found in [19, Theorem 1]. Remark
that in particular, the Gaussian bound for p; implies by Theorem 3.3 that every operator
A(t) has the property of maximal L?-regularity. O

5.2 Operator families with domain constant in time and
quasilinear problems

The case where the domains D(A(¢)) of the operators A(t), ¢ € [0,7] do not depend
ont, ie., D(A(t)) = D C X, was investigated by J. Priiss and R. Schnaubelt [39],
H. Amann [2], in view of applications to quasilinear evolution equations in [3], and by
W. Arendt, R. Chill, S. Fornaro and C. Poupaud [5].

To state the main result in its full generality, we need to introduce the notion of
relative continuity.
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Definition 5.9. A function A : [0,7] — Z(D, X) is called relatively continuous if for
each ¢t € [0, 7] and all € > O there exist § > 0 and 1 > 0 such that for all z € D,

[A(t)z — A(s)z|x < ellzllp +nll=llx
holds for all s € [0, 7] with |t — s| < 4.

Theorem 5.10. Let A : [0,T] — £(D, X) be strongly measurable and relatively con-
tinuous. Assume that A(t) has the maximal LP-regularity property for all t € [0,T].
Then for each x € (X, D)1  and f € LP(0,T; X) there exists a unique solution u of
(5.1) satisfying u € LP(0,T; D) N W1P(0,T; X).

References for the proof. This theorem was first proved by J. Priiss and R. Schnaubelt
in the case where A : [0,7] — £(D, X) is continuous (see [39, Theorem 2.5] and
also [2, Theorem 7.1]). They proved in particular that the hypotheses of the theorem
imply the existence of an evolution family (U(t,s));>s, s,tco,r]- The condition = €
(X, D). , is to compare with Remark 2.3. The theorem, in its full generality as stated
above, is due to W. Arendt, R. Chill, S. Fornaro and C. Poupaud (see [5, Theorem 2.7]).
They also proved the existence of an evolution family (U(Z,$));>s, s,.co,] and the
solution u of (5.1) is given by

u(t) = U(t, s)us +/tU(t,r)f(r) dr. t>s.
O

Non-autonomous maximal regularity results seem to be a good starting point to
study quasilinear evolution equations. This has been thoroughly studied by H. Amann
(see, e.g., [3]). The problem is the following: find a solution w of

w4+ A(w)u = F(u) on [0,T], u(0) = up, (5.3)

with “reasonable” conditions on u +— A(u) and u +— F(u). The idea to treat this
problem is to apply a fixed point theorem on the map

vi—u, whereu'(t) + A(v(t))u(t) = F(v(t)), t € [0,T], u(0) =ug.  (5.4)

The problem is of course to find a suitable Banach space in which one can apply the
fixed point theorem, i.e., for which the solution of (5.4) has the best possible regularity
properties, such as maximal regularity. The situation studied in [3] is the following.
Let

&, = LP(0,T; D) nW"P(0,T; X)

be the space associated to maximal L?-regularity for (5.4). The operators A(u) and the
function F satisfy, for all u € &),

A(u) € L*(0, T, 4(D,X)) and F(u)e LP(0,T;X).

It is also assumed that the restriction of (A(u), F'(u)) on a subinterval J depends only
on the restriction of u on the interval J (i.e., A and F" are Volterra operators).
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Theorem 5.11. Under the above assumptions, the problem (5.3) has a unique maximal
solution.

Reference for the proof. This result is due to H. Amann [3, Section 2]. |

A Appendix

We collect here some of the results used in the previous sections, mostly without proofs
but with references where those can be found.

A.1 Picard’s fixed point theorem for bilinear operators

Let .# be a Banach space and let a € .%. We want to solve the equation
u=a+ B(u,u), u€ZF, (A.1)

where B is a symmetric bilinear continuous operator on .# x .#. Let ||B| be the
smallest constant ¢ > 0 such that

1B(u,0)|# < cllullzlvllz,  wveF.

Theorem A.1 (Picard’s fixed point theorem). For all a € .F with ||a||z < m, there
exists a solution w € F of (A.1). More precisely, there exists for all k = 1,2,...
an operator Ty, the restriction on the diagonal of a continuous k-linear operator from
F X ... X F to F, satisfying

(i) there exists a constant ¢ > 0 (even not depending on F) such that for all a € F

andallk =1,2,...
c 3
1T (a)ll# < mk (4] Blllall#)*:
(i¢) w has the form
u= ZTk(a)

k=1
Moreover, we have ||u||z < ﬁ, and u is the unique solution of (A.1) in the closed
ball B #(0, ﬁ)

Proof. We set Ty (a) = a and define by induction

E

Tk(a) = 3 B(Tg(a),Tk_g(a)). (AZ)

~
Il
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The fact that Ty, & = 1,2,..., is the restriction of a k-linear operator is clear by
induction. By induction, we can also prove that for all £ = 1,2,..., there exists a
constant cv, > 0 such that ||, (a)||# < ay|lal|%. By the definition of T, we have

k—1
1Tk (a)ll# < HBIIZHTe )N 1 Ti—e(a)l] 7.

We can then chose «;, defined by induction by

k—1
ar=1, ar=|B|> aapp, k=2,3,....
=1
The numbers ¢, = || B|| "oy, k = 1,2, ..., satisfy

k—1

c1 =1, Ck:E cock—p, k=2,3,....
=1

These numbers are Catalan’s numbers with the explicit representation ¢, = % It
is known that there exists a constant ¢ > 0 such that ¢;, < c4kk=3 forall k = 1,2,...,

which gives the bound announced in (4). It is also known that

> 1 —V1—4z 1
St = —— <y (A.3)

Let now a € % with |ja]| & < 4HBH Then the series Y, | T (a) is uniformly conver-

gent in % with limit u. We will prove now that  is the solution of (A.1). Indeed, we
have

Bu,u) = (Z @), > Tula)) = 3 B(Tu(a), T(a))
Z Z B(Ty(a), Tm(a)) = ZTk(a) =u—"Ti(a) = u—a.
k=2

k=2 l+m=k

The first equality comes from the definition of u. The second equality is due to the
bilinearity of B. The third equality is obtained by rearranging the double sum which
is allowed because of the uniform convergence of the series. The fourth equality uses
only the definition (A.2) of T. The last two equalities are obvious. In addition, we
have

N

ulz < ZHTk )z <Z%HBII’“ Hal%

k=1

1 1
—— (1 —+/1—4B|al#
sz~ V14BNl < gz

IA



Maximal regularity and applications to PDEs 281

The first inequality follows from the definition of w. The second inequality comes from
the estimates || Ty (a)| & < ci|B||*~!|la||% for all K = 1,2,.... The third inequality
is in fact an equality coming from the formula (A.3). The last inequality is obvious.

So far, we have proved the existence of a solution v € .# of (A.1) for a € F with
lallz < m. We also proved that |ju||z < ﬁ It remains to prove that such a
solution is unique in the closed ball B (0, gl BH) Assume that there exists another

solution v of (A.1) in B.# (0, ﬁ) We can distinguish two cases:

Q) If [Ju] < ﬁ or [|vl| < 55y then, by taking the difference of u = a + B(u, u)
and v = a + B(v,v), we obtain v — v = B(u — v, u + v) and therefore
lu—vllz < [IBlllu—-vlzlutvlzs
1Bl (lull# + vl #)llu —vll#
< lu—vlz,

IN

which implies directly that v =

(i) If [ju||lz = ‘ 7 and lvlle = W then for all n > 1, we define
v, =v—Ti(a) — ... — Tp(a).

By induction, we can prove that

oo

1
k=n+1
and therefore v = Z Ti(a) =
k=1
This completes the proof of Theorem A.1. O

A.2 Interpolation of operators

Theorem A.2 (Riesz—Thorin theorem). Let (X, X, 1) and (Y, Y, v) be two fixed mea-
sure spaces. Let 1 < py,p1,q0,q1 < oo and 8 €]0, 1]. Let

T:L7(X)+ LP(X) — LY(Y) + LT (Y)
be a linear operator such that there exist two constants cy, c; > 0 with
1Tl < callflomx)  forall f € LP(X), i =0,1.
Then we have for all f € LP?(X)

1T fll a0 vy < coll fllLvo(x

1 0 1 _1-0 , 6 _ 109
where pe———i— R e +q] and cg = ¢, c.
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References for the proof. A proof of this theorem can be found in [8, Theorem 1.1.1].
Another nice reference is T. Tao’s lecture on this subject (see [40, Theorem 3]). |

Definition A.3. An operator 7' mapping measurable functions over a measure space
(X, X, i) into measurable functions over a measure space (Y, Y, v) is said to be sub-
linear if it maps simple functions f : X — C, whose support is of finite measure, to
nonnegative-valued functions (modulo almost everywhere equivalence) such that the
homogeneity

T(cf)=le|Tf forallceC

and the pointwise sublinearity

T(f +9)l <ITfl+|Tg|
are satisfied for all simple functions f, g whose support is of finite measure.
Remark A.4. If S is a linear operator, then 7" = |S| is sublinear.

Definition A.5. A linear or sublinear operator mapping measurable functions over a
measure space (X, X, u) into measurable functions over a measure space (Y,),v)
is said to be of strong type (p,q) if there exists a constant ¢ > 0 such that for all
felr(X)

ITfllLacyy < el fllex
It is said to be of weak type (p,q) if there exists a constant ¢ > 0 such that for all
felr(X)

sup [m({:z: € X;|Tf(x)| > t})q] <ol fllerx)

>0

Theorem A.6 (Marcinkiewicz interpolation theorem). Let 1 < pg, p1, qo, q1 < oo and
6 €]0, 1] such that qo # q1 and p; < q; fori = 0,1. Let T be a sublinear operator of
weak type (po,qo) and of weak type (p1,q1). Then T is of strong type (po, qo) where
1 _i-6, 0 1

Po Po p1 qe qo q1 :

References for the proof. A proof for this theorem can be found in [8, Theorem 1.3.1].
Another nice reference is T. Tao’s lecture on this subject [40, Theorem 4]. O

Theorem A.7 (Mikhlin multiplier theorem). Let X and Y be Hilbert spaces. If the
differentiable function M : R\ {0} — ZL(X,Y) satisfies

M) 2x,y) <C and [tM'(t)| 2(x,y) <C forallt € R\ {0}

for some constant C' > 0, then M is a Fourier multiplier (see Definition 2.11) in
LP(R; X) for all p €]1, 0.

References for the proof. See [8, Section 6.1]. O
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A.3 Calderéon-Zygmund theory

Theorem A.8 (Calder6n—Zygmund decomposition). Let f € L'(R") and fix A > 0.
Then f = g+ > by, where

(1) lgl < 2™\ almost everywhere;

(1) Nlglly + >k Noells < 30 fll1:
(i) there exists a family of disjoint cubes (Qy)ren of R™ such that

1
supp bx, C Qy, / by dz = 0 and E |Qk|§XHf||1.
Rn k

Proof. Let f € L'(R") and fix A > 0. We may assume || f|; = 1. We decompose R"

into cubes of measure %: R™ =U,, Qo,m- Then we have for all m

1

-y [fldz < Al fllr = A
‘Q(],m' Q’O,m

We then decompose each cube Qo,m into cubes of measure - 5~ We denote by (Q1,m)m

2N
all cubes for which |

= flde > A
|Q1,m‘ Qi,m

The other cubes are denoted by Ql’m. We repeat this operation with these cubes Qlym
and obtain cubes (Q2,n)m of measure g1 for which

1
|Q2,m‘ Q2,m

|f] dx > A,

the remaining cubes being denoted by @, ,,,. After a countable number of steps, we
obtain a family of cubes (Q; ) men renamed as (Qr)ren. We now define by as
b = (f —mq, (f))xq, with the notation

1
ma(f) = M/Qfdx.

ngfzbiw
3

It remains to show that g and the b;,’s satisfy the conditions (4), (i7) and (i:%) of the
theorgm. First, if € R™ \ |J, Q. then for all j € N, there exists m € N such that
Z € Qj,m. By construction, we have

We denote by g the quantity

- dy ——
2 Gl Jo | fldy p—— |f(z)]
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if z is a Lebesgue point of f. If z € @y, for one k£ € N, then

19(2)] = Ima, (f)] < :gz: A= 27

Altogether, this gives (i) since the set of points that are not Lebesgue points of f is of
measure zero. Again by construction, we have

suppby C Qr and / b dx = 0.
k

Moreover, we have. |Ql—k‘ ka.|f| dx > \. Therefore, we find |Q| < %ka |f| dz. Since
the cubes @), are disjoint, this gives

1 1 1
Sl <3y [ ey [ irlde= 315l

This proves (i4¢). Finally, we have ||g||; < ||f||: and [|bg|; < Zka |f| dx forall k € N,
and this gives (i1). i

Remark A.9. The Calderén—Zygmund decomposition is also available in a measurable
space (F, u,d) of homogeneous type where y is a o-finite measure and d is a quasi-
metric, i.e., there exists a constant ¢ > 0 such that for any ball B = {y;d(z,y) < r},
if we denote by 2B the ball with the same center and twice the radius of B, it holds
n(2B) < cu(B).

A.4 Bounded imaginary powers

Definition A.10. A (linear) operator A on a Banach space X is sectorial if it is closed,
densely defined, has empty kernel, dense range R(A) and satisfies

sup [[t(t1 + A) ™| 2(x) < oc.
t>0

Let z € D(A) N R(A). Then one can define for z € C with |Re(z)] < 1

sinwz /x 1 !
APz = - — At A+ A7t
x (Z T a:—l—/ot (tI + A) xdt

™
+/ =1t + A)~ Ax dt).
1
We are now in the position to give the definition of operators with bounded imagi-
nary powers.

Definition A.11. A sectorial operator on a Banach space X has bounded imaginary
powers if the closure of the operator (A*, D(A) N R(A)) defines a bounded operator
on X forall s € R and if sup < [| A" »(x) < 0.
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Remark A.12. If A admits bounded imaginary powers, then (A% ) cg forms a strongly
continuous group on X.

Remark A.13. Conversely, it has been proved in [32] that a given strongly continuous
group of type strictly less than 7 on a UMD-Banach space can be represented as the
imaginary powers of a sectorial operator, called its analytic generator.

In the class of UMD-spaces, a positive result for operators having bounded imagi-
nary powers has been proved by G. Dore and A. Venni.

Theorem A.14 (Dore—Venni, 1987). Let X be a Banach space in the UMD-class. Let
A be an operator with bounded imaginary powers (see Definition A.11) for which the
type of the group (A™) e is strictly less than 5. Then A has the maximal LP-regula-

rity property.

Idea of the proof. The idea is to show that A + B with domain D(.A) N D(B) is invert-
ible, where
D(A) = L*(0,00; D(A)), (Au)(t) = Au(t), t >0,

and
D(B) = H}(0,00; X), Bu = /.

The operator A has bounded imaginary powers with angle strictly less than 7 and the
operator 3 has bounded imaginary powers with angle 5. We define then, for ¢ €]0, 1],

1 ct+ioco Aszzfl

- dz.
2i *

sinz

c—1i00

The purpose is to show that BS is bounded and that S = (A + B)~!, and this is done
by letting ¢ — 0T and taking into account that the Hilbert transform is bounded in

L*(R; X).
Another (shorter) proof uses the result presented in Remark A.13 by showing that the
group (A~ B) g has a sectorial analytic generator. O
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rarefaction wave, 52
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Riesz—Thorin theorem, 281

Schauder-Tikhonov fixed point theorem, 118
sectorial operator, 275, 284

self-similar solution, 50

semi-Lagrangian method, 77

semilinear heat equation, 268

shock wave, 21
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transference principle, 259
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algorithm of, 106
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